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The intermetallic alloy FeTi is regarded as a promising
storage material for solid-state hydrogen storage: cost-effective,
safe, and operable under near-ambient conditions. However, a
consistent multiscale model capable of describung the various
atomic, thermodynamic, and microstructural processes involved
in FeTi hydrogenation has so far been elusive. This dissertation
presents, for the first time, an integrated computational
model based on density functional theory (DFT), CALPHAD,
and phase-field methodology that quantitatively describes
the hydrogenation of FeTi. Starting from First-Principles
calculations, thermodynamic properties, interfacial energies,
and elastic effects are determined with high accuracy and
incorporated into mesoscale simulations. The resulting model
accurately reproduces experimental isotherms, explains the
formation and stability of the occurring hydride phases, and
enables realistic predictions of microstructural evolution during
hydrogen uptake. Thus, this work provides a foundation for the
digital design and computational optimization of FeTi-based
hydrogen storage materials.
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1 Introduction

1.1 Motivation and aims of the work

1.1.1 The hydrogen energy transition

The worldwide effort to limit the increase in global average temperature to
well below 2 ◦C above pre-industrial levels [1] requires the development of
a climate-neutral economy. To address this challenge, the European Green
Deal has set ambitious targets: reducing greenhouse gas emissions by at least
55% by 2030 and transforming Europe into the first climate neutral continent
by 2050 [2]. Achieving these goals will require a fundamental transformation
of energy production systems to reduce emissions.

A key component of this transition is the establishment of an energy
production chain based on emission-free technologies. However, a significant
challenge lies in the intermittent nature of current renewable energy sources,
such as solar and wind. These sources are variable, producing excess energy
under favorable conditions but insufficient energy when conditions are poor.
This variability makes managing wasted energy an important task in the
pursuit of a sustainable energy system.

In this context, hydrogen production powered by renewable energy, so-
called "green hydrogen" offers a promising solution. Green hydrogen acts as
an energy vector, capturing surplus energy during periods of high renewable
production. This stored energy can then be used when renewable energy
generation is low, helping to balance energy supply and demand. Thus,
green hydrogen can play a vital role in the transition to a sustainable energy
system [3].

Green hydrogen is particularly attractive because it is a renewable energy
carrier that releases only water as a by-product when used [4, 5], closing
its life cycle in a sustainable manner. This makes it an ideal candidate for
reducing emissions across high-impact sectors, including transportation, in-
dustrial heating, chemical production, and steel manufacturing [6]. However,
in order to fully integrate hydrogen into these sectors, advanced and reliable
methods for hydrogen storage and delivery are essential.

Among the strategies being explored, stationary hydrogen storage systems

1



1. Introduction

have gained significant attention. Acting as a buffer, these systems enable
better control of energy production by storing the excess during periods of
high renewable generation and releasing it when needed. This capability
promotes a more efficient and resilient renewable energy infrastructure.

However, hydrogen storage presents its own challenges, as advanced tech-
nologies are required to ensure safe, efficient, and cost-effective storage. This
need for improvement justifies the importance of ongoing research and tech-
nological development in hydrogen storage solutions to fully realize the po-
tential of hydrogen as a reliable energy carrier in the transition to a climate-
neutral economy. In the following sections, various hydrogen storage meth-
ods will be presented, along with a brief analysis of their advantages and
drawbacks, highlighting the importance of a deeper phenomenological un-
derstanding of hydrogen’s interaction with materials.

1.1.2 Hydrogen storage in molecular state

At first sight, the use of hydrogen as a fuel may appear to be an attrac-
tive strategy, as its elemental form is the lightest among all elements in the
periodic table, and the combustion of hydrogen gas has the highest specific
energy density, reaching 120MJkg−1 under ambient conditions [7]. This spe-
cific energy density is more than double that of conventional fossil fuels; for
example, methane, gasoline, and diesel have 55.6, 46.4, and 45.6MJkg−1, re-
spectively. However, under standard conditions, hydrogen is stable as a gas,
resulting in a poor volumetric energy density of 0.003 kWhL−1 [8], which
represents just a small fraction of that of, for example, methane, propane,
and gasoline, 4.2, 7.1, and 9.0 kWhL−1 [9, 10].

Until the current technological stage, hydrogen has been stored mainly in
its molecular form, as a compressed gas [11] or as a condensed liquid [12].
However, storing hydrogen in its molecular form presents intrinsic energetic
disadvantages. This is because, to reach a volumetric energy density that is
adequate, these molecular storage methods require additional work and heat
to compress or liquefy the gas, which ultimately decreases the efficiency of
using hydrogen as an energy carrier.

Figure 1.1 shows the comparison between the volumetric density of hy-
drogen in its molecular state as a function of pressure.

In theory, compressing hydrogen gas to 700 bar requires about 13% to
18% of its lower heating value (LHV) [14], while the work for liquefaction
corresponds roughly to 10% of the calorific content of hydrogen. In practice,
however, efficiencies for liquefaction approach 30%, elevating the energy re-
quired for these processes to increase to about 20% to 30% of the energy
content of hydrogen [14, 15].

Further complications arise from a technological perspective. For example,
gas cylinders are too heavy, and compressed hydrogen is therefore usually
stored in lightweight carbon-fiber-reinforced composite tanks. These tanks,
although lighter, are expensive due to their difficult manufacturing process,
which imposes further complications for recycling. Moreover, even though
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1.1. Motivation and aims of the work

Figure 1.1: Comparison of volumetric hydrogen densities of liquefied, ideal and
real gaseous hydrogen. The real hydrogen gas is plotted using Joubert’s model [13]
at 298.15K.

they are stored in lightweight tanks, the energy density of hydrogen at 7 ×
107 Pa (700 bar) is 5.6MJL−1, which is six times lower than that of the
commonly used gasoline, which has a density of 32.0MJL−1.

In the same direction, hydrogen gas liquefaction requires a theoretical
power input of 29.2 kJmol−1, and since this involves additional mechanical
work, the equivalent heat can be expected to be around 2.5 times higher. The
heat of combustion of H2 to liquid H2O has a value of 285.93 kJmol−1. In
comparison, liquefying hydrogen gas represents 25% of ideal efficiency [16].

Moreover, keeping the temperatures low necessitates additional compo-
nents, which decrease the overall equipment volumetric and gravimetric stor-
age capabilities. A further hurdle to molecular storage is the control of the
boil-off. This phenomenon implies an estimated cost of 1 to 2% daily hydro-
gen loss from the tank in mobile applications [7], which also creates problems
in terms of fuel refueling frequency, cost, and safety [14].

1.1.3 Hydrogen storage as metal-hydrides

The possibility of storing a high volume of hydrogen in metals has been the
subject of study since 1866, when Thomas Graham reported that palladium
could massively absorb (at that time referred to as "occlude") 935 times
its own volume of H2 [17]. However, only in the 1960s, after almost a cen-
tury, did metals begin to be investigated for hydrogen storage purposes [18].
Metal hydrides as solid-state hydrogen storage materials have several ad-
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1. Introduction

vantages over other classes of hydrogen storage media, owing to their high
volumetric capacity and great hydrogen retention characteristics, allowing
for nearly loss-free hydrogen storage during dormancy [19, 20]. In addition,
metal hydrides are often considered safer storage solutions for applications
where safety is a concern, since their (de)hydrogenation cycles can operate
under mild conditions compared to compressed gas-based storage, which re-
quires extremely high pressures [21, 22]. Their exceptional properties are a
manifestation of the thermodynamics of the phase transformations govern-
ing the hydrogenation of these materials in the presence of hydrogen activity,
which are explored in the following sections.

Fundamentals of the thermodynamics of binary metal-hydrides

Hydrogen reacts with many different elements to form various compounds
and is usually classified by chemical bond type. Metallic hydrides, by the
nature of metallic bonding, commonly exist over extended ranges of nonsto-
ichiometric compositions and can be called interstitial alloys since hydrogen
usually occupies interstitial sites of the metallic lattice [23].

The absorption of hydrogen in metals generally proceeds through sev-
eral stages. First, physisorption occurs, where hydrogen is stabilized on the
metal’s surface by van der Waals forces. Next, in chemisorption, molecular
hydrogen dissociates into atomic hydrogen (H) on the surface of the host
material, forming metal-hydrogen chemical bonds. Following this, hydrogen
atoms diffuse into the metal’s bulk and generate a solid solution of hydrogen
within the interstitial sites of the metallic lattice [24].

As the partial pressure of hydrogen increases, the solid solution can tran-
sition into a hydride phase, commonly referred to as the α- to β-phase trans-
formation. This transformation continues until the α phase is fully converted
to the β phase, provided that external thermodynamic conditions favor the
stability of the hydride phase (β) over the solid solution phase (α).

In some materials, the metallic structures of the hydrogen solid solution
and the hydride are quite similar. At higher temperatures, even under high
pressure, hydrogen atoms tend to be randomly distributed within the lat-
tice, making phase boundaries indistinct. However, at lower temperatures,
hydrogen atoms may adopt a more ordered distribution within interstitial
sites. This arrangement of hydrogen distribution can be interpreted as a spin-
odal decomposition if the crystal structure is significantly similar, as well as
the formation of a completely new phase, depending on how substantial the
changes in the crystal structure are for establishing distinct phase bound-
aries. The origin of phase separation arises from the interactions among
dissolved hydrogen atoms, which incorporates both elastic and electronic
contributions.

The structural changes associated with the transition from solid solution
to hydride, particularly at low temperatures, can give rise to unique material
properties. Often, after the completion of hydride formation, the hydride
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1.1. Motivation and aims of the work

itself undergoes additional structural adjustments to accommodate a larger
number of hydrogen atoms within its interstitial sites.

Because of these combined structural and thermodynamic effects, the stor-
age of hydrogen as a metal hydride offers several technical advantages. First,
the volumetric hydrogen density can reach higher values in the hydride form
because hydrogen atoms are more densely packed within the metal-hydride
lattice compared to the liquid or compressed gas states. Second, metal hy-
drides can enhance safety since their decomposition is typically an endother-
mic process, requiring a change in external conditions and additional input
energy to release hydrogen. This energetic input requirement reduces the
risk of explosive reactions, providing an inherent safety mechanism.

Yet, the stability of the hydride should be considered for technical applica-
tions. If the forming compound with hydrogen is too stable or too unstable,
it may not be worth reversing the reactions, as it then requires higher energy
levels and other technical complications to make the process cyclic [16]. Inves-
tigating the stability of hydrides is therefore a necessary step when assessing
the potential applications of metal hydrides. Their stability analysis involves
understanding the thermodynamics of the hydrogenation process, which is
generally characterized by evaluating their pressure-composition isotherm
(PCI) curves [24].

In an ideal scenario for a binary metal-hydrogen system, the complete
equilibrium between the bulk α, β solid phases and the hydrogen gas occurs
in a defined pair of pressure (P) and temperature (T), at which all phases
should present equal values of thermodynamic potentials. At this condi-
tion, the material system presents a flat plateau in the PCI curve. With
increasing temperature, the pressure at which the plateau occurs increases,
while the composition range of the plateau shrinks. Above a certain critical
temperature (Tc), the plateau vanishes and the α-β transformation becomes
a second-order thermodynamic transition, and the formation of the hydride
becomes a continuous structural transformation upon pressure increase, from
which phase separation is diffuse and unclear.

Below Tc, the hydride phase, or β-phase, is clearly distinct from the solid
solution and grows when the hydrogen chemical potential, or hydrogen par-
tial pressure, surpasses that of the plateau at a constant temperature. The
formation of the hydride in this case involves nucleation and growth from the
hydrogen supersaturation within the interstitial sites of the α phase.

The schematic representation of the properties of PCI curves over tem-
perature and their associated description of a van’t Hoff plot, together with
a schematic illustration of the α-β structural transformation, is shown in
Figure 1.2.

In general terms, the formation of the hydride can be seen as being con-
trolled by concurrent thermodynamic factors, namely the enthalpy (∆Hr)
and the entropy (∆Sr) of the reaction. These thermodynamic parameters
characterize the variation in enthalpy and entropy of the hydride in relation
to the metal plus the hydrogen gas states.
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Figure 1.2: Schematic diagram of structural and thermodynamics of hydride
formation. a) General behavior of PCI curves over temperature, with T1 < T2 < T3.
b) The associated van’t Hoff Plot of curves shown in (a); c) Schematic illustration
of the structural transformation of α-β transformation. The schematic diagram is
an adaptation from the work of M. Dornheim [24].

As the main contribution to the entropy of the reaction comes from the
change in entropy between hydrogen in gas form and its crystalline state
within the interstitial site of the crystal, the reaction enthalpy can be con-
sidered the primary engineering parameter for materials design, which is
introduced in the next subsection 1.1.3.

From the assumption of the equilibrium condition, i.e., the same hydrogen
chemical potential (µH), the enthalpy and entropy over the constant pressure
region of the phase diagram can be described by applying the isothermal
Gibbs energy to the van’t Hoff equation to derive its linear form (Equa-
tion 1.1) [24]:

1

2
ln

(
Peq

P0

)
=

∆Hr

RT
− ∆Sr

R
, (1.1)
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where Peq represents the equilibrium or plateau pressure; P0 is the stan-
dard pressure (101 325Pa), and T is the varying temperature. Consequently,
values of ∆Hr and ∆Sr are obtained, respectively, by the slope and the
y-intercept, as shown in Figure 1.2b).

The thermodynamics of hydrogen adsorption/desorption govern their tem-
perature and pressure range of applicability and can be analyzed through
Equation 1.1 by performing a linear regression on the plot of the logarithm
of the plateau pressure as a function of the inverse of isotherm temperatures
(illustrated in Figure 1.2b)).

Figure 1.3: Calculated PCI curves for the Pd-H system over different tempera-
tures. The plot shows the variation of plateau range for first-order phase transition
up to its critical temperature. The PCI curves were calculated for 250K to 700K
with steps of 50K, including the calculation at the critical temperature 567K.
The calculations are performed with CALPHAD model provided by Joubert and
Thiébaut [25].

The palladium-hydrogen system is a typical example used to discuss the
thermodynamic properties introduced here. The hydride formed from the
palladium metal has the same basic structure as the metal. The volume
change of the solid-solution α-phase is negligible. In contrast, the β-phase has
a volumetric expansion of approximately 11% relative to the pure metal. At
lower temperatures (below Tc =566K) the α-β transformation is a first-order
thermodynamic transition, and the plateau pressure of the PCI is clearly de-
fined. Figure 1.3 illustrates the calculated PCI curves for the Pd-H system
based on the model of Joubert and Thiébaut [25], which is adjusted to ex-
perimental data.

The plateau pressure represented in red in Figure 1.3 is an invariant of the
pressure-composition phase diagrams for a constant temperature. They rep-
resent the unique set of thermodynamic potentials that equalize the hydrogen
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Figure 1.4: Equilibrium pressure over temperature. a) Calculated and exper-
imental data of PCI curves of the Pd-H system with superimposed experimental
data. The calculations are performed with CALPHAD model provided by Joubert
and Thiébaut [25], and experimental data from 73Cle [26], 64Wic [27], 73Fri [28],
and 09Jou [25]. b) Linear regression of the van’t Hoff equation for the same exper-
imental data from a).

chemical potential of the hydrogen solid-solution (α-phase), the hydride (β-
phase), and the H2 gas. By fixing these conditions within the thermodynamic
model, i.e., requiring that these phases are in equilibrium, the temperature
and pressure pair that satisfy such constraints can be calculated. The results
of such calculations are shown in Figure 1.4a).

Note that by applying the proposed technique of the van’t Hoff plot com-
bined with the linear regression of the experimental data presented in Fig-
ure 1.4b), the values of reaction enthalpy and entropy can be determined.
Using the CALPHAD model, these values are obtained by calculating the
difference in enthalpy and entropy between the final and initial states of the
system. From an experimental perspective, the thermodynamic aspects of
metal hydride systems are straightforward but are sometimes limited to eval-
uating logarithmic plateau pressures against 1/T . However, there are many
other aspects of the thermodynamics of these systems.

Beyond the thermodynamics of bulk binary metal-metal hydride
systems

One important aspect beyond the van’t Hoff equation is the difference in ex-
perimental plateau pressure when measuring absorption or desorption curves,
known as hysteresis. In fact, the equilibrium pressure-composition isotherm
represents the state that would be observed if there were no boundaries be-
tween the solid-solution and the hydride phase. In reality, during absorption,
the pressure must exceed that of the bulk equilibrium to begin transforma-
tion; during desorption, the pressure must drop below that to decompose
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the hydride. The enthalpy derived from high-precision calorimetry measure-
ments of binary hydrides confirms this. For example, the data measured
for Pd-H have the same absolute value of ∆Hr for desorption and absorp-
tion [29], which confirms that the reversible α-β phase transition should be
exact reverses of each other.

To understand the difference between PCI and calorimetric results, Flana-
gan and Oates [30] suggested that an ideal bulk thermodynamic equilib-
rium between the three phases should occur at a pressure level between the
measured absorption and desorption plateau pressures. The conclusion is
based on thermodynamic principles, as they demonstrated that these reac-
tions would not generate entropy otherwise. In addition, they proposed that
the evolved driving force, manifesting as heat from overcoming activation
barriers, is partially the reason for the hysteresis.

An important aspect to note is that plateau pressures are invariant points
(Gibbs phase rule) only in binary metal hydride systems; however, metal
hydrides are often generated from intermetallic compounds or alloys. In sub-
stitutional alloys, for example, the Pd-Pt-H system, the complete equilibrium
between the α, β, and gas phase implies a different metallic composition be-
tween the metallic solid solution and the hydride, and a "sloping plateau" is
expected.

For metallic systems of higher than unary complexity, the thermodynam-
ics of hydrogenation is often a phenomenon not in complete equilibrium.
Instead, a paraequilibrium state governs the hydrogenation process. In this
case, the metallic elements behave as a unique species due to their much lower
mobility in comparison to the rapid diffusivity of hydrogen in the interstitial
lattice and resemble a "frozen" metal situation. The system in this case can
be referred to as pseudobinary hydrides. Under para-equilibrium conditions,
only the chemical potential of the fast diffusing species, in this case hydro-
gen, is equal across all phases. The alloy composition, however, remains
constant due to the slow mobility of metallic species, which maintain their
chemical potential gradient through the different condensed phases [31, 30].
The concept of paraequilibrium will be explored further in Chapter 3 and
Section 3.2.1.

Despite being different from what occurs in the bulk, in multicomponent
metallic systems, even at paraequilibrium, a local equilibrium among the
metals at the interface may exist. If this is the case, there is an induced
compositional variation at the interface relative to the bulk, which may also
influence the aspect of the PCI curve, e.g., inducing a sloped plateau [31, 30].

Furthermore, the variation of specific volume and composition between
metal and hydride phases generates misfit strains and perturbed chemical
bonds at the metal-hydride interface. Therefore, during the metal-metal hy-
dride phase transformation, macroscopic energy barriers are induced, which
have different natures during the hydrogenation and dehydrogenation pro-
cesses. These differences partially explain the observed hysteresis [32, 33, 34].

These effects beyond bulk equilibrium have a substantial impact on hy-
drogenation properties. Since hydride formation often follows nucleation and
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growth mechanisms, the characteristics of the interface between solid phases
become critical. The interphase boundary energy includes a chemical com-
ponent, arising from perturbed atomic bonds at the interface, which adds an
energetic contribution to the system’s total free energy. This chemical con-
tribution scales with the area of the interphase boundary. Additionally, the
lattice mismatch between the metallic and hydride phases introduces elastic
strain energy within the boundary region, a mechanical contribution that
scales with the volume of the forming phase.

The interplay between these chemical and mechanical contributions, along
with bulk thermodynamic effects, is key to understanding hydrogenation
mechanisms. In order to minimize the total free energy of the system, these
contributions are balanced and dynamically adjusted against each other, thus
driving the evolution of phase morphology and influencing the microstruc-
ture and kinetics of hydrogenation. These effects are further discussed in
Chapter 4 and Chapter 5.

The interest of alloying and intermetallics as hydrogen storage
media

Among metal hydrides, those based on binary intermetallic compounds with
the general formula ABn exhibit the thermodynamic and kinetic properties
envisaged for hydrogen storage purposes. Elemental hydrides of early (A)
and late (B) transition metals generally possess high negative and positive
formation enthalpies (∆Hf ), meaning that they form very stable and very
unstable hydrides under standard conditions, respectively [35]. In Figure 1.5,
a periodic table of elements is illustrated that shows the data compiled from
the formation enthalpy in Table 6.6.1 of Griessen and Riesterer [36] and
Table 1 from Griessen and Driessen [37] for most binary metal hydrides of
interest. For some elements, where only the heat at infinite dilution (∆H∞)
was available, this value was used to estimate the formation enthalpy of the
corresponding monohydride.

It is often observed that combining elements A and B in specific ratios
(e.g. n = 1, 2, 3, 5) promotes the formation of stoichiometric intermetallic
compounds, ABn, which is accompanied by a reduction in the absolute value
of the formation enthalpy, ∆Hf , of their corresponding ternary hydrides [38].
This reduction leads to the formation of ternary hydrides with intermediate
stability, which enhances the reversibility of hydrogenation under conditions
close to ambient temperature and pressure. This provides a safer hydrogen
storage medium compared to molecular hydrogen tanks, which require either
extremely high pressures or very low temperatures [35, 38].

Operating near ambient conditions is particularly advantageous when
these materials are intended for use in residential or domestic areas. Fur-
thermore, these intermetallics exhibit considerable variability in hydrogena-
tion thermodynamics and kinetics when their base components are partially
substituted with other suitable metals. This suggests a promising avenue for
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Figure 1.5: Enthalpy of formation of binary hydrides. Compiled data from
experimental [36] and theoretical [37] results. For elements to which only the
enthalpy of infinite dilution was available, it was used to estimate the enthalpy of
formation.

tailoring these compounds to optimize performance for specific applications
[38].

For vehicular applications, for example, the optimum operating pressure-
temperature window for proton exchange membrane (PEM) fuel cells is in
the range of 1×105 to 1×106 Pa (1 to 10 atm) and 298 to 393K (25 to 120 ◦C),
which represents the hydrogen delivery pressure required by the fuel cell and
the temperature of waste heat available from the fuel cell for use by the stor-
age system for hydrogen release [14]. The commercial LaNi5 intermetallic
metal-hydride is an example of a material capable of reversibly storing hy-
drogen under such operating conditions. It suffers, however, from poor gravi-
metric capacity. Another example, which is lighter and possesses similar op-
erating properties, is the FeTi intermetallic. Even though the weight-related
capacity of these materials is poor for mobile applications, research on how to
benefit from alloying thermodynamics to modify their chemical composition
with lightweight materials while fine-tuning their thermodynamic properties
to preserve or enhance their reversible storage capacity is an active field of
research [39, 40].

1.1.4 FeTi as solid-state hydrogen storage material

Among intermetallic compounds that reversibly store hydrogen [41], FeTi is
recognized as a key material due to the possibility of large-scale production,
owing to its relatively low cost compared to other intermetallic compounds.
Besides, its application as a solid-state hydrogen storage material poten-
tially poses no significant complications for reuse. FeTi has a gravimetric
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and volumetric capacity of 1.87wt%H2 and 105 kgH2/m
3 [35], respectively,

and combines good sorption kinetics and reversibility within operating regime
ranges near room temperature and atmospheric pressure. Figure 1.6 schemat-
ically compares the molecular and FeTi hydride hydrogen storage methods
from an atomistic perspective. The reversible volumetric capacity of FeTi
(83.7 kgH2/m

3) [21], as well as many other metal-hydrides (MHs), even sur-
passes cryogenically liquefied hydrogen (71.42 kgH2/m

3 at 20K) [22].

Figure 1.6: Illustration of the difference between molecular and FeTi metal-
hydride hydrogen storage methods [21, 22, 35].

Furthermore, the high hydrogen storage capacity near ambient conditions
is economically advantageous, as the energy-intensive processes of compres-
sion to elevate pressures and cryogenic cooling can be avoided. Moreover,
hydrides present the additional benefit of offering a safer alternative for sys-
tem integration. The necessity of altering their thermodynamic conditions to
release hydrogen inherently mitigates potential explosive reactions. There-
fore, FeTi-based materials represent an excellent storage option when the
weight of the system is not a concern, e.g. hydrogen supply for residential
environments, emergency power supply, and heavy-weight means of trans-
portation like trains, ships, long-haul trucks, etc. [42, 43].

It is worth noting that previous extensive studies have focused primar-
ily on the processing and alloying of FeTi to improve the performance of
hydrogen storage [44, 39]. Relevant computational efforts have centered on
atomic-level DFT calculations of bulk properties or reaction barriers to hy-
drogenation [45, 46, 47, 48, 49], as well as hydrogen interactions with surface
oxide layers in terms of initial activation [50].
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1.1.5 The use of computational methods for solid-state
hydrogen storage: aims of this work

The (de)hydrogenation of metal hydrides is a complex, multistage process in-
volving surface reactions, hydrogen diffusion, and phase transformations, all
of which drive the nucleation and growth between metal and hydride phases.
Understanding these processes requires unraveling both the thermodynam-
ics and kinetics of phase transformations and the resulting microstructural
evolution in the storage materials. In this context, computational model-
ing and simulation methods offer valuable insights by allowing researchers to
identify the rate-limiting mechanisms and critical driving factors that govern
hydrogen storage performance and reversibility.

To address the multiscale nature of these complex chemical, physical,
and material processes, integrating computational methods that can oper-
ate effectively across different lengths and timescales is essential. For in-
stance, a successful approach may involve combining atomic-scale simulations
(e.g., first-principles calculations) with thermodynamic modeling (e.g., CAL-
PHAD) or mesoscopic kinetic modeling (e.g., phase-field modeling). Com-
bining these methods has the potential to provide a deeper understanding
of how atomic and microscopic phenomena influence the macroscopic prop-
erties and behavior of storage materials, including the thermodynamics of
intermediate and product phase formations.

In particular, three key computational capabilities are the central aim of
this work: calculation of atomic structural properties, thermodynamic calcu-
lations, and a phase-field modeling and simulation method. The thermody-
namic method predicts the tendancy of the bulk phase fractions of interme-
diate and product phases based on minimizing the system’s total free energy
under specified conditions. The thermodynamics are enhanced by introduc-
ing effects beyond the bulk properties, for example by accounting for effects of
interface and surface energies. All these properties can be derived from first-
principles methods through density functional theory (DFT). These methods
provide critical insights into how storage materials behave under varying con-
ditions, such as different hydrogen pressures, temperatures, and particle sizes,
which are crucial for optimizing storage performance. The phase-field mod-
eling (PFM) approach, on the other hand, employs a continuum description
of non-equilibrium kinetics to simulate the evolution of microstructures over
broad time and length scales. Its flexibility in describing complex microstruc-
tural configurations makes PFM an exceptionally powerful tool for modeling
the kinetic processes of phase transformations, particularly under conditions
that closely resemble those in practical hydrogen storage applications.

This thesis focuses on the FeTi alloy as a case study to develop a quan-
titative, multi-physics computational model that bridges various theoretical
levels of analysis. By integrating atomistic and mesoscale computational
methods, this work aims to develop a model to accurately simulate the
(de)hydrogenation processes in FeTi, enabling more precise predictions of
its hydrogen storage properties. Importantly, the larger-scale simulations
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rely on atomistic parameters to characterize essential physical and chemical
features, thus underscoring the importance of accurate atomic-scale data in
achieving reliable, higher-level predictions.

The novelty of this approach lies in the link between a detailed multi-
scale modeling and simulation framework, which incorporates advances in
thermodynamic assessments, interphase boundary modeling, and phase-field
modeling and simulations to handle compositional, structural, and elastic
inhomogeneities within the hydrogenation processes of the FeTi hydrogen
storage material. By accounting for these complexities at the atomic level,
the model provides a more realistic and quantified representation of mass
transport and phase transformations of the material.

By applying cross-scale fundamental properties for the development of
the model proposed in this work, the phenomenological and thermodynamic
properties of the system should emerge as inherent characteristics during
simulations. Ultimately, this work aims to enhance the predictive capabil-
ities of computational tools for hydrogen storage in FeTi, offering a more
robust platform for further development of this material, allowing for predic-
tive simulations and the inclusion of new elements and other microstructural
features, thereby enabling the discovery of better processing routes, improved
material performance, and enhanced reversibility.

1.2 Outline of the work

Chapter 2 presents the methodology, architecture, and theoretical founda-
tions used in this doctoral thesis. The chapter is divided into three sections
that present an introduction to the fundamentals of first-principles quantum
mechanical analysis, followed by a description of computational thermody-
namics with a focus on the CALPHAD method and the thermodynamic
models utilized. The last section describes the concept and coupled phase-
field equations employed for the FeTi hydrogenation simulations.

Chapter 3 begins with a detailed review of the thermodynamics of the
stability of the phases involved in the hydrogenation processes of the Fe-Ti-
H system. Subsequently, it presents an in-depth and step-by-step approach
to combining theoretical calculations and experimental information to per-
form a CALPHAD-based thermodynamic assessment of the FeTi-H system.
Furthermore, the capability of the resulting model and its usefulness for ac-
curately calculating the equilibrium properties within the FeTi-H system are
demonstrated, showing that it can serve as a basis for the development of
the subsequent phase-field model.

Chapter 4 presents a versatile method for investigating the surface and
interface characteristics of interstitial metal-hydrides. This method is then
used to determine these characteristics for the FeTi, FeTiH, and H2 gas. At
the beginning of this chapter, the quantification of the surface energy of the
most relevant surfaces is calculated. In the following, a new method for de-
coupling the chemical contribution to the interfacial energy between metals
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and their corresponding interstitial metal-hydrides is demonstrated from dif-
ferent approaches. To conclude the chapter, these chemical contributions are
used within a micromechanical analysis that reveals the preferential morpho-
logical evolution of the hydride phase with excellent agreement to Transmis-
sion Electron Microscopy (TEM) micrographs of the hydride morphology.

Chapter 5 concludes this work’s discussion by demonstrating the imple-
mentation of the many physical quantities acquired in the previous chapters
into a phase-field model for the quantitative simulation of FeTi hydrogena-
tion. The capabilities of the developed model are demonstrated through
phase-field simulations, which were conducted to validate the implementa-
tion and assess the model’s quantitative accuracy in reproducing standard
and expected outcomes. This demonstrates the model’s potential for use in
more advanced simulations aimed at revealing mechanisms and evaluating
the performance of the alloy under operating conditions.

Chapter 6 summarizes the findings of the present work and provides an
outlook, leading the path for future implementations and the expansion of
the model with proposals to further analyze AB alloys for hydrogen storage.
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2 Theoretical Foundations

This chapter introduces the methodology and the theoretical foundations
discussed in this doctoral thesis. The methods are introduced based on their
length scale and the relevant cascade propagation of the calculated proper-
ties. Therefore, the reader can expect that the chapters will have some level
of dependency on the quantities discussed in the previous chapters. In gen-
eral, the methodology is divided into three different levels: atomistic level,
thermodynamic level, and mesoscale level.

2.1 Methodology overview

Fundamentally, the methodology presented in this thesis represents an inte-
grative approach that interconnects three primary computational techniques
in materials science to model the hydrogenation process. Conceptually, the
developed framework is extensible to the simulation of various interstitial
metal-hydride systems and, with minor adaptations, is applicable to other
material classes. Figure 2.1 illustrates the comprehensive framework for the
development of this thesis, as well as the major supporting software packages
along with their functionalities relevant to the proposed methodology.

From the atomistic level, first-principles quantum mechanical calculations
are used to acquire the equilibrium crystal structure of the compounds of
interest. The capability of calculating the total energy of these compounds,
their relationships, response to strain, and chemical interactions is analyzed.
These analyzes provide essential properties, e.g., formation and reaction en-
thalpies, elasticity, and equilibrium lattice parameters, that are key pieces
of information to inform higher-level models, as well as to derive mechanical
properties that are hard or practically impossible to measure experimentally.

In the thermodynamic level, the thermochemical properties obtained from
quantum mechanical calculations are subsequently used to support the as-
sessments of the thermodynamic models. Computational thermodynamic
techniques are essential for describing the equilibrium composition and the
fraction of each phase in the system. Fundamentally, any diffusion-driven
kinetic model relies on driving forces derived from the hypersurface energy
densities of material systems. Therefore, the models obtained in this phase
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of the methodology can be regarded as the backbone of the entire process,
guiding the intensity and direction of the involved phenomena.

At the mesoscale level, the interfacial energies, elastic energies, diffusion
barrier, and bulk energy densities derived from quantum mechanical calcula-
tions are combined with the optimized computational thermodynamic model
to develop a quantitative-based mesoscale phase-field model capable of accu-
rately simulating phase transformations under different external conditions.

Software packages

For first-principles quantum mechanical calculations, version 6.2.1 of the Vi-
enna Ab-initio Simulation Package (VASP) was employed [51, 52, 53, 54].
Thermodynamic equilibrium calculations and the optimization of thermody-
namic model parameters were performed using version 6.25 of the OpenCal-
phad software [55], along with version 10.2 of PyCalphad [56] and version 8.9
of ESPEI [57] software packages. Phase field simulations were performed by
resolving the system of partial differential equations using the finite element
method (FEM) as implemented in the MOOSE framework [58].

2.2 Introduction to First-Principles calculations

This section introduces the basis for the first-principles calculation methods
that are employed in this thesis to quantify the fundamental material prop-
erties needed to upscale the simulations. The following sections provide an
overview of the theoretical background. For further information, the reader
is referred to the following textbooks and overview articles [59].

2.2.1 Quantum mechanics calculations and its use for
thermodynamic modeling

The strong link between thermodynamic state functions and the crystallogra-
phy of compounds becomes apparent when electronic structure is considered.
At zero Kelvin (T = 0) and constant pressure, the crystal structure of an
atomic system is determined by minimizing the enthalpy (H = U + PV ),
where P is the pressure, V is the volume, and U is the internal energy. This
demonstrates how the crystal structure that minimizes the enthalpy corre-
sponds to the thermodynamically stable phase.

As will be presented in subsequent sections, the internal energy U , often
called Etotal, can enhance thermodynamic evaluations due to its intrinsic
connection to fundamental quantities, e.g., pressure (P = −

(
∂U
∂V

)
) and bulk

modulus (κ = −V
(

∂2U
∂V 2

)
). Ultimately, the possibility of accurately calculat-

ing the internal energy and exploring the interconnection between thermo-
dynamic fundamentals are highly useful for modeling thermodynamic kinetic
properties in scales far beyond the atomic level.
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Figure 2.1: Overview of the methodology and major software packages employed
for this thesis work.

In this context, quantum mechanical computations serve as a pivotal tool
for determining the energies of compounds and consequently for elucidating
their theoretical thermochemical properties. This capability is of paramount
significance because certain properties, integral to thermodynamic modeling,
pertain to compound structures that are mechanically or chemically unstable
under actual thermodynamic conditions. Such instabilities render empirical
measurement of these properties either impractical or exceedingly challeng-
ing with conventional experimental methodology. Fortunately, quantum me-
chanics allows for the calculation of these properties, and by integrating these
computed properties into thermodynamic models, whether partially or com-
pletely, the precision in the evaluation of material systems can be significantly
enhanced.

Validating the calculations is an important step when employing quantum
mechanics calculations. One way of doing it is to find the minimum of U , or
the conditions where P = 0, for a crystal system, and derive properties such
as the equilibrium volume V0 and the bulk modulus. As these quantities are
measurable, it is possible to validate the calculation by comparing them with
the extrapolated measured quantities to 0K.

The ability to calculate the total energy of a given ground state crystal
structure opens up a venue for the use of thermophysical fundamentals to
handle these calculated quantities to obtain many other interesting proper-
ties; most of them are unachievable or hard to acquire by any other methods.
The use of these calculations and their relations to obtain key parameters for
computational thermodynamics and mesoscale simulations will be presented
throughout this thesis.
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2.2.2 Schödinger equation and the many-body problem

Quantum mechanical treatment requires solving the Schödinger equation
(Equation 2.1) for each atom in the system, meaning that to find the ground
state ψ, and its corresponding energy E, the kinetic and potential energies
(Hamiltonian, or Hamilton operator, Ĥ) for all species in the system should
be calculated.

Ĥ|ψ⟩ = E|ψ⟩. (2.1)

The Hamiltonian of the system, Ĥ = T̂+V̂ , can be represented as the sum
of the kinetic and potential operators for each species (such as electrons and
atomic core, denoted as T̂e and T̂c, respectively) in the system, along with the
sum of various operators for the Coulomb energy interactions between the
charged particles (electron-electron (V̂e−e), electron-core (V̂e−c), and core-
core (V̂c−c) interactions).

Ĥ = T̂e + T̂c + V̂e−e + V̂e−c + V̂c−c (2.2)

The number of atoms in real systems is on the order of Avogadro’s number,
rendering the problem virtually intractable. Furthermore, the particles are
coupled, which implies that the interactions between electrons and between
electrons and cores exert a mutual influence on the entire system, which
reciprocally affects the individual species. This phenomenon is referred to as
the many-body problem.

Born-Oppenheimer approximation

The so-called Born-Oppenheimer approximation was a first simplification to
address the many-body problem. It consists of treating the dynamics of the
electrons as decoupled from the dynamics of the nuclei. Given that atomic
cores typically move more slowly and possess much lower kinetic energy com-
pared to electrons due to their substantial mass difference, one can fix the
positions of the cores and solve the electronic component independently to
determine the energy gradient, which can then be used to adjust the core
positions iteratively until a relaxed structure is created. By excluding the
atom core kinetic energy operator (T̂c) and the core-core interaction poten-
tial energy operator (V̂c−c) from the Hamiltonian, the electronic Schrödinger
equation is then given by

(T̂e + V̂e−e + V̂e−c)|ψ⟩ = Ee|ψ⟩. (2.3)

However, this approximation alone does not solve the problem because,
for a system larger than one Helium atom, the many-body problem persists
due to the electrons being a set of many moving and interacting particles.
Knowing that a single electron |ψi⟩ possesses a three-dimensional spatial
function in addition to a spin function, for each electron i sampled in the
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problem, a set of four coordinates (three spatial plus one spin function)
is added to the total wavefunction |ψ⟩. With just a few data points in
each spatial dimension, an atom with a half dozen electrons requires a data
storage capacity that far exceeds the sum of the entire world’s computational
infrastructure capacity.

2.2.3 The density-functional theory (DFT) and its
approximations

The many-body problem makes the analytical calculation of the internal
energy via electronic structure theory, including electron correlation effects,
an impossible task even for a simple crystal. It was only made treatable with
the advent of density-functional theory (DFT), for which the 1998 Nobel
Prize was awarded. The theoretical framework was pioneered in the 1960s by
Pierre Hohenberg, Walter Kohn, and Lu Jeu Sham [60, 61]. The key feature
of DFT is that fundamental system properties, like energy or structure, are
not calculated via the wave function but rather the electron density as the
central quantity. This reduces the complexity of the problem because now,
instead of 4Ni coordinates for each electron i (three coordinates plus one spin
function), only four are required to describe the system. They demonstrated
its applicability through the formulation of two fundamental theorems.

The Hohenberg–Kohn theorems

The first theorem postulates that the electron density in the ground-state
(ρ0(r⃗)) uniquely determines the Hamiltonian (except for a constant (Vc−c[ρ]))
and that, consequently, the ground state energy is a unique functional of ρ(r⃗),
where r⃗ denotes a spatial vector.

E0 = E[ρ0(r⃗)]. (2.4)

The second theorem asserts that the exact ground state energy is the
global minimum for a given external potential Vext(r⃗) (coming from the
atomic core), and the ρ(r⃗) electron density that minimizes the functional
is the exact ground-state density.

E[ρ(r⃗)] > E0[ρ0(r⃗)]. (2.5)

Although the description of the system based on the electron density
simplifies solving the static Schrödinger equation, the Hamiltonian must now
be represented as a functional of ρ(r⃗). No analytical functional for this
purpose is known, but the so-called Kohn-Sham equations have shown an
effective method to approximate this elusive functional.
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2. Theoretical Foundations

The Kohn-Sham equations

Based on their theorems, Kohn and Sham introduced a set of equations ca-
pable of transforming the many-body problem into a set of single-particle
equations. They simplified the problem by introducing an effective Hamilto-
nian for non-interacting electrons (expressed as a functional ρ(r⃗)), which was
assumed to possess the same density as the real system. The Kohn-Sham
equations are Schrödinger-like equations derived by introducing a set of non-
interacting reference single-particle orbitals that reproduce the same ρ(r⃗) as
the fully interacting system.

The derivation of the Kohn-Sham equations commences with the postu-
lation that an indeterminate exchange-correlation functional, Exc[ρ], encap-
sulates all non-classical electron interactions. Specifically, this encompasses
the exchange-correlation energy contributions that persist beyond the clas-
sical kinetic energy functional (Te[ρ]), the Hartree density functional, VH [ρ]
(representing the classical Coulomb repulsion functional), which constitutes
a component of the electron-electron interaction functional (Ve−e[ρ]), and the
electron-core interaction functional (Ve−c[ρ]), which, in this context, corre-
sponds to the external potential Vext[ρ]. From this concept, the expression
for the exchange-correlation functional is part of the total energy, allowing
to recast the energy functional as:

Ee[ρ] = Te[ρ] + VH [ρ] + Ve−c[ρ] + Exc[ρ]. (2.6)

where the introduced Exc[ρ] is given by

Exc[ρ] = (T [ρ]− Te[ρ]) + (Ve−e[ρ]− VH [ρ]). (2.7)

Kohn and Sham used the variational principle applied to the whole elec-
tron energy density functional with respect to the orbitals to derive the equa-
tions that determine the single-particle wavefunctions, yielding:

[
− ℏ
2me

∇2 + veff(r⃗)

]
ψi(r⃗) = ϵiψi(r⃗), (2.8)

where ψi(r⃗) are the Kohn-Sham orbitals, ϵi are the corresponding eigen-
values, ℏ is the reduced Planck constant, and me is the electron mass. The
effective potential, veff , in Equation 2.8 is therefore expressed by:

veff = vc(r⃗) + vH(r⃗) + vxc(r⃗). (2.9)

As can be inferred, the Kohn-Sham equations are much simpler to solve
because the effective potential depends on the coordinates of only one elec-
tron.
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2.2. Introduction to First-Principles calculations

Each of the terms that compose Equation 2.9 are derived from their cor-
responding functionals. For example, the first term vc(r⃗) is the Coulomb
potential created by the atomic cores, which is expressed within the func-
tional Ve−c[ρ], representing the interaction between the electrons and the
atomic cores:

Ve−c[ρ] = ⟨ψ | V̂e−c | ψ⟩ =
∫
vc(r⃗)ρ(r⃗)dr⃗. (2.10)

The Coulomb potential (vc(r⃗)) is considered an effect caused by the atomic
cores, which are treated as point charges, and is classically represented by:

vc(r⃗) = − e2

4πε0

M∑
i=1

Zi

| r⃗ − R⃗ |
. (2.11)

Here e is the elemental charge, ε0 is the dielectric constant, and Zi is the
atomic number of the core i at position R⃗i.

Since the Ve−c[ρ] functional is the only one described as a function of the
position of atomic cores, the remaining functionals for the electron-electron
interactions should be general for any possible electron densities.

The kinetic energy (Te[ρ]) is calculated based on the concept of a single
electron interacting with the charge density of all electrons. In this case, it
is expressed as the sum of the kinetic energies of each electron particle, thus
calculated from the single-particle wavefunctions ψi(r⃗) iterating over all N
occupied states of the system i, through:

Te[ρ] = ⟨ψ | T̂e | ψ⟩ = − ℏ2

2me

N∑
i

∫
ψ*

i (r⃗)∇2ψi(r⃗)dr⃗, (2.12)

Where ψ*
i (r⃗) is the complex conjugate of the single-particle wavefunction.

Although each single-particle wavefunction is a density functional defined
as

ρ(r⃗) =
N∑
i

|ψi(r⃗)|2, (2.13)

an analytical solution to express it as a function of ρ does not exist. In con-
trast, the density functional for the classical Coulomb energy (or the Hartree
VH [ρ] for the direct electron-electron interaction) of the charge density can
be analytically expressed as
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VH [ρ] =
1

2

e2

4πε0

∫ ∫
ρ(r⃗)ρ(r⃗)

|r⃗ − r⃗ ′| dr⃗dr⃗
′ =

1

2

∫
vH(r⃗)ρ(r⃗)dr⃗. (2.14)

A drawback of these classical descriptions is that they account for an ad-
ditional interaction of the single electron with itself, leading to the so-called
self-interaction error. In addition, the non-classical interactions between elec-
trons are not included. In particular, the non-classical phenomena omitted in
these descriptions include the exchange of electrons, which should not alter
the outcomes since electrons are indistinguishable, and the quantum effects
of one electron impacting others, known as correlation. All these effects are
consequently expressed as part of the exchange-correlation potential energy
vxc(r⃗) =

∂Exc[ρ]
∂ρ(r⃗)

, which was previously introduced in Equation 2.9.
The interdependent formulation of the effective potential, the density,

and the single-particle wavefunctions enforces the solution of the Kohn-Sham
equations to be solved iteratively. Figure 2.2 shows a schematic routine for
this iteration.

Figure 2.2: Kohn-Sham routine for solving the Schrödinger equation for one
effective electron, based on the DFT method.

As illustrated in Figure 2.2, the solution generally starts with a reasonable
guess of the charge density, often taken as a superposition of the atomic
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2.2. Introduction to First-Principles calculations

charge densities. As elucidated by the second Hohenberg-Kohn theorem, the
converged solution ensures a correspondence to the charge density in the
ground state.

Fundamentally, the unresolved exchange-correlation functional Exc[ρ] rep-
resents the final component required to enable an exact calculation of the
total energy and its derivatives for a specified atomic configuration.

Approximations to the Exchange-Correlation Functional

As stated previously, the exchange-correlation functional (Exc[ρ]) is a func-
tion of the electron density that provides all the contributions of the exchange
and correlation to the total energy. Although numerous approximations of
Exc[ρ] have been developed to date, a detailed description of each is outside
the scope of this thesis. Nevertheless, two of them are the most widely used
and were forerunners in the DFT method. One of these is utilized throughout
this thesis and is therefore introduced in this section.

The first is the Local Density Approximation (LDA). In this case, the
functional Exc[ρ] is simply a space integral of the function that depends
only on the local density at that point. The LDA considers the exchange-
correlation as a function of two terms: the exchange term and the correlation
term.

For the exchange term, an exact equation is calculated by assuming a
non-interacting, homogeneous electron gas, which has an analytical solution.
For the correlation term, there is no analytical solution. However, in 1980,
Alder et al. [62] performed expensive Quantum Mont-Carlo Simulations
and obtained numerical values for these correlations. This makes the XC-
functional free from parameters.

ELDA
xc [ρ] =

∫
ρ(r⃗)ϵ(ρ)dr⃗. (2.15)

While LDA provides precise geometries, such as lattice parameters for
crystals, it has limitations in energy accuracy, often manifested as overesti-
mated binding energies due to the increased delocalization of electrons [63].
This can lead to incorrect stability predictions, such as bcc Fe being unsta-
ble and germanium being metallic. To improve LDA, the XC-functional was
adjusted to depend on the local variation of the density, considering both the
density and its gradient (∇ρ), resulting in the creation of the Generalized
Gradient Approximation (GGA) [64].

EGGA
xc [ρ] =

∫
ρ(r⃗)ϵ(ρ,∇ρ)dr⃗. (2.16)

There are various approaches to consider the influence of gradients, re-
sulting in a wide array of GGA XC-functionals with different parameteriza-
tions. The first practical GGA that could be reliably applied across a broad
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spectrum of materials was presented by Perdew and Wang (PW91) [65, 66].
Among these, the most widely used for solid-state metallic structures is the
functional developed by J. Perdew, K. Burke, and M. Ernzerhof (PBE) [67].
However, numerous other XC-functionals have been developed; for instance,
a simpler variant of PBE is PBESol (PBE functional revised for solids),
which differs from PBE in only two parameters and was created to enhance
the equilibrium properties of bulk solids and their surfaces [68].

It should be acknowledged that the superior results obtained with a spe-
cific GGA or any other XC-functional do not necessarily imply their better
accuracy to all cases. As already introduced in Section 2.2.1, a critical as-
pect of employing the DFT method involves the rigorous comparison of key
calculated properties with experimentally measured properties extrapolated
to 0K. In many instances, certain approximations may yield more accurate
descriptions of specific properties while being less precise for others. The
scientist’s role is to meticulously validate these approximations and identify
the optimal compromise.

In this work, the GGA serves as the primary basis for describing the
exchange-correlation functionals, and if any alternative method or theoret-
ical level is employed in this thesis work, it will be explicitly stated and
appropriately referenced.

2.2.4 Computational Solution, Plane Wave Basis Sets, and
Pseudopotentials

It is not the aim of this section to provide a complete description of methods
behind the solution for DFT; however, some approximations and details on
how to control the accuracy of calculations should be at least introduced, as
this is a key factor in guaranteeing accurate employment of the DFT method.
Furthermore, the concepts introduced in this section are based on the compu-
tational methodology implemented in VASP. As it is designed for solid-state
systems, the software package employs periodic boundary conditions, repre-
senting the translational symmetry of crystalline materials.

Discretization in reciprocal space

At first, it is worth mentioning that as Wavefunctions and band structure
E(k⃗) are periodic in reciprocal space, i.e., they are constant for a translation
of k⃗ by a reciprocal lattice vector G⃗. Single-particle Wavefunctions can be
calculated for wave vectors lying in the first Brillouin zone, and the solution
for the Kohn-Sham equations follows from an integration in reciprocal space.

ρ(r⃗) =
1

VΩ

N∑
i=1

∫
Ω

|ψi,k⃗(r⃗)|
2dk⃗, (2.17)
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2.2. Introduction to First-Principles calculations

where VΩ is the volume of the first Brillouin zone, Ω. As the wavefunction
varies slowly with respect to the wave vector, the integral presented in Equa-
tion 2.17 can be approximated by a weighted sum iterating over a discrete
set of points in the reciprocal space, called k-points. The mesh constituted
by the k-points can be chosen with an equally spaced mesh (kspacing), that
are reduced based on the symmetry of the system, resulting in an irreducible
k-points set. There is therefore a compromise between accuracy and compu-
tational demand, which should be evaluated and optimized for each system.

Plane Wave Basis Sets

Even though DFT drastically reduced the amount of data to be stored when
computing quantum mechanics, three-dimensional wavefunctions must be
stored for each particle. These wavefunctions are expanded into a set of or-
thonormal basis functions, and their related expansion coefficients are stored
in the computer. The choice of basis functions depends on the modeled
system’s nature. For instance, atom-centered basis sets can simplify the cal-
culations for molecules and their reactions. Conversely, for periodic systems,
e.g., crystalline materials, employing a plane-wave basis set considerably re-
duces the complexity of the calculations. In the discussion of this thesis, since
DFT is utilized to describe crystals along with their surfaces and interfaces,
a plane-wave basis set is used for all computations. The use of a plane wave
basis set for the expansion of a single-particle wave function is expressed by:

ψi,k⃗(r⃗) =
1√
VΩ

∑
G⃗

CG⃗,imk⃗e
i(G⃗+k⃗)r⃗. (2.18)

Where k⃗ is the wave vector, G⃗ is the reciprocal lattice vector, i =
√
−1.

Since the summation runs over all reciprocal lattice vectors G⃗, the number
of expansion coefficients CG⃗,imk⃗ is unlimited. However, it can be expected
that the calculations with respect to a given property converge quickly with
respect to the maximum kinetic energy of the plane waves in the basis set,
and a cutoff energy Ecut limiting the amount of reciprocal lattice vectors can
be defined with the relation.

|G⃗+ k⃗| <
√
2meEcut

ℏ
. (2.19)

With Equation 2.19, it can be expected that a higher value for Ecut results
in more reciprocal lattice vectors, which implies higher accuracy, with the
expanse of more coefficients to be stored and, consequently, higher computa-
tional cost expense. Analogous to the assessment of k-points, an evaluation
of Ecut should balance precision and computational effort before determining
the properties of a particular system.
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Pseudopotentials

It is common to distinguish two categories of electrons of an atom. Those
closer to the nucleus (core electrons) and those relatively further away from
the nucleus (valence electrons). Core electrons are tightly bound to the
nucleus, whereas valence electrons are more inclined to interact with near
atoms, forming bonds, and participating in chemical reactions. Valence elec-
trons usually present smoothier wavefunctions, which can be perturbed by
the nuclei and the core electrons. Valence electrons can be efficiently repre-
sented by the wavefunctions expanded in the plane-wave basis set [69], even
for low Ecut. However, limiting the kinetic energy imposes a complication
in describing core electrons because they present more localized states, thus
exhibiting higher oscillations in their wavefunctions. In the case of core elec-
trons, a prohibitive number of planewaves is necessary to capture all these
oscillations.

To deal with this problem, VASP, for example, assumes that localized
states of core electrons are negligibly affected by the outer shell, or valence
states. With this assumption, the system is decoupled from the core elec-
tron states treated beforehand by an effective potential, whereas the valence
states are explicitly computed during electronic optimization vid plane-wave
expansion [69, 70].

Figure 2.3: Qualitative illustration of the use of pseudopotential method.
Pseudopotential (Vpseudo) matches the exact potential (Vexact), and the resulting
pseudo-orbital (φpseudo) matches the exact potential (φexact), for r > rc.

The technique to bypass the more complicated localized states is to re-
place the real potential close to the core with pseudopotentials. Although
there are several kinds of pseudopotentials, their underlying principle re-
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mains consistent: for r > rc, the pseudopotential (Vpseudo) coincides with
the true potential (Vexact), and the pseudo-orbital φpseudo aligns with the
true orbital (φexact). This idea is depicted in Figure 2.3.

Considering the large number of core electrons in many atoms, pseudopo-
tentials have successfully proven to be useful to accurately calculate many
types of materials properties.

While this design guarantees that the wavefunction matches the exact
value above rc, altering the central part of the wavefunction results in varying
eigenvalues and norms for the pseudo density. To address norm errors, Ham-
man, Schlüter, and Chiang proposed norm-conserving pseudopotentials [71].
Their approach ensures that the pseudopotentials maintain the same inte-
grated charge within a distance below rc, requiring the following condition
to be met:

∫ rc

0

|ψ(r)|r2dr =
∫ rc

0

|ψpseudo(r)|r2dr = Q, (2.20)

where Q is the total charge within r < rc, ψ(r) is the all-electron (ex-
act) wavefunction and ψpseudo(r) is the pseudo-wavefunction. However, the
solution is still limited in its accuracy.

The projector augmented wave (PAW) method increases the numerical
precision by incorporating localized auxiliary functions that, through a lin-
ear transformation, are connected to the real all-electron wave functions [72].
This technique employs projections of pseudo-orbitals onto the real, precom-
puted all-electron orbitals to generate the eigenvalue spectrum. Due to the
linearized transformation, the coefficients are derived from the inner product
of the pseudo wavefunction and the orthogonally selected projection opera-
tors. Consequently, the computation is not only more accurate but also less
resource-intensive, requiring fewer plane waves for the plane-wave expan-
sion. All DFT calculations presented in this dissertation employ projector
augmented wave (PAW) pseudopotentials for the systematic characterization
of each atomic element.

2.3 Introduction to the Calphad Method

2.3.1 The Computational Thermodynamics Concept

Thermodynamics provide a fundamental framework for understanding the
equilibrium states of systems. This foundational knowledge is essential for
accurately simulating transformation processes, as systems inherently tend
to reach equilibrium.

The digitization of measured thermodynamic data, along with the use of
theoretically derived thermochemical data, allows for the computational de-
termination of various parameters relevant to thermodynamic systems and
their ability to predict equilibria. To accurately characterize systems and
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their equilibrium states, it is essential to ensure that data from both the-
oretical calculations and experimental methods are carefully validated and
reflective of the different levels of thermodynamic equilibrium of the system’s
components as a whole.

In the Calphad method, each phase within the system is meticulously
modeled on an individual basis, with thermodynamic databases employed
to systematically store detailed information on the thermodynamic model
parameters pertinent to each phase. As part of the Calphad method, the
Calphad technique outlines the methodology of selecting phase models in a
manner that aligns with crystallographic data, while simultaneously facili-
tating extrapolations to more complex, higher-order materials systems.

In general, the overall methodology framework consists of employing avail-
able data to assess the parameters of the Gibbs energy model selected for
each of the phases that are stored in thermodynamic databases that can af-
terwards be read by thermodynamic engines that, among other capabilities,
are able to calculate the equilibrium states by performing the minimization
of the total Gibbs energy of the system, constrained by a given environmental
condition.

This technique, applied across a range of practical applications, is referred
to as "computational thermodynamics". When thermodynamic models have
been thoroughly evaluated and align well with actual conditions, compu-
tational thermodynamics can underpin kinetic models and simulations. In
addition, they can be utilized to predict thermodynamic properties in non-
equilibrium states and multicomponent systems, aiding in the discovery of
new materials or innovative processing methods.

2.3.2 Foundation for Equilibrium Calculations

The fundamental condition for a system to reach thermodynamic equilib-
rium requires that all regions of a system exhibit uniform thermodynamic
potentials. In practical applications, thermodynamic potentials can be clas-
sified into three primary categories: temperature, pressure, and composition.
When these potentials remain uniform across the system, they indicate ther-
mal, mechanical, and chemical equilibrium, respectively.

Systems in thermodynamic equilibrium are characterized by spatial ho-
mogeneous quantities for temperature and pressure. According to the second
law of thermodynamics, this equilibrium state can be interpreted as the sce-
nario in which a closed system achieves its maximal level of entropy.

If a closed system presents a gradient in temperature, heat flows from the
hotter to the colder part. As a consequence of the second law, the entropy
reduction in the hotter part is smaller than the entropy gain in the colder
part, resulting in a total system entropy increase.

Equilibration of composition gradients also increases entropy in similar
fashion. The same is true for the case of pressure; nonetheless, the difference
in pressure inside a system can be maintained for extremely long times,
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and for practical purposes, a spontaneous equilibration of pressure in solid
materials is experimentally unfeasible.

However, the material can be seen as a constitution of individual closed
parts surrounded by pressure barriers, and considering it as a single closed
system implies that the barrier can be overcome.

An inhomogeneous system consists of many phases. In equilibrium, these
phases are homogeneous within themselves.

From the perspective of internal energy (U), the equilibrium condition is
reached in a closed system when the internal energy reaches its minimum
value at constant entropy and volume. For experimental purposes, this def-
inition is unpractical due to the unfeasible control of entropy at constant
values for most of the systems, but on the contrary, it may be of use when
performing atomistic calculations.

From the perspective of Gibbs energy, the definition of equilibrium is
found more applicable because the variable constraints that define equilibria
are controllable within experiments and during engineering applications. The
equilibrium is then defined as the point at which the Gibbs energy of a closed
system reaches its minimal value in isothermal and isobaric conditions.

2.3.3 Phase stability calculation

In the Calphad method, each phase of the system is modeled individually
and thermodynamic databases are used to store information on the models
and the thermodynamic parameters of the phases. These databases can be
read by thermodynamic engines to minimize the total Gibbs energy of the
system. In this work, OpenCalphad [55, 73, 74] and PyCalphad [56] were
employed as thermodynamic engines.

The total Gibbs energy of a system (Gtot) is the sum of the molar Gibbs
energies of the phases (Gφ

m) multiplied by the number of moles of the corre-
spondent phase (mφ):

Gtot =
∑
φ

mφGφ
m. (2.21)

For a given set of thermodynamic potentials, the equilibrium of the system
is obtained by minimizing Equation 2.21 [75].

Within the Calphad method, different types of model are employed to
describe the temperature, pressure, and/or composition dependencies of the
Gibbs energy of the phases in the system.

2.3.4 Gibbs Energy Models and Formalism

In this section, the thermodynamically most important Gibbs energy models
and formalism used to describe this work’s system and, in general, any metal-
hydrogen systems will be laid out.
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The Hydrogen Gas Gibbs Energy Models

When modeling metal-hydrogen systems, the proper choice of the Gibbs en-
ergy model describing the gas is of pivotal importance, especially when the
Calphad method is applied for modeling hydrogenation, as the process in-
evitably involves the thermodynamic interaction between the metallic phase
and the gas phase.

In general, the gas phase is a mixture of metallic elements in the vapor
state to the most common atmospheric molecules of the Earth. However,
apart from the main component of the gas phase H2 during hydrogenation
experiments, these other species are often in negligible concentration and are
accurately considered to present ideal mixing properties. What contributes
mainly to the Gibbs energy of the gas is consequently only the Gibbs energy
of the H2 species.

Considering that pure hydrogen is an ideal gas, its Gibbs energy expression
may be acquired by the integral of the volume with respect to pressure:

Ggas
H2

=

∫
V dP =

∫
RT

P
dP = 0Ggas

H2
+RT ln

(
P

P0

)
, (2.22)

where R is the gas constant and 0Ggas
H2

is the Gibbs energy reference
of hydrogen at atmospheric pressure P0 = 1 × 105 Pa. For most practical
applications, the hydrogen gas may be considered ideal, however, for some
metal-hydrogen systems the hydrogenation occurs above 1×108 Pa, at which
the ideal-model description loses accuracy [13].

A model that accounts for the shift of ideal properties at high pressures
has been proposed by Joubert [13]. The model has been widely used in the
Calphad community when an accurate description due to deviation of the
ideal property is necessary.

Joubert introduced an equation of state expressed by a series of exponen-
tial pressure-dependent parameters and coefficients.

Ggas
H2

=0Ggas
H2

+RT ln

(
P

P0

)
−A1B1 exp

(
− P

B1

)
−A2B2 exp

(
− P

B2

)
−A3B3 exp

(
− P

B3

)
−A4B4 exp

(
− P

B4

)
−A5B5 exp

(
− P

B5

)
+ CP +D

(2.23)

The expression shown in Equation 2.23 approaches Equation 2.22 for low-
pressure ranges (P < 1× 107 Pa, see Figure 5.15). The reader is referred to
Joubert’s publication [13] for more details about the assessment procedure of
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the model’s coefficients and its limitations. Nevertheless, this doctoral thesis
work will recall both models when the employment of the Gibbs energy of
the H2 is necessary within the approaches proposed.

The Compound-Energy Formalism

The Compound-Energy Formalism (CEF) [76] is a generalized mathematical
approach used to describe many physical models and features of different
phases [75]. It can handle different cases and constituents interacting in dif-
ferent crystallographic sublattices. Most of the models used by the Calphad
community are, in general, just special cases of the CEF. The physical mean-
ing of the CEF parameters is dictated by the different strategies that can be
employed when performing computational thermodynamics.

In general, a selection of the models for a phase should have a basis on
the physical and chemical properties of the phases, reflecting their funda-
mental matter structure. Features that should be considered in this regard
consist e.g. the crystallography, the type of bonding, possible order-disorder
transitions, magnetic properties, type and range of solution, etc.

It is not the intention of this doctoral thesis to fully describe the capa-
bilities of the CEF, however, a brief description of its general form and the
basis for its application to model metal-hydrogen systems is provided in the
following as a key theoretical foundation for the understanding of the ther-
modynamic model proposed in this work. For more details, the reader is
directed to Lukas, Fries, and Sundman’s book [75].

The general molar Gibbs energy of a given phase φ is expressed by:

Gφ
m = srfGφ

m + physGφ
m − T · cnfSφ

m + xsGφ
m. (2.24)

The first term with superscript "srf" stands for "surface of reference" and
indicates the non-interacting mixture of the constituents of the phase, acting
as a mechanical mixture of the compounds. Any solution phase has at least
two compounds limiting the solubility of the phase. These compounds are
the so-called "end members". A linear interpolation of the energy of these
compounds according to their composition variation will form a hyper-plane
that serves as a reference from which any non-linear mixing feature may be
easily identified, justifying the "srf" nomenclature.

The term prefixed with "phys" represents the contribution to the Gibbs
energy due to a physical model such as magnetic transitions, and may be
composition-dependent through particular physical quantities.

The pre-superscript "cnf" identifies the configurational entropy term and
is based on the number of possible arrangements of the constituents in the
phase.

The term with pre-superscript "xs" refers to the excess Gibbs energy re-
lated to the real Gibbs energy subtracted by the first three terms, expressing
any variation not yet accounted for.
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The physical origins of the Gibbs energy for the phase are attempted to be
modeled only within the physGφ

m term, whereas the srfGφ
m and xsGφ

m comprise
the configurational as well as vibrational, electronic, and other contributions.

In the CEF the general expressions for these terms are:

srfGφ
m =

∑
I0

PI0 (Y ) ◦GI0 , (2.25)

cnfSφ
m = −R

n∑
s=1

as

ns∑
i=1

y
(s)
i ln (y

(s)
i ), (2.26)

xsGφ
m =

∑
I1

PI1 (Y )LI1 +
∑
I2

PI2 (Y )LI2 + · · · (2.27)

The generalization of the formalism is given by introducing the constituent
array denoted I. As the name suggests, it specifies one or more constituents
on each sublattice, while the individual constituents are denoted i with a
superscript (s) indicating the sublattice s. They can be of different order.
The zeroth order (I0) corresponds to the array with just one constituent on
each sublattice, consequently representing the "end members" of the phase.

In Equation 2.25 the concept is applied to define the surface reference. The
term PI0 (Y ) defines the product of the constituent fractions specified by the
zeroth-order constituent array. As in some cases, part of the end-member
compounds defined by I0 represent an unstable phase structure, the value
of ◦GI0 must be estimated. For this purpose, DFT calculations can provide
excellent initial values if consistently applied, as discussed in Chapter 3.

There exists no absolute value for the Gibbs energy, and it is necessary to
refer the Gibbs energy of all phases in the system to the same reference for
each of the elements constituting it. The term ◦Gφ

I thus represents the Gibbs
energy of formation of the constituent array I in φ from the reference states
of the elements included in the constituents, which is generally a function of
the temperature and pressure:

◦Gφ
I −

∑
j

bijH
SER
j = f (T, p) , (2.28)

where bij is the stoichiometry factor for the component j in the con-
stituent array I and HSER

j is the enthalpy of the component j in its reference
state, usually taken as the value presented at room conditions (298.15K, and
101 325Pa).

For the configurational entropy shown in Equation 2.26, the term as rep-
resents the number of sites on each sublattice s and y

(s)
i is the constituent

fraction of i in the same sublattice, which are summed over each constituent
in each sublattice.

The excess Gibbs energy term (xsGφ
m) contains the summation of the pos-

sible interaction parameters related to the constituent’s interaction within

34



2.3. Introduction to the Calphad Method

the sublattices. A first-order constituent array represents one extra con-
stituent in one sublattice, in the same manner a second-order constituent
array represents three interacting constituents on one sublattice and also the
case with two interacting constituents on two different sublattices.

As the order of the constituent array relates to the product of the fraction
of the constituents, a higher than second-order constituent array expresses an
increasingly small contribution for the interaction parameter and therefore
is not advisable for the modeling of a phase.

The interaction parameters shown in Equation 2.27, LI1 , and LI2 , are
named binary, and ternary interaction parameters, respectively. Binary in-
teraction parameters express the composition dependence of constituent i
and j within a sublattice. Even though many authors have proposed expres-
sions describing these interactions the most accepted expression for binaries
LI1 in the Calphad community is the Redlich-Kister [77] power series, as it
is symmetrical and extrapolates well to ternary and higher-order systems:

Lij =

k∑
v=0

(xi − xj)
v · vLij , (2.29)

where v is the order of the series terms ranging from 0 to k. Analogously
to the previous constituent array series, a value of k greater than 2 is not
advisable, as the product of fractions increases and an increasingly smaller
contribution of higher order terms is expected. If a more complex composi-
tional dependence is needed for modeling a phase, it should be preferred to
test a new sublattice description before increasing the power series term.

Note that, because xi + xj = 1 in binary systems, only the zeroth-order
(0Lij) parameters give a non-zero contribution within the middle of the sys-
tem i− j, while the first-order parameter (1Lij) is the only asymmetric. The
parameters vLij may exhibit temperature dependence, and usually, a linear
dependence on temperature is sufficient for the accurate modeling of most
systems. In cases where heat-capacity data are available, a higher order tem-
perature dependence, often represented by T ln(T ) to account for a constant
excess heat-capacity, should be employed.

vLij = vAij + vBijT, (2.30)

where Aij and Bij are constant coefficients describing the excess enthalpy
and entropy, usually subject to assessment during optimization of model
parameters.

The expression for the ternary excess contributions given by the second
term of Equation 2.27 may be generalized by a summation over the con-
stituents interacting in a sublattice as defined by the second-order constituent
array I2:

tern.xsGφ
m =

n−2∑
i=1

n−1∑
j=i+1

n∑
k=j+1

xixjxkLijk. (2.31)
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For a symmetric extrapolation, the ternary interaction (Lijk) parameters
may take the form:

Lijk = vi · iLijk + vj · jLijk + vk · kLijk, (2.32)

with

vi = xi + (1− xi − xj − xk) /3

vj = xj + (1− xi − xj − xk) /3

vk = xk + (1− xi − xj − xk) /3.

(2.33)

The sum of v is always unity for any order multi-component system,
which guarantees the symmetrical property of the Lijk parameters. This
implies that if these parameters have the same value, it is equivalent to hav-
ing composition-independent ternary order parameters.

It is worth noting that the approach presented here is the geometrical
extrapolation first proposed by Muggianu [78]. Even though there are at least
three other extrapolation methods [75], Muggianu’s is arguably the preferred
one due to its simplest formulation from Redlich-Kister polynomials and its
capability to extrapolate to multicomponent systems.

2.4 Introduction to Phase-Field modeling

In this section, a brief introduction to the phase-field method is presented
with a focus on covering the models that will be employed in this study.

2.4.1 Basic Phase-Field equations

Phase-field modeling is a powerful method capable of simulating the spa-
tial arrangement of the microconstituents in a given system. It describes
the many microstructural characteristics, for example, the different crystal
structures having dissimilar compositions, different orientations of grains of
phases, domains of different structural variants, and domains of different
electric or magnetic polarization. The distribution, morphology, size, and in-
trinsic bulk phase properties of these microconstituents determine the overall
properties of multicomponent and/or multiphase materials.

The phase-field method is distinguished from other approaches by the in-
clusion of different interface descriptions into its formalism. A given phase-
field model describes the compositional and/or structural domains in a mi-
crostructure with a set of field variables that are assumed continuous across
the interfacial regions of these domains.

In this regard, there are two types of field variables, conserved and non-
conserved:

• Conserved – These variables evolve with time by a nonlinear diffu-
sion equation and their value must be conserved within the simulation
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domain. They are generally governed by the Cahn-Hilliard equation
[79, 80], Equation 2.34.

• Non-conserved – This type of variable may have its value not conserved
during the simulation and has its evolution dictated by the Allen-Cahn
relaxation equation [81, 82] Equation 2.35.

These two kinetic equations combined may solve most of the common
microstructural dependent materials problems and underlie many phase-field
models in the literature.

The Cahn-Hilliard equation is given by:

∂ci
∂t

= ∇ ·Mi∇
δF

δci
, (2.34)

where Mi is the diffusivity of species i, and ci represent the conserved field
variable.

The Allen-Cahn equation is given by:

∂ηj
∂t

= −Lj
δF

δηj
, (2.35)

The term Lj is the mobility of the non-conserved field variable, ηj . The
variable t represents the time and F is the free energy density of the system.

In essence, how F is expressed in terms of the field variables dictates the
direction and destination of the evolving system, in other words, the free
energy density expresses the thermodynamic, and therefore the steady state
equilibrium within the system.

In contrast, the variables representing the diffusivity and mobility mod-
ulate how the system will change from its initial state to its final thermo-
dynamic equilibrium. A quantitative description of these terms is a pivotal
concern in obtaining a model capable of simulating real systems.

As mentioned above, the Cahn-Hilliard equation concerns the evolution
of the conservative quantities within a system. It is assumed that the free
energy density of an infinitesimal volume in a nonuniform system is depen-
dent not only on its composition but also on how it is distinct from the
nearby surrounding environment. Thus, the free energy density depends on
the compositional variable, ci, and its derivative. As the composition must
be conserved in a closed system, the summation of variables ci for a total of
N species must be contained to the unit:

N∑
i

ci = 1. (2.36)

Therefore, only one concentration and one chemical potential are indepen-
dent. The free energy functional F may be dependent on both the composi-
tion and the non-conserved field variable. For a phase-field model containing
N conserved variables ci and M order parameters ηj , is described by:
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F =

∫
V

[
floc (c1, c2, . . . , cN , η1, η2, . . . , ηM )

+ fgr (c1, c2, . . . , cN , η1, η2, . . . , ηM ) + Ed

]
dV

(2.37)

with floc defining the local free energy density as a function of all concen-
trations and order parameters, varying from model to model. The term Ed

refers to any other term influencing the energetics within the volume, and
the gradient energy density (fgr) is given by:

fgr =

N∑
i

κi

2
|∇ci|2 +

M∑
j

κj

2
|∇ηj |2, (2.38)

where κi and κj are the composition and phase gradient energy coeffi-
cients, respectively. These terms penalize the free energy density by adding
an extra energy contribution for the formation of sharp interfaces. Disre-
garding the additional contribution to the free energy density Ed, a general
equation can be written:

F =

∫
V

[
floc(ci, ηj) +

N∑
i

κi

2
|∇ci|2 +

M∑
j

κj

2
|∇ηj |2

]
dV, (2.39)

The floc is the local free energy density as a function of the conserved and
non-conserved field variables. Considering a single compositional dependence
with species (ci) and a single order parameter (ηj), the partial derivatives of
the free energy functional take the form:

δF

δηj
=
∂floc
∂ηj

−∇ · (κj∇ηj) (2.40)

δF

δci
=
∂floc
∂ci

−∇ · (κi∇ci) (2.41)

Substituting Equation 2.40, and Equation 2.41 in Equation 2.35 and Equa-
tion 2.34, respectively, the evolution of the variables is described as:

∂ηi
∂t

= −Lj

(
∂floc
∂ηj

−∇ · (κj∇ηj)
)

(2.42)
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∂ci
∂t

= ∇ ·Mi∇
(
∂floc
∂ci

−∇ · (κi∇ci)
)

(2.43)

In this work, the Cahn-Hilliard equation (Equation 2.34) is split into two
partial differential equations to simplify the solution of the stiff fourth-order
gradient, inherent from the evolution equation governing a conserved order
parameter.

The differential of the free energy with respect to the conserved order
parameter of species i is defined as the chemical potential of that species
(µi): µi =

∂floc
∂ci

−∇ · (κi∇ci).
With this approach, the fourth-order equation becomes two second-order

equations at the expense of creating two coupled variables to be solved: the
chemical potential µi, and the concentration ci. Equation 2.43 thus becomes:

∂ci
∂t

= ∇ ·Mi∇µi, (2.44)

and

∇ · (κi∇ci) =
∂floc
∂ci

− µi. (2.45)

From this point, the equations are written in their weak form, and from
there, the residual equations are constructed in a way to discretize the prob-
lem to be solved within the FEM. More details about this procedure can be
found in the Appendix C.

2.4.2 The Kim-Kim-Suzuki phase-field model

The Kim-Kim-Suzuki (KKS) model is an implementation of the two-phase
model presented by Kim et al.[83]. It features a single order parameter η, and
introduces phase-concentrations cα and cβ for phase α and β, respectively.
The global concentration (c) is thus constrained to:

c = (1− h(η))cα + h(η)cβ . (2.46)

The main advantage of using KKS is that it provides the ability to choose the
interfacial energy between the adjoining phases of the system independent
of the interfacial width. This characteristic of the model thus allows for the
simulation of the evolving system free of scale concerns. The KKS model is
especially suited for systems with high heat of solution, e.g. the formation
of hydrides from a metallic matrix, which in other conventional phase-field
models can lead to unphysically high levels of interphase energies due to the
miscibility gap contributions along the smooth interface.
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For a binary two-phase system, there are only two dependent composi-
tional field variables, one related to the chemical composition and another
to the phase, c and η, respectively:

floc(c, η) = [1− h(η)] fα(c) + h(η)fβ(c) (2.47)

where h(η) is the dimensionless interpolation function called "switching"
function that provides a smooth sigmoidal transition from phase α to phase
β by assuming the value

h(η) =

{
0, ⇐⇒ η = 0

1, ⇐⇒ η = 1,
(2.48)

and no gradient at the minimum and maximum points.
The fϕ term represents the homogeneous (or bulk) free energy density of

a given phase ϕ and may be derived by CALPHAD assessments of the Gibbs
energy expression of the phases along with the specific volume of their unit
cells.

It is worth noting that there are many other developed models and for-
malisms reported in the literature and that the present introduction only
covers one of many that could be employed to simulate a hydrogenation
process.

Within the KKS model, it is often the case that an extra function depen-
dent on η, g(η), is added to the equation. The g(η) function is a double-well
function with minima at η = 0 and η = 1, attributing an energy penalty for
the interphase region, that can be modulated by the choice of the value of
coefficient w that multiplies the function and modulates its height, creating
an additional energy barrier between the phases. With this term added, the
free energy density is then represented by:

floc(c, η) = [1− h(η)] fα(c) + h(η)fβ(c) + wg(η). (2.49)

The additional variables are required to be constrained to solve the model.
This is obtained in KKS by the mass conservation equation (Equation 2.46)
and by the pointwise equality of the phases’ chemical potentials:

∂floc
∂c

=
∂fα
∂cα

=
∂fβ
∂cβ

. (2.50)

This constraint enforces that the chemical potential of the phases equalizes
at their interface.

2.4.3 Including Micromechanics

Phase transformation in solids usually produces coherent microstructures in
their early stages. In a coherent microstructure, the lattice planes and direc-
tions are continuous across the interfaces, and the lattice mismatch between
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phases (or domains) is accommodated by elastic strain. The elastic energy
contribution, resulting from elastic displacements, to the total free energy
in a phase-field model can be introduced directly by expressing the elastic
strain energy as a function of field variables or by including coupling terms
between the field variables and the displacement gradients in the local free
energy functions [84, 85, 86, 87].

To couple elastic deformation energy to the phase-field model, the elastic
strain energy density (Eel) is included in the free energy density functional
(F ) as the additional energy term Ed shown in Equation 2.37, such that the
following expression for the Allen-Cahn equation is obtained:

∂η

∂t
= −L

(
∂floc
∂η

− κ∇2η − ∂Eel

∂η

)
. (2.51)

The mechanical equilibrium equation is solved simultaneously by the bal-
ance of linear momentum:

∇ · σ = 0, (2.52)

From the definition of Hooke’s law, the stress-strain relation can be derived
from the strain energy:

σ =
∂Eel

∂ε
, (2.53)

and the elastic energy Eel as:

Eel =
1

2
Cijkl

(
εij − ε0ij

)
:
(
εkl − ε0kl

)
. (2.54)

The elastic misfit strain tensor ε0ij and the stiffness tensor Cijkl are inter-
polated as a function of the non-conserved order parameter η, as proposed
in the Khachaturyan’s scheme [88], yielding:

ε0ij = ϵSFTS
ij h(η), (2.55)

and

Cijkl = (1− h(η))Cα
ijkl + h(η)Cβ

ijkl. (2.56)

Here, the term ϵSFTS
ij represents the stress-free transformation strain, and

Cϕ
ijkl is the rank four elasticity stiffness tensor of phase ϕ.
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3 ThermodynamicModeling
of the FeTiHydrogenation

3.1 Review on the thermodynamics of binary systems

3.1.1 Thermodynamics of Fe-H and Ti-H systems

For Fe and Ti, the reactivity with hydrogen is oppositely related. While
both Fe and Ti metals show a temperature range in which the bcc structure
is stable, the calculated enthalpy of solution in the bcc lattice of iron is
24.12 kJmol−1, whereas in the bcc lattice of titanium it is −59.82 kJmol−1

[23].
On the one hand, this promotes that iron reacts poorly with hydrogen

and presents negligible solubility in the solid and molten states. On the
other hand, titanium presents a huge hydrogen solubility in the bcc phase
as well as many distinguished hydrogen-rich hydride phases. The respec-
tive calculated phase diagrams of Ti-H and Fe-H using the thermodynamic
databases assessed by Ukita [89] and Zinkevich [90], are shown in Figure 3.1
and Figure 3.2, contrasting the differences in solubility of their bcc phases.

In the Fe-H system, stable hydrides are not observed at room pressure,
and iron-hydride formation is registered to occur only above 6 GPa at 523 K
[90, 91], yet titanium-hydrides (TiH2) are stable even below atmospheric
pressure (< 105 Pa) at temperatures as high as 576 K [92, 93, 94].

As will be discussed in more detail in the following sections, the high sta-
bility of the titanium hydrides indicates that the near-ambient condition hy-
drogenation of the FeTi alloy must be a phenomenon of metastability, which
strongly influences the way of dealing with most computational methods for
studying this system.

3.1.2 Thermodynamics of the Fe-Ti System

At room pressure, the Fe-Ti system presents five distinguishable phases:
Laves, bcc, hcp, fcc, and liquid. Much effort has been expended to describe
the thermodynamics of the Fe-Ti system. The first registered trial of model-
ing individual phases of the system in the Calphad framework was done by
Larry Kaufman and Harvey Nesor [95].
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In the works that followed this first attempt, the solution phases were up-
dated regarding the thermodynamic models employed and the incorporation
of new data sets [96, 97, 98] and Dinsdale et al. [99] applied a solution model
to describe solubility in the Laves phase.

Later, H. Kumar and colleagues [100] reassessed the system and updated
the model for the Laves phase by describing it with three sublattices taking
into account coordination numbers in the lattice positions.

In 1998, Dumitrescu and colleagues [101] compared the available assess-
ments and recommended an evaluation of magnetic properties to further
improve the thermodynamic description of the system.

The first work demonstrating the use of the ordering model to describe
the bcc phase of the FeTi system was presented [102] by H. Kumar and
colleagues, discussing the sharp decrease in the Gibbs energy as a result of
the enthalpy of ordering Fe and Ti in the bcc lattice. This was evaluated by
a parametric description of the heat capacity of the ordered phase and its
difference compared to the disordered state, which was estimated using the
mixing enthalpy from Miedema’s work [103]. The Kumar model was widely
accepted and used in many extrapolations for ternary systems [104, 105].

Later, Bo Hong and colleagues [106] revisited the system and re-adjusted
the parametric models to better perform heat capacity calculations of the
intermetallic phases.

More recently, Santhy and Kumar [107] applied the order-disorder model
for the bcc phase from [102] and remodeled the Laves phase with two and
three sublattices, with the latter closely corresponding to the crystallography
of the phase. They adjusted the parameters by enhancing the models with
experimental data for the stable stoichiometric compound and with first-
principles calculated energies of unstable end-members. Figure 3.3 shows
the calculated phase diagram proposed using the three-sublattice Laves phase
model.

Following this, Kriegel et al. [108] included pressure dependency by eval-
uating thermodynamic models using data on the solubilities of phases under
high levels of compression, between 2.3 and 2.7 GPa. Figure 3.4 compares
the calculated phase diagram for ambient and high pressure.

However, the authors modeled FeTi as an individual separate phase and
not as an ordered state of the bcc phase. The Laves phase was modeled with
two sublattices and no magnetic contribution.

As will be seen in the next sections, the level of pressure that significantly
influences the FeTi phase stability is far above the hydrogen partial pres-
sure that induces hydrogenation of the FeTi phase near room temperature.
Therefore, the pressure dependency of the solids may be neglected when the
thermodynamics of FeTi hydrogenation are assessed, without losing consis-
tency.

In particular, when Fe and Ti mix in equimolar quantities, the bcc phase
undergoes ordering of elements in the bcc crystal lattice forming a CsCl-type
structure, which can hydrogenate under near ambient conditions reversibly
and is, therefore, the center object of study in this work.
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Figure 3.1: Calculated Ti-H temperature-composition equilibrium phase dia-
gram from [89].

Figure 3.2: Calculated Fe-H temperature-composition equilibrium phase dia-
gram from [90].
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Figure 3.3: Calculated Fe-Ti phase diagram with parameters from [107].

The ordering phenomenon may appear as a second-order thermodynamic
transition, as in the Al-Fe-Ni, Cu-Zn, and Fe-Si cases [75]. In these metal
systems, the degree of order in the bcc lattice continuously transitions in the
direction of the resulting ordered bcc (B2) phase.

Although for the FeTi system this transformation is usually discrete and
considered a first-order thermodynamic transition, to ensure a better extrap-
olation to multicomponent systems and maintain compatibility, the most
complete and widely accepted CALPHAD description of the BCC phase
employs the order-disorder model. For good practice and to guarantee the
fulfillment of the requirements for higher-order systems, the order-disorder
model is selected to describe the FeTi phase in this work.

The model consists of describing the disordered and ordered bcc lattice
as part of the same Gibbs energy expression [75]. In this work, the use of
the parameters of the Kumar and Santhy order-disorder model [100, 107]
was accepted, except for the parameters related to thermal vacancies in the
metallic sites, which were neglected because hydrogenation of the B2 phase
occurs near ambient temperature, resulting in negligible thermal vacancy
fractions.

The disordered phase (bcc-A2) is thus described as a two-sublattice model
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Figure 3.4: Calculated Fe-Ti phase diagram from [108] at varying pressure
values. a) calculated at 1× 105 Pa, and b) calculated at 2.7× 109 Pa.
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with formula (Fe,Ti)1(vac)3 and a contribution to the Gibbs energy Gdis

expressed as:

Gdis
m = y′FeGFe:vac + y′TiGTi:vac

+RT
(
y′Fe ln y

′
Fe + y′Ti ln y

′
Ti

)
+ y′Fey

′
TiL

A2
Fe,Ti:vac

+Gmag. (3.1)

The term Gmag is the magnetic contribution as described by the Inden-
Hillert-Jarl approach [109] with the parameters of Santhy and Kumar [107].
The ordered phase (bcc-B2) is then described with a three-sublattice model
with formula (Fe,Ti)0.5(Fe,Ti)0.5(vac)3, and the contribution to the Gibbs
energy Gord expressed as:

Gord
m = y′Fey

′′
FeGFe:Fe:vac + y′Tiy

′′
TiGTi:Ti:vac

+ y′Tiy
′′
FeGTi:Fe:vac + y′Fey

′′
TiGFe:Ti:vac

+RT

(
1

2

(
y′Fe ln y

′
Fe + y′Ti ln y

′
Ti

)
+

1

2

(
y′′Fe ln y

′′
Fe + y′′Ti ln y

′′
Ti

))
+ y′Fey

′
Tiy

′′
FeL

B2
Fe,Ti:Fe:vac + y′Fey

′
Tiy

′′
TiL

B2
Fe,Ti:Ti:vac

+ y′Fey
′′
Fey

′′
TiL

B2
Fe:Fe,Ti:vac + y′Tiy

′′
Fey

′′
TiL

B2
Ti:Fe,Ti:vac

+Gmag. (3.2)

The total Gibbs energy of the bcc phase is then written as:

Gbcc
m = Gdis

m +∆Gord
m , (3.3)

with ∆Gord given by:

∆Gord
m = Gord

m (y
′
i , y

′′
j )−Gord

m (y
′
i = y

′′
i = xi). (3.4)

Here, the term Gord
m (y

′
i = y

′′
i = xi) represents the disordered state of

the ordered phase BCC_B2. This is because if the species i have the same
fraction in the metallic sublattices, this fraction corresponds also to the mole
fraction of that species and becomes indistinguishable from a solid solution
in the BCC crystal lattice. When this internal state occurs, the contribution
of the ordering energy is zero (∆Gord

m = 0) and Gbcc
m = Gdis

m .
The order-disorder transition, as for the case of BCC_B2/BCC_A2, may

therefore be described as a single Gibbs energy function. Figure 3.5 illustrates
the plot of the disordered state contribution to and the total Gibbs energy
of the bcc phase employing the BCC_B2/BCC_A2 order-disorder model.
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Figure 3.5: Total Gibbs energy of the FeTi bcc phase with the superimposed
disordered state energy for comparison. The curves were calculated for the temper-
ature of 1000K using the thermodynamics parameters from [107].

One can observe that near solid solution regions, the bcc B2 occurs in a
completely disordered state, and its Gibbs energy coincides with that of the
bcc A2 phase. In contrast, the highest value for ∆Gord

m occurs in equimolar
quantities of Fe and Ti when the system can create a perfectly ordered B2
phase with Fe and Ti completely separated into two distinguished metallic
sublattices.

The formulated Gibbs energy may be further explored concerning its
derivatives and enthalpy of mixing. Figure 3.6 shows the single phase stabil-
ity analysis when applying Equation B.6, Equation B.1, and Equation B.3.

In Figure 3.6 the energetic effect of atomic ordering on the Gibbs energy
of the BCC phase is observed by calculating its mixing enthalpy. At an
equimolar quantity, the ordering enthalpy (∆Hord) reaches its maximum,
according to the minimum in Gibbs energy for the phase. The blue dots
represent the enthalpy of many sampled internal states that the bcc phase
can take. The minimization of the internal states leads to the more stable
configuration for a given composition.

In equimolar composition, the internal state that minimizes the Gibbs
energy of the bcc phase is given when the metallic sublattices are filled by
unlike species (perfect ordering), which is annotated by "bcc B2" on Fig-
ure 3.6, correspondent to the lowest Gibbs energy of the BCC phase and
indicates the highest internal state stability of the B2 phase. In contrast,
when the same fractions of the opposite species are found in both metallic

49



3. Thermodynamic Modeling of the FeTi Hydrogenation

Figure 3.6: Calculated enthalpy of mixing of the bcc phase of the FeTi system
at 300K and 101 325Pa with parameter from Santhy and Kumar [107]. The green
solid line represents the minimum enthalpy of mixing for the single BCC phase
configurations at a given composition.

sublattices, the Gibbs energy of the bcc phase is the highest at equimolar
composition and approaches the value predicted by Miedema’s model [103].

The first and second derivatives of the Gibbs energy (the chemical poten-
tial and the thermodynamic factor, respectively) are useful for quantifying
the driving forces and, consequently, the tendencies of phase transformation.
In Figure 3.7, the calculated chemical potentials of iron and titanium at
1500K are illustrated considering only the bcc phase.

Note that the chemical potential is constant for some regions of the curve.
As in equilibrium, the chemical potential of a species is the same in the
phases, and it is conclusive that the bcc phase stabilized its internal states by
spontaneously decomposing into two different compositions. This is observed
on both the iron-rich and titanium-rich sides of the curves, where an iron-
rich or titanium-rich bcc phase would equilibrate with a bcc phase possessing
near-equimolar composition.

It is also worth noting that at equimolar quantities the chemical potentials
of both elements have the same value, or at least they are negligibly distinct.
This similarity in chemical potential will be revisited in Section 4.1 to derive
the appropriate thermodynamic model describing the chemical contribution
to the interface energy between the FeTi-B2 phase and its correspondent
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hydride.
In the second spatel of Figure 3.7, the thermodynamic factor is illustrated.

For compositions where det |Ω| = 0 (see Equation B.3), it coincides with the
two compositional sets of the bcc phase. In addition, there is a spike in the
thermodynamic factor at the equimolar composition, demonstrating its high
tendency to order.

Thermodynamic analysis of the internal states of the FeTi system’s bcc
phase is conclusive in demonstrating that the FeTi-ordered B2 phase can
be considered a single compound even for metastable extrapolations. In
particular, at lower temperatures, where the curves in Figure 3.7 become
more distinct, this assumption becomes even more reasonable.

Figure 3.7: The chemical potential and the second derivative of the Gibbs energy
of the bcc phase of the FeTi system calculated using parameter from Santhy and
Kumar [107].
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3.2 Thermodynamic modeling of the FeTi-H system

3.2.1 Introduction to the FeTi-H system

The FeTi hydrogenation

Before analyzing the hydrogen storage properties of hydride systems, the ma-
terial must undergo proper activation. This process involves heat treatment
under cyclic hydrogen pressure, which helps to remove any oxide layers on
the surface, thereby opening up pathways for hydrogen absorption. Once
activated, the in-situ investigation can proceed, typically through isother-
mal cycles of repeated hydrogen absorption and desorption. These cycles are
performed by gradually equilibrating the hydrogen gas with the metallic sam-
ple in small pressure increments, using a Sieverts-type apparatus [110, 111].
The resulting pressure variations during these cycles are recorded to generate
pressure-composition-isotherm (PCI) curves, which characterize the mate-
rial’s ability to absorb and release hydrogen at different temperatures. Fig-
ure 3.8 and Figure 3.9 show the measured absorption and desorption PCI
curves of FeTi at different temperatures.

With increasing H2 pressure, the hydrogen content in the solid system in-
creases. Inflections of the PCI curves indicate the formation of new phases,
and, in an ideal scenario, the coexistence of two solid phases results in a com-
pletely flat horizontal curve of the pressure over overall hydrogen composition
within the solid material, known as plateau pressure. Such invariant reaction
can be expressed with the following reaction equation (Equation 3.5):

α-FeTi +
1

2
H2 → β-FeTiH +Q. (3.5)

Where Q represents the heat of reaction. As the hydrogenation is exother-
mic, Q > 0 for absorption and Q < 0 for desorption.

The initial and final points of the plateau correspond to the onset and
termination of the solid-phase transformations and indicate their equilib-
rium composition. The stability of solid phases is negligibly influenced by
pressure. In practical applications, it is regarded independent, allowing a
temperature-composition phase diagram for metal hydrides to align with the
solubility limits derived from PCI curves. Many authors studied the hydro-
genation of the FeTi intermetallic [112, 113, 114, 115]. Recently, Sujan et
al. [116] reviewed FeTi hydrogenation and processing, whereas Dematteis et
al. reviewed substitutional effects on the hydrogen storage properties of FeTi
[35].

For FeTi, there is a consensus that hydrogenation around ambient temper-
atures involves at least three hydride phases, α, β, and γ. Initially, hydrogen
is dissolved in the ordered B2 phase, forming the solid solution α phase. The
increase in H2 pressure quickly leads to the saturation of α after which the
external thermodynamic conditions remain constant while hydrogen is ab-
sorbed, forming a new phase β. During this process, the gas phase coexists
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Figure 3.8: Experimentally measured absorption PCI curves at different tem-
peratures. Raw data provided by the group colleague Dr. Yuanyuan Shang.

Figure 3.9: Experimentally measured desorption PCI curves at different tem-
peratures. Raw data provided by the group colleague Dr. Yuanyuan Shang.

in equilibrium with the two solid phases. Figure 3.10 shows examples of each
phase from the perspective of the bcc unit cell framework.

The completion of the transformation of H2 + α ⇌ β accompanies the
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Figure 3.10: Example of crystal structures in the FeTi-H system viewed from the
bcc-like unit cell framework including first neighbors Iron atoms. a) B2 (equimolar
FeTi ordered bcc phase), b) β (monohydride), and c) γ (dihydride). Titanium in
gray, iron in red, and hydrogen in green.

cessation of hydrogen absorption at constant pressure. At this point, with
constant temperature, hydrogen is further absorbed only by externally in-
crementing the hydrogen partial pressure. The precise solubility range of β
and the mechanisms of transformations it undergoes upon hydrogenation are
not yet fully understood but seem to be highly dependent on the sample his-
tory, temperature, and sorption path [117]. Sections 3.2.3 and Section 3.2.5
will provide a plausible explanation of the underlying mechanism based on
crystallographic evidence and thermodynamic analysis.

With completion of β formation at lower temperatures, the increase in
hydrogen pressure results in a smooth inflection of the pressure composition
curve, particularly visible in the logarithmic scale as a slopped plateau, see
Figure 3.8, and Figure 3.9 for mole fraction hydrogen above 0.33. At higher
temperatures, the slope increases and the inflections become less evident.
Above a critical temperature, there is no clear evidence of this phenomenon,
and the exact point is difficult to determine because the transition is narrow
and quite gradual.

The formation of the γ phase occurs at maximal hydrogenation, and ex-
perimental evidence shows that it may be a highly stable structure in the
system, whereas the formation of a second β phase named β2 is possibly only
a metastable process. This is indicated, for example, by Reidinger et al. [117]
by the fact that annealing at 800 °C followed by activation facilitates the for-
mation of γ, which could then be detected in coexistence with α at FeTiH1.12.
Another hint is the observation by Goodell et al. [118] showing that when
the number of sorption cycles is increased, the second plateau fades out and
a higher hydrogen pressure is required to reach the same level of hydrogen
absorption. However, the first plateau pressure remains unaffected by this.

Both pieces of evidence give rise to the possibility that once γ forms, it
remains in the system, blocking the formation of the intermediate β2 phase
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when a certain threshold amount of γ is present.
It should be noted that, even though the corresponding deuterides and hy-

drides in the FeTi-H/D systems are isomorphic [119], their lattice parameters
[120] and the equilibrium pressure [121] vary slightly. For example, Fischer
reported a difference in the enthalpy of reaction when using deuterium or hy-
drogen gas, ∆Hr = 3.7 kJ/mol gas = 31.0 kJ/molD2 - 27.3 kJ/molH2. This
enthalpic difference led to a temperature-independent increase of less than
1 × 105 Pa in the plateau pressure of the deuteride with respect to the hy-
dride. Regarding crystal structure variations, it is expected that the lattice
parameters of β hydride are less than 0.1Å shorter than those of the β deu-
teride counterpart, as shown in Schober’s work [120]. Consequently, as some
transition points detected in deuterides could exhibit slight shifts compared
to those in corresponding hydrides, this should be considered when analysing
the subsequent hypotheses.

FeTi-H paraequilibrium

As briefly introduced in Section 3.1.2, the FeTi system presents two different
intermetallics: the Laves phase with approximate composition Fe2Ti, and
the B2 phase, an ordered bcc phase with approximate FeTi stoichiometry.
The Laves phase negligibly absorbs hydrogen and does not form hydrides
near standard conditions, while the B2 phase is responsible for providing the
reversible hydrogen storage properties envisaged under ambient conditions.

Reilly and Wiswall were the first to study the hydriding properties of
FeTi [113]. Although the B2 phase has relatively low solubility of hydrogen,
it reversibly transforms into a monohydride at near atmospheric pressure
and room temperature. This transformation can be reversed with relatively
small changes in thermodynamic potentials, which provides the material with
a high level of engineering control for use as a hydrogen storage material.

Special care should be taken when the thermodynamics of multicompo-
nent metal hydrides are analyzed because such compounds are formed under
hydrogenation conditions that do not promote a complete equilibrium.

This is a consequence of the significant differences between metallic atoms
(M) and hydrogen atoms (H). The radii of metal atoms are generally much
larger than those of hydrogen atoms and tend to establish the main lattice
of the crystal structure. In contrast, H atoms enter the bulk and occupy
the interstitial sites. In stark contrast to the low mobility of metal atoms,
hydrogen atoms have much higher mobility at room temperature. Table 3.1
lists the diffusion coefficients (D) of Fe, Ti, and H in the B2 FeTi phase and
evidences the pronounced difference in diffusivities between hydrogen and
the Fe and Ti metallic species.

With diffusivities at least four orders of magnitude slower—especially at
low temperatures—only H species can respond fast enough to changes in
chemical potential, allowing them to quickly diffuse into interstitial sublat-
tices and form hydrides.

55



3. Thermodynamic Modeling of the FeTi Hydrogenation

Table 3.1: Diffusion coefficients (D), D = D0 exp
{

∆Ea
RT

}
, of Fe, Ti, and H in

the B2 FeTi phase at various temperatures.

Element Temperature
[K]

D [m2/s] Reference

Fe 973 9.57× 10−15

[122]Ti 8.12× 10−16

Fe 1123 4.45× 10−14

Ti 2.43× 10−15

H 673 ≈ 1.0× 10−11 [123]

When this situation is attended, the hydrogen chemical potential equal-
izes in each co-existing phase, while this does not happen for the metallic
elements that keep the alloy composition constant. In other words, the chem-
ical equilibrium occurs only for hydrogen, whereas the metal elements are
not necessarily in chemical equilibrium with the other species of the system.
Reaching complete equilibrium is hindered by the sluggish diffusion kinetics
of metallic elements, causing a metastable thermodynamic equilibrium of the
phases. Such an internal meta-stable state is considered a para-equilibrium.

FeTi-H phase-diagrams

The first proposed phase diagram for the FeTiHx system [113] indicates that
the solubility limit of α and the equilibrium composition of β with α would
be constant at least up to 70 °C. It also shows the existence of a critical
temperature between 55 °C and 70 °C above which a discrete coexistence of β
and γ can no longer occur and the transformation should become continuous
(indicated by dashed lines in Figure 3.11). This phenomenon was assumed
based on the lack of evidence of a second plateau for the 70 °C isotherm curve
and the vestigial plateau trace at 55 °C.

Later, Bowman et al. [124] extended the phase diagram by compiling
higher temperature PCI sets from Reilly [113, 125] and Yamanaka [115]. De-
spite some uncertainties, there was good agreement with respect to α to β
phase limits. Bowman’s NMR study revised the FeTiHx diagram (includ-
ing some uncertainty range for low temperature lines), extended the α+β
phase limits to a higher temperature and showed an absence of the critical
temperature for the β+γ two-phase region below 127 °C [124]. He also sug-
gested a γ-β transformation at 117 °C either because of a critical stability
temperature or due to some release of hydrogen.

In light of calorimetric and structural data in the range between 1–72 °C,
Lebsanft [126] proposed a variation of the α-β solubility limit, indicating that
somehow they would converge to a critical point at higher temperatures and
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Figure 3.11: Adaptation of the schematic FeTi-H phase diagram from Schober
and Schaefer [120] superimposed to the one proposed by Reilly and Wiswall [113].
See the text for more detailed explanation.

that the limit of stability of β should be much closer to FeTiH2, showing
that γ is possibly only stable as a quasi-stoichiometric compound. Although
not mentioned by Lebsanft in his thesis, Schefer et al. [127] claimed that an
additional plateau was visible in the low-temperature curves from Lebsanft
and thus that the β2 phase could be forming.

Soon after, Schober analyzed the system by Transmission Electron Mi-
croscopy (TEM) at varying temperatures. The cooling of the samples con-
firmed that β and γ could be kept at cryogenic temperatures, while the
heating of the sample revealed a peritectoid transition γ ⇌ α + β above
60 °C [128]. Schober and Schäfer later detected another phenomenon when
cooling below 35 °C [120]. They found that plate-like phases precipitate in
hydrogen-rich β regions, in accordance with the previous evidence [127] of an
existing ordered β2 in equilibrium with β1. Their published schematic phase
diagram suggested another peritectoid reaction β2 ⇌ γ + β1 around 35 °C
at FeTiH1.33, as shown by dashed-dotted lines in Figure 3.11.

More recently, Endo et al. [129] used in-situ synchrotron radiation X-
ray diffraction (SR-XRD) analysis under a severe hydrogen fluid pressure of
5 GPa at 600 °C and observed a hydrogen-induced order-disorder transition
from the ordered FeTi solid solution α into a bcc hydride. Under these
harsh conditions, the α-like phase presented higher hydrogen solubility and
transformed into the bcc hydride, which underwent a lattice expansion of
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21% at its maximal hydrogenation stage. After some time, the bcc hydride
decomposed into TiH2 and Fe2Ti.

In conclusion, the FeTiHx phase diagram is essentially metastable since
the hydrogenation of FeTi occurs under para-equilibrium conditions. Thus,
there is no confirmation that the kept metallic equimolar quantity of the
hydrides in the two-phase regions is in their thermodynamically most stable
form. However, since the alloy maintains its composition due to the sluggish
diffusion kinetics of the metal elements at lower temperatures and because
the enthalpies of formation of TiH2 and Fe2Ti are much lower compared
to those of ternary hydrides [115], the system tends to disproportionate to
eventually reach complete equilibrium, as observed by Endo et al. [129].

3.2.2 Crystal structure of FeTi-based hydrides

The application of statistical thermodynamics is fundamental to the thermo-
dynamic modeling of a system. Consequently, modeling a compound must
closely align with its crystal structure, as this is a crucial factor in the sta-
tistical analysis of solid phases. Hence, the key properties of FeTi hydrides
are examined in this section to aid in the proper selection of thermodynamic
models for the phases.

Hydrogen absorption in metallic materials occurs through interstitial dif-
fusion mechanisms. The B2 phase itself presents a relatively low solubility of
hydrogen, and unlike most of the bcc metals, such as Fe and Ti [130, 23, 131,
132, 92, 133, 93], where hydrogen preferentially occupies tetrahedral sites,
in the FeTi B2 phase, hydrogen preferentially occupies the octahedral sites.
This was demonstrated by many Neutron Diffraction (ND) experiments per-
formed on the deuterides of the FeTi system [134, 135, 136, 128, 119, 121].

Although most crystallographic characterizations are performed on deu-
terides instead of on the hydride itself, TEM and X-ray diffraction (XRD)
experiments show that the FeTi-H system is isostructural with FeTi-D [128,
120, 119, 117]. Therefore, the isotopic effect can be assumed to be negligible.

Under room temperature conditions, hydrogenation of FeTi results in the
formation of the solid solution phase, α, up to FeTiH0.1. The monohydride
phase, β, extends from FeTiH1.04 to around FeTiH1.22, and the dihydride
phase, γ, remains stable between FeTiH1.71 and FeTiH1.93. In the FeTi-H
system, at least three hydrides with different crystal structures are observed.

Due to the ordering of metallic elements into two sublattices, the FeTi B2
phase presents two distinguished types of octahedral interstitial sites. One
of them is composed of four Ti and two Fe atoms (Ti4Fe2) with Fe atoms as
the nearest neighbors, while the second type has four Fe and two Ti atoms
(Ti2Fe4) with Ti atoms as the first neighbors. Considering the larger metallic
atom radii of Ti with respect to Fe, which can be calculated from the bcc
lattice constant of Ti a = 3.231Å [89], resulting in a radius of a

√
3
4

= 1.399Å,
or considering its hcp structure leading to a radius of 1.445Å [137], while for
bcc Fe the lattice constant is a = 2.866Å, which leads to a metallic atomic
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radius of 1.241Å [137], resulting in the sizes of the different octahedral inter-
stitial sites being ≈0.21Å for the Ti4Fe2 and ≈0.0262Å for the Ti2Fe4, which
are calculated considering the smallest sphere that fits within the interstitial
site. Consequently, hydrogen preferentially stabilizes in Ti4Fe2 sites [138].

α hydride

The α-hydride forms via random dissolution in Ti4Fe2 sites of the B2 phase
[Figure 3.10 a)]. This is supported by DFT calculations [139], which show
that hydrogen is more stable (less energetic) when located in the Ti4Fe2
octahedral sites than in Ti2Fe4 for hydrogen concentrations between 0 and
0.33 hydrogen atomic fraction. For the Ti4Fe2 sites, an exothermic enthalpy
of reaction is calculated as ∆H ≈ −4.3 kJ/mol.H, whereas for Ti2Fe4, the
reaction is endothermic with an enthalpy of ∆Hr ≈ 19.3 kJ/mol.H, both at
0.33 hydrogen atomic fraction. These findings align with ND experiments
[136].

Fischer also observed that the degree of ordering of metallic elements in
the bcc-like structure of the α-hydride is negligibly affected by hydrogenation,
even after several cycles, and that the slight variation of the measured order
parameter should come from surface effects [121].

The α hydride is thus analogous to the B2 phase, with a slightly larger lat-
tice parameter at its saturation of the hydrogen solid solution (aα = 2.979 Å)
and hydrogen atoms randomly occupying Ti4Fe2 octahedral sites [136, 119]
to an extent of up to 0.05 hydrogen mole fraction in the crystal.

Additional hydrogen insertion in α increases the displacement of the near-
est Fe neighbors of the Ti4Fe2 octahedral interstitial sites and induces a phase
transformation of α into β.

β hydride

The β hydride has an orthorhombic structure [134] with space group P2221.
The β phase is indexed with lattice parameters bβ ≈ 4.3 Å, which is similar
to the diagonal of the ordered FeTi B2 phase, aβ ≈ 4.5 Å and cβ ≈ 2.98 Å.
The interstitial sites are slightly deformed compared to those of the B2 phase;
in particular, the Ti4Fe2 octahedral sites present are divided into two distin-
guished geometries, namely H1 and H2, which are partially occupied.

The occupancy of these octahedral sites gives rise to two forms of the beta
phase, β1 and β2 [128, 117, 127]. Both have similar crystal structures except
for the hydrogen distribution in these sites. Experimental investigations
show an ordered hydrogen occupation in these sublattices for both forms of
β [134, 127, 120]. Schäfer et al. [140] discussed neutron diffraction results if
the interstitial atoms were evenly occupied, that is, H1 / H2 = 0.50 / 0.50,
or distributed in a ratio of 0.90 / 0.10.

However, the most accepted analyzes of hydrogen occupancy in these
interstitial sites conclude that the β1 phase is characterized by H1/H2 =
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0.88/0.12 [127, 140], while β2 is H1 / H2 = 0.92/0.45. These sublattice oc-
cupancies correspond roughly to the FeTiH and (FeTi)3H4 formula units,
respectively.

Upon hydrogenation, the volume expansion of β reaches 4.5%, and ex-
perimental evidence suggests that the phase transition β1 ⇌ β2 occurs dis-
continuously at room temperature. Nevertheless, the transition may also be
described as a single-phase continuous process, with both sites being simul-
taneously enriched with hydrogen [128, 127].

γ hydride

The γ phase crystal structure is still under debate but is known to have
at least 1.74 hydrogen atoms per Fe-Ti pair. The phase appears as a con-
sequence of further hydrogenation of the β hydride during absorption. The
difficulties in defining the crystallography of the γ hydride are due to the fact
that its formation at room temperature requires a hydrogen partial pressure
above 5MPa, which is hard to maintain during experiments. Additionally,
the γ phase is stable only within a narrow range of hydrogen compositions.
The strain generated during its formation and the residual β phase in the
sample can introduce noise in the diffraction signal, making it difficult to
obtain precise crystallographic data.

Many authors have proposed different crystal structures for the γ phase.
Based on X-ray diffraction experiments, Reilly proposed a cubic structure
[113]. Fischer et al. indicated that an orthorhombic structure [121] is sug-
gested based on ND experiments. Shortly after, ND and TEM studies cor-
related γ with the orthorhombic crystal structure of β [127, 135], leading to
assumptions that γ is formed from the complete insertion of hydrogen at the
previously observed Ti4Fe2 sites of β and into an additional Ti2Fe4 octahe-
dral site. This would drive it towards the formation of a monoclinic P2/m
structure, therefore losing orthogonality and degrees of symmetry.

Schefer observed that not only the deuteride but also the hydride com-
pound show an analogous transformation [127]. Soon after, Schäfer et al.
[119] identified an increase in monoclinic distortion of γ with decreasing tem-
perature.

Fischer et al. [141] concluded that the Ti2Fe4 sites are energetically much
less favorable and possibly the last to be filled with hydrogen, reaching a
partial occupation of 91% at high hydrogen concentrations. It was assumed
that the orthorhombic Cmmm crystal structure better suits neutron diffrac-
tion data than the monoclinic P2/m, which was later corroborated by ob-
servations from Thompson et al. [142] and DFT calculations of the fully
hydrogenated γ (FeTiH2).

3.2.3 First-principles calculations

The initial crystal structures of the compounds observed experimentally in
the FeTi-H system, α (FeTi), β (FeTiH), and γ (FeTiH2), were obtained from
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those provided by the Web platform "Materials Project" [143]. Subsequently,
the structures were optimized with respect to ion position, cell shape, and
volume. Section A.1 from the Appendix A shows the evaluation procedure
to obtain the optimal DFT settings employed in this work. Ultimately, the
Perdew and Wang (PW91) [65, 66] exchange-correlation functional within the
generalized gradient approximation (GGA) was selected to be employed.

Bulk structures and elastic properties

The total energy as a function of volume was fitted to the Birch-Murnaghan
equation of state [144], from which the equilibrium volume, the bulk modu-
lus and its derivative, the equilibrium lattice parameters, and the minimum
energy were acquired and are listed in Table 3.2. Refer to Appendix A.1
for additional details concerning these calculations.

Table 3.2: This work calculated α and β phases bulk properties compared to
experimental values from the literature [134, 145]

Equilibrium
volume

Lattice
parameter

Bulk modulus

[Å3] [Å] [GPa]

Phase Calc. (Exp.) Calc. (Exp.) Calc. (Exp.)

a=b=c
α−FeTi 25.75 (26.25)

=2.95 (2.97)
192.6 (189.0)

β-FeTiH∗
a=4.56 (4.54)

56.46 (58.93) b=4.26 (4.39) 185.2 (N/A)
c=2.90 (2.96)

*The experimental values for the β-phase were measured for its deuteride form [134].

Formation and reaction energies

In order to compute internal state energies, the obtained equilibrium struc-
tures were kept fixed, and hydrogen was permuted to all uniquely distin-
guishable octahedral sites that are experimentally observed to be occupied.

Then, the structures of the compounds were relaxed with respect to ion
positions while the unit cell structure was kept constant. The ground-state
formation energy of each compound (∆Eϕ

(FeTi)mHn
) was calculated in refer-

ence to its stable-element reference (SER) ground-state energy calculated
using DFT, as described in Equation 3.6.

∆Eϕ
(FeTi)mHn

= Eϕ
(FeTi)mHn

− (
m

2
Ebcc

Fe +
m

2
Ehcp

Ti +
n

2
Emolec

H2
) . (3.6)
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Note that the SER for hydrogen corresponds to its molecular gaseous
form and was approximated by the calculated DFT energy of a H2 molecule
in vacuum, neglecting its entropic term. The terms Ebcc

Fe and Ehcp
Ti are the

ground-state DFT energies of the SER, representing bcc iron and hcp tita-
nium, respectively.

Due to symmetry, there are only two options for adding a single hydro-
gen to the α-phase unit cell: the Fe2Ti4 and the Fe4Ti2 octahedral sites.
The permutation of distributing up to six H atoms in both octahedral sites
produces 20 distinguished compounds.

The present DFT computations show that the lowest formation energy
for adding a given number of H atoms into the α unit cell lattice is obtained
when the H atoms are the furthest apart from each other and preferentially
located in Fe2Ti4 sites, agreeing with the findings from Nong et al. [139].

Figure 3.12: DFT ground-state formation energies of the compounds with α
crystal structures obtained by hydrogen-vacancy permutations in the octahedral
sites.

As an initial step in investigating internal energy variations when hydro-
gen enters the octahedral interstitial lattice of the β phase, hydrogen and
vacancy permutations were performed within the 12 possible sites. Such an
approach results in 1360 configurations (some of them possibly identical from
a crystallographic perspective). These compounds were relaxed with respect
to the ion positions and, subsequently, for a given composition, the minimum
energy compound was fully relaxed (i.e. with respect to the ion positions,
cell shape, and volume). The formation energies and reaction energies were
calculated for each of these compounds. Figure 3.13 shows the calculated
formation energy of the β compounds.

In Figure 3.13, it is possible to detect that both the relaxed ion-position
minimum energy curve and the fully relaxed structures show inflections
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Figure 3.13: DFT ground-state formation energies of the compounds with β
crystal structures obtained by hydrogen-vacancy permutations in the octahedral
sites.

Figure 3.14: DFT ground-state formation energies of the compounds with γ
crystal structures obtained by hydrogen-vacancy permutations in the octahedral
sites.
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with convex curves between FeTi and FeTiH, and between FeTiH2 and
FeTiH composition ranges, which consequently presents positive partial sec-
ond derivatives of the energy curve with respect to the hydrogen mole fraction
(∂2E/∂x2H) at xH = 0.2 and xH = 0.43. This features the characteristic that
the β phase is able to coexist with its β2 form, which would correspond to
the same orthorhombic lattice structure, but with a richer hydrogen content
at the octahedral sites compared to β1.

Analogously, Figure 3.14 presents the calculated resulting formation ener-
gies of γ compounds. For γ compounds, the convex characteristic of the
relaxed minimum curve of the ion position is not observed as for the β
phase, and no other local minimum energy is observed in addition to that for
xh = 0.5. This contributes to the conjecture that the second-order thermo-
dynamic transition observed within the FeTi system during hydrogenation
could be an expression of the internal energy minimization related to intrinsic
internal configuration states of the β hydride structure.

For comparison purposes, the ion-relaxed minimal energy structures for
α, β, and γ phases are superimposed in Figure 3.15.

Figure 3.15: DFT ground-state formation energies of minimum energy ion-
position relaxed compounds with α, β, and γ crystal structures obtained by
hydrogen-vacancy permutations in the octahedral sites.

From Figure 3.15 the internal state energies of the orthorhombic β and
monoclinic γ structures with respect to the amount of hydrogen in the unit
cell can be compared with each other, showing that at the ground state, the
β-structured compounds present lower formation energy for regions below
(FeTi)2H3 than that of γ-structured compounds, which tends to be more

64



3.2. Thermodynamic modeling of the FeTi-H system

stable than the β phase for compounds with higher hydrogen content than
that of the (FeTi)2H3 structure.

Moreover, for this composition (xH = 0.43), the minimum energy ion-
relaxed structure of β and the γ structures are energetically similar, and
even though their crystal structure is not the same, their formation energy
varies by not more than 1.6 kJ/mol. Even though the formation energy
provides a general idea of the compounds stability and is one of the default
quantities for energy comparison in materials sciences, an in-depth analysis
can be performed via evaluation of the hydrogenation energies. These are
obtained from the reaction energy of hydrogen with the precursor alloy to
form a hydride. As the hydrogenation of an alloy is performed in constant
hydrogen partial pressure and temperature, this quantity can be compared
to the measured absorption energy. The equation for obtaining such a value
is given by Equation 3.7:

∆Eϕ
(FeTi)mHn

= Eϕ
(FeTi)mHn

− (mEB2
FeTi +

n

2
Emolec

H2
), (3.7)

where m and n relate to the stoichiometry of the compounds.
It is noteworthy that (FeTi)2H3 stoichiometric β- and γ-phase compounds

exhibit comparable formation and reaction energies in their thermodynami-
cally favored configurations. This corroborates the hypothesis proposed by
Reilly [113] that the β ⇔ γ transformation may occur as a first- or second-
order transition with the critical point occurring for low values of thermo-
dynamic potentials, i.e. close to ambient temperature and atmospheric pres-
sure.

However, as mentioned above, from the ground state analysis presented
here, it is possible to infer that, even at the ground state, the β1 ⇌ β2
transformation may also occur as a first-order thermodynamic transition.
These findings suggest that there may exist a competition between β2 and γ
during further hydrogenation of the β phase. Given that the formation and
reaction energies of the (FeTi)2H3 compounds with the orthorhombic and
monoclinic structures are very similar, a stabilization of β2 with orthorhombic
structure in a metastable state may occur depending on the path of the
hydrogenation process.

Moreover, since β2 stabilizes in this metastable state, it is possible to
conjecture that the transformation process of β2 into γ is likely to be very
sensitive to external thermodynamic potentials and their variation rate. Such
thermodynamic potentials could be mechanical or thermal in origin, mean-
ing that a stiff variation in partial hydrogen pressure in the surroundings of
the β phase, strain energy induced by mechanical alloying or any other kind
of mechanical work, or even cooling or heating rates, could significantly in-
fluence the final microstructure and phase constitution of the hydrogenated
FeTi alloy.

Employing Equation 3.7, the reaction energy (or absorption energy), for
the β-FeTiH phase is found as ∆Eβ

abs = −24.94 kJ/mol.H2, and for the
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γ-FeTiH2 phase as ∆Eγ
abs = −26.45 kJ/mol.H2. These values are con-

sistent with the reaction enthalpy for the formation of β and γ hydrides
during FeTi hydrogen absorption, which are reported between −22.8 and
−27.4 kJ/mol.H2 for β (first plateau) and between −26.6 and −33.9 kJ/mol.H2

for γ (second plateau) depending on the initial state (i.e., the preparation
method) of the sample, as summarized by Dematteis et al. [35].

3.2.4 Thermodynamic modeling

In this section, the rationale for the development of the CALPHAD thermo-
dynamic models employed in this work is presented and discussed.

Thermodynamics of the paraequilibrium description

As mentioned in Section 3.2.1, hydrogenation of the FeTi alloy takes place
under para-equilibrium conditions. This limits the unrestricted optimization
of model parameters in thermodynamic assessments, as the Gibbs energy
minimization predicts the most stable state of the system, including the most
stable state of each phase of the materials system. This complete equilibrium
condition is not reached during the hydrogenation process. Instead, the
hydrogenated FeTi alloy remains in a metastable state, which is only possible
because of the lower mobility of the metallic species in comparison to the
hydrogen mobility under hydrogenation conditions.

For example, if the binary descriptions of the BCC phase of the Fe-Ti [107],
Ti-H [89], and Fe-H [146] system are combined, it is possible to extrapolate
the Gibbs energy surface into ternary regions, as shown in Figure 3.16.

Figure 3.16 and Figure 3.17 show that the internal state stabilizing the
BCC phase in the Fe-Ti-H system lies around TiH2 composition. Conse-
quently, if a hydride phase with equimolar FeTi composition is entered into
the system, a near TiH2 BCC phase will tend to equilibrate with the hydride,
which is not observed during the hydrogenation of FeTi. This more stable
equilibrium prevents the adjustment of model parameters necessary to de-
scribe the equilibrium between the FeTi-B2 phase with the FeTi equimolar
ternary hydride. However, from the deffinition of paraequilibrium, only the
mobile element equilibrate while the sluggish ones behave as a single ele-
ment [147]. As mentioned previously, this situation is clearly expecteded in
metal- metal hydride systems, as evidenced by their discrepant diffusivities,
as shown in Table 3.1. In this case, the paraequilibrium condition enforces
that the metallic composition remains constant with a ratio of one Fe species
for each Ti species.

To account for such conditions, Fe and Ti are merged into a hypothetical
element ’FT’ in this work, so that it represents the equimolar FeTi alloy.
The models must then be configured accordingly. By doing so, the isoplethal
section FeTi-H of the ternary system is correlated to the pseudo-binary metal-
hydrogen FT-H system. This description allows the evaluation of hydride
model parameters under para-equilibrium. It also avoids including the more
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Figure 3.16: Gibbs energy projection of the BCC phase of the Fe-Ti-H ternary
system calculated at 1000 K. The model parameters are taken from [107] for Fe-Ti,
[89] for Ti-H, and [146] for Fe-H.

stable binary phases that compose the complete equilibrium, and instead
of predicting the decomposition of the hydrides into Fe2Ti + TiH2, or the
stabilization of the BCC phase with near TiH2 composition, the equilibrium
calculation thus describes the metastability of the equimolar ternary hydrides
with the H2 gas. In the next subsections, the phase models that follow this
strategy guideline are presented.

Thermodynamic model of the α phase

Since the B2 structure has three octahedral sites per metallic atom, a two-
sublattice (2SL) model (FT)(vac, H)3 was used to describe the α phase ac-
counting for a 1:3 ratio of substitutional to interstitial sites keeping con-
sistency with most models describing bcc-like structures [75]. The first SL
accounts for the metallic sites, while the second SL represents the octahedral
sites where vacancies (vac) and hydrogen (H) mix. The Gibbs energy per
mole of formula units is expressed as follows:
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3. Thermodynamic Modeling of the FeTi Hydrogenation

Figure 3.17: Gibbs energy surface of the BCC phase of the Fe-Ti-H ternary
system calculated at 1000 K. The model parameters are taken from [107] for Fe-Ti,
[89] for Ti-H, and [146] for Fe-H.

Gα = oyvac
0Gα

FT:vac

+ oyH
0Gα

FT:H

+ 3RT (oyH ln oyH + oyvac ln
oyvac)

+ oyvac
oyH

n∑
υ=0

υLα
FT:H,vac(

oyH − oyvac)
υ . (3.8)

The oyi variables represent the fraction of species i placed in the octahe-
dral sites. The last term of Equation 3.8 is the Redlich-Kister polynomial
[77], where υLFT:H,vac accounts for the υth-order binary interaction between
hydrogen and vacancy in the interstitial lattice. This can be expressed as
υLα

FT:H,vac =
υAα + υBαT , where A and B are optimized model parameters.

The Gibbs energies of the end-members of the α phase are represented by
the 0Gα

FT:vac and 0Gα
FT:H terms. Note that if the α phase has no hydrogen in
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the interstitial sites, it becomes structurally identical to the FeTi BCC_B2
phase. The Gibbs energy term 0Gα

FT:vac is, therefore, a representation of the
perfectly ordered FeTi BCC phase (GB2), and the Gibbs energy expression
for this end-member may be obtained by the analytical solution of the order-
disorder model from Santhy and Kumar [107] when Fe and Ti are perfectly
ordered in the BCC lattice.

As demonstrated in Section 3.1.2, because the ordering is generally a
second-order thermodynamic transition for many metallic systems, the order-
disorder description of the bcc phase enforces the treatment of the ordered
and the disordered state within the same Gibbs-energy expression.

Following the description Santhy and Kumar [107], a two-sublattice model
(Fe, Ti)(vac)3 representing a solid solution of Fe and Ti in the BCC metal-
lic lattice (disordered phase, or BCC_A2) and a 3SL model (Fe, Ti)(Fe,
Ti)(vac)3 to represent the partitioning of the metallic site into two different
sites (ordered phase, or BCC_B2) are employed.

The disordered state of the ordered phase is given when each element frac-
tion in each partitioned sublattice is equal to the overall mole fraction. The
reduction of the Gibbs energy due to ordering is calculated by the difference
between the ’ordered phase’ and the ‘ordered phase as disordered’ [75].

The maximum ordering contribution in the FeTi BCC lattice occurs when
each partitioned metallic sublattice is fully occupied by unlike metallic atoms,
as shown in Figure. 3.10 a). With this condition inserted into the thermody-
namic model, it assumes (Fe)0.5(Ti)0.5(vac)3 or (Ti)0.5(Fe)0.5(vac)3 configu-
rations, becoming perfectly ordered.

To derive the analytical solution, any of these configurations should con-
verge to identical results; thus, for this demonstration, the (Fe)0.5(Ti)0.5(vac)3
configuration is selected. Consequently, the specified constraints are derived:
y
′
Fe = 1, y

′
Ti = 0, y

′′
Fe = 0, y

′′
Ti = 1 and, xFe = 0.5, xTi = 0.5.

Moreover, because of the crystal symmetry of the BCC_B2 phase:

GTi:Fe:vac = GFe:Ti:vac, (3.9)

LB2
Ti:Fe,Ti:vac = LB2

Fe,Ti:Ti:vac, (3.10)

LB2
Fe:Fe,Ti:vac = LB2

Fe,Ti:Fe:vac. (3.11)

For FeTi, the magnetic contribution can be neglected as the equimolar B2
ordered phase is not magnetic. Finally, the perfectly ordered Gibbs energy
expression is given by:

Gdis
m (xFe = xTi = 0.5) = 0.5GFe:vac + 0.5GTi:vac

+RT (0.5 ln 0.5 + 0.5 ln 0.5)

+ 0.25LA2
Fe,Ti:vac, (3.12)

and

Gord
m (y

′
Fe = 1, y

′′
Ti = 1) = GFe:Ti:vac, (3.13)
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and

Gord
m (y

′
Fe = y

′′
Ti = 0.5) = 0.5GFe:Ti:vac

+RT (0.5 ln 0.5 + 0.5 ln 0.5)

+ 0.25LB2
Fe,Ti:Fe:vac

+ 0.25LB2
Fe,Ti:Ti:vac. (3.14)

Note that, for equimolar quantities (xi = xj = 0.5), the Redlich-Kister
polynomial form attributed to the interaction parameters for the case of
the disordered phase and the ordered phase as disordered, i.e., LA2

Fe,Ti:vac,
LB2

Fe,Ti:Fe:vac, and LB2
Fe,Ti:Ti:vac, only the zero-th order (υ = 0) interaction

parameters take effect:

xixj

n∑
υ=0

υLϕ
i,j(xi − xj)

υ. (3.15)

Therefore:

LA2
Fe,Ti:vac =

0LA2
Fe,Ti:vac, (3.16)

LB2
Fe,Ti:Fe:vac =

0LB2
Fe,Ti:Fe:vac, (3.17)

LB2
Fe,Ti:Ti:vac =

0LB2
Fe,Ti:Ti:vac. (3.18)

Now, applying Equation 3.3 and Equation 3.4, the energy of the perfectly
ordered FeTi BCC_B2 phase becomes:

GB2 = Gdis
m (xFe = xTi = 0.5) (3.19)

+Gord
m (y

′
Fe = 1, y

′′
Ti = 1)−Gord

m (y
′
Fe = y

′′
Ti = 0.5)

= 0.5GFe:vac + 0.5GTi:vac + 0.5GFe:Ti:vac

+ 0.25 0LA2
Fe,Ti:vac

− 0.25
(
0LB2

Fe,Ti:Fe:vac +
0LB2

Fe,Ti:Ti:vac

)
(3.20)

The parameters 0LA2
Fe,Ti:vac, 0LB2

Fe,Ti:Fe:vac, 0LB2
Fe,Ti:Ti:vac, and GFe:Ti:vac were

assessed by Santhy and Kumar [107]:

2GFe:Ti:vac = GFeTi =

− 76147− 46.603T

+ 8.663T ln(T )− 7.151.10−3T 2

+ 1.121169.10−6T 3 (3.21)
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0LA2
Fe,Ti:vac = −68448 + 23.825T (3.22)

0LB2
Fe,Ti:Fe:vac = −10953 (3.23)

0LB2
Fe,Ti:Ti:vac = −6097 (3.24)

The assessed parameters representing the pure BCC Fe and Ti are ob-
tained by the Gibbs energy assessments from Dinsdale [148]:

GFe:vac = 0GSER
Fe (3.25)

GTi:vac = 0GBCC
Ti (3.26)

Ultimately, it is shown that the parameter representing the perfect ordered
BCC_B2 phase includes the formation energy of the FeTi BCC_B2 phase
referenced in the pure metals in their BCC lattice, and terms coming from
the excess contributions of the equimolar ’disordered phase’ and the ‘ordered
phase as disordered’, which is attributed to the value of Gα

FT:vac.
The second term 0Gα

FT:H may be expressed from the Gibbs energy of
formation of the hypothetical compound FeTiH6 with metallic B2 structure
and all available octahedral sites occupied by hydrogen atoms. For simplicity,
this compound is attributed the name α6. The term 0Gα

FT:H is thus expressed
by:

0Gα
FT:H = 0Gα

FT:vac +
3

2
GSER

H2
+∆Hα6

f +∆Sα6
f T . (3.27)

The enthalpy and entropy of formation for the FeTiH6 compound (∆Hα6
f

and ∆Sα6
f , respectively) are evaluated using the experimental and DFT re-

sults obtained in the present study. The formation energy of FeTiH6 in the
α structure was obtained through Equation 3.6 and used to represent the
experimental value of ∆Hα6

f .

Thermodynamic model of the β phase

Experimental evidence shows that the β phase has at least one hydrogen
per formula unit and that hydrogen occupies the first octahedral site. Thus,
the model for representing the β phase was chosen as a 3-sublattice model:
(FT)2(H)(vac, H), in which hydrogen is always fully occupying the second
sublattice site.

The first sublattice represents the substitutional positions of the metallic
sites, while the second and third sublattices represent the H1 and H2 inter-
stitial sites, respectively. Such a model allows additional hydrogen to enter
and mix with vacancies only in H2. When the H2 sites are empty or occupied
by hydrogen, the model gives rise to two end-members in the frame of the
β crystal lattice, with compositions FeTiH and FeTiH2, which may thus be
related to the β1 and β2 atomic configurations, respectively.
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The mixing in the H2-sublattice allows the description of the miscibility
gap between β1 and β2 and its dependence on temperature permits the repro-
duction of the observed critical temperature above which the transformation
appears as a continuous process.

The Gibbs energy of β per mole of formula unit is given as:

Gβ =H2yvac
0Gβ

FT:H:vac +
H2yH

0Gβ
FT:H:H

+RT (H2yH ln H2yH + H2yvac ln
H2yvac)

+ H2yvac
H2yH

n∑
υ=0

υLβ
FT:H:H,vac(

H2yH − H2yvac)
υ , (3.28)

where H2yi represents the fraction of component i in the H2 octahedral
sites.

Analogous to the α phase, the last term of Equation 3.28 is the Lβ Redlich-
Kister polynomial with υLβ

FT:H:H,vac =
υAβ + υBβT.

The 0Gβ
FT:H:vac and 0Gβ

FT:H:H terms are, respectively, the Gibbs energies of
formation of β1-FeTiH and β2-FeTiH2 compounds referenced to the FeTi-B2
and H2-gas phases:

0Gβ
FT:H:vac = 20Gα

FT:vac +
1

2
GSER

H2
+∆Hβ1

f +∆Sβ1
f T (3.29)

0Gβ
FT:H:H = 20Gα

FT:vac +GSER
H2

+∆Hβ2
f +∆Sβ2

f T . (3.30)

The terms ∆H∗
f and ∆S∗

f in Equation 3.29 and Equation 3.30 the formation
enthalpy and formation entropy of the end-members of the β Gibbs energy
phase model, which are evaluated during the optimization of the model pa-
rameters (see Table. 3.3 for the optimized values).

For the end-members of the β phase, the DFT formation energies were
calculated referenced in the B2 phase and the H2 molecule, as stated in
Equation 3.31 and Equation 3.32:

∆Eβ1
FeTiH = Eβ1

FeTiH − (EB2
FeTi +

1

2
E0K

H2
) (3.31)

∆Eβ2
FeTiH2

= Eβ2
FeTiH2

− (EB2
FeTi + E0K

H2
) . (3.32)

Thermodynamic model of the gas phase

The gas phase was considered to have an ideal behavior within the temper-
ature and pressure range of interest [13]. In principle, the ternary gas can
contain Fe, FeH, Fe2, H, H2, Ti and Ti2. In this study, only FT and H2

were chosen to constitute the gas phase because these species are the most
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likely to be encountered in the temperature regime of hydrogen storage ma-
terials. Since H2 is much more stable in H-rich regions and because allowing
a solubility of FT supports numerical convergence during the equilibrium
calculations, the FT species was adopted as a constituent in the gas phase
model. The total Gibbs energy of one mole of “formula unit” (FT, H2) of the
gas phase is then given by:

Ggas =
∑
i

yi[0G
gas
i +RT ln(P/P0)] +RT

∑
i

yi ln yi , (3.33)

where 0Ggas
i is the standard Gibbs energy of constituent i in the gas state

from the SGTE database [148], which is based on the JANAF thermochem-
ical tables [149], P0 stands for the atmospheric pressure of 101325 Pa, yi is
the constituent fraction of species i, and R is the universal gas constant. The
vapor Fe parameters were chosen to account for the hypothetical FT species
in the gas phase.

3.2.5 Thermodynamic assessment of model parameters

The optimization of the thermodynamic model parameters was carried out
with the OpenCalphad software version 6.25 [55] and PyCalphad version 10.2
[56] in conjunction with ESPEI version 8.9 [57]. The data relating to solubil-
ity limits over temperature were taken from the measured PCI curves from
our group. The calculated DFT ground-state formation energies of each end-
member of the phase models were assumed to be a reasonable approximation
to the enthalpy of formation at room temperature (298.15 K) and therefore
employed as experiments during the optimization of the model parameters.
The experimental data for the α phase solubility limits came from absorption
curves where α is in equilibrium with the H2 reservoir.

Neither absorption nor the desorption pressure-composition curves repre-
sent the true equilibrium [30]. Despite the high level of hysteresis, the aver-
age pressure and solubility limit between absorption and desorption plateaux
pressure was used to represent the α− β −GAS phase equilibria. The solu-
bility limits for the β phase were taken from desorption curves.

Plausible initial values for the model parameters were chosen based on
experience and thermodynamic intuition and evaluated while giving selected
pieces of data certain weights to achieve a satisfactory description of the
system. In general, higher weights were attributed to equilibria involving
three phases, and lower weights to data containing some discrepancies and
inconsistencies.

The summary of all the model parameters of the assessed phases is shown
in Table 3.3:

As an initial step, the model parameters for the phases were inserted
into OpenCalphad [55] and the equilibrium composition of the α phase with
the GAS phase was deployed as a function of pressure and temperature.
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Table 3.3: Assessed thermodynamic parameters of the FeTi-H system in Joules
per mole of formula units.

Model parameters Reference

Gxs
dis = −68448 + 23.825T [107] and this work

Gxs
ord = −10953− 6097 [107] and this work

0GFeTi = −76147 − 46.603T + 8.663T ln(T ) −
7.151E−3T 2 + 1.121169E−6T 3

[107]

0GB2
Fe:Ti:vac = 0.50GFeTi [107] and this work

0Gα
FT:vac = 0.5GSER

Fe +0.5Gbcc
Ti +0.250GFeTi+0.25Gxs

dis−
0.25Gxs

ord

[107] and this work

0Gα
FT:H = 0Gα

FT:vac +
3
2
GSER

H2
+ 195392 + 118T This work

0Gβ
FT:H:vac = 2 0Gα

FT:vac +
1
2
GSER

H2
− 11725 + 47.2T This work

0Gβ
FT:H:H = 2 0Gα

FT:vac +GSER
H2

− 17928 + 81.8T This work
0Lα

FT:H,vac = −327809 This work
1Lα

FT:H,vac = −139278 This work
0Lβ

FT:H,vac = −6629 + 35.8T This work
1Lβ

FT:H,vac = −19336 + 56.5T This work

Figure 3.18 shows the comparison of the solubility limit of the experimental
and calculated hydrogen mole fraction in the α phase after the optimization
of model parameters.

The results were satisfactory with an average Relative Standard Devia-
tion (RSD) not greater than RSD=10−2. Moreover, the optimized thermo-
dynamic model for the α phase could reproduce the formation enthalpy,
∆Hα6

f = 42.63 kJ/mol.at, in excellent agreement with the formation en-
ergy, ∆Eα

FeTiH6
= 42.57 kJ/mol.at, obtained through DFT calculations at

the ground state.
In the following, the optimized model parameters for the α phase were

kept fixed while the thermodynamic models of the phases were transferred
and deployed into PyCalphad and ESPEI. The model parameters of the β
were optimized via the Markov Chain Monte Carlo (MCMC) approach as
implemented in ESPEI [57] to reproduce both plateaux pressure (i.e., the
α-β-GAS, and β1-β2-GAS equilibria) and the formation energies of the β1
and β2 end-members (refer to Equation 3.31 and Equation 3.32). Figure 3.19
shows a qualitative view of the convergence. It is possible to claim that after
around 30 iterations, the probability does not change and the parameters are
unlikely to be further optimized. Therefore, the parameters can be assumed
to be converged because, from this point on, the value of the parameters
may change without significant improvement of the RSD. In Figure 3.20, the
calculated equilibrium pressure between α, β1, and the GAS phase as a
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Figure 3.18: Comparison between calculated and experimental solubility limit
of the α phase from this work.

Figure 3.19: Probability changes for all of the β phase thermodynamic model
parameter chains as a function of iterations, resulting from an ESPEI MCMC op-
timization run. Each color links to a individual parameter of one of the parameter
chains.
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Figure 3.20: Plateau pressure calculated with the thermodynamic model from
this work compared to this work’s experimental data.

function of temperature is plotted together with plateaux pressure values
experimentally obtained from the absorption and desorption PCI curves.

The first plateau pressure values are the most significant properties pre-
dicted by the developed thermodynamic model, as they indicate the mini-
mum temperature and pressure capable of stabilizing the β phase and conse-
quently enable the prediction of engineering level parameters to control the
hydrogenation of the FeTi material. As discussed by Flanagan [30], the true
bulk thermodynamic equilibrium pressure may lie between those measured
from absorption and desorption curves, which is reproduced by the present
developed model.

One of the advantages of using an MCMC approach is that it provides a set
of thermodynamic model parameters that reproduce the experimental data
with similar accuracy. Therefore, by calculating many equilibria through this
collection of thermodynamic model parameter chains, the probability and/or
the error of a given calculation can be estimated and propagated throughout
the thermodynamic computations.

As an example, Figure 3.21 shows the probability of finding metal/hydride
and hydrogen gas in equilibrium (i.e, finding the α and H2 or β and H2 equi-
libria) at 313K. Figure 3.21 can be compared against the experimental data
shown in Figure 3.23, which shows that the PCI curve for both absorption
and desorption are found in agreement with the calculated data. Moreover,
it reaffirms the accuracy of the calculated values for the first plateaux and
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Figure 3.21: Calculated probability diagram for finding hydrogen in solid state
material while in equilibrium with hydrogen gas for the FeTi-H system at 313K.

Figure 3.22: Calculated absorption enthalpy from this work’s CALPHAD as-
sessment compared with calculated DFT data from this work.

demonstrates that the hydrogenation characteristics after the formation of
the β phase are less well-behaved, as characterized by the probability diagram
for the stability of β being more diffuse.

From this point on, the analysis of the stability and the possible reasons
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for such a huge hysteresis encountered between the absorption and desorp-
tion curves during the (de)hydrogenation of FeTi is elucidated based on the
aforementioned DFT computations and the current thermodynamic assess-
ment.

First, the calculated absorption enthalpy shown in Figure 3.22 will be
analyzed. The calculated data is superimposed with that calculated through
DFT in this study for comparison.

To begin with, it is worth mentioning that the absorption enthalpy within
the β phase compositional range, calculated with Calphad, is in close agree-
ment with DFT results.

Moreover, it is interesting to note that the absorption energy of the γ
phase lies below β1 and β2, which reinforces the experimental argument that
once formed, the γ phase is more stable within the hydrogenated material.
As evidenced in Figure 3.15, from the ground state perspective, the en-
ergy of the (FeTi)2H3 compound with a monoclinic structure is just slightly
lower in energy than that possessing the orthorhombic variant. Neverthe-
less, these energies refer to the perfect hypothetical infinite bulk compounds,
whereas in reality, the β1–β2 phase transformation should be interpreted as
an orthorhombic structure transforming into another similar but larger or-
thorhombic structure enriched in hydrogen.

This transformation, therefore, should be expected to be energetically
less demanding when compared to the β1–γ phase transformation, defined as
a transformation from an orthorhombic into a monoclinic structure, which
requires a higher energy barrier to be overcome due to a higher level of
symmetry reduction.

From the combination of the DFT analysis with the thermodynamic as-
sessments, it is possible to conjecture that the transformation of β1 into β2
may be viewed as a metastable phenomenon under the framework of para-
equilibrium. Following this concept, it can be expected that the interphase
boundaries between the β1 and β2 phases are less energetic; consequently,
such a transformation could be more likely to occur during hydrogenation
than the one from β1 into γ. In addition, the micromechanical effects dur-
ing the β1–γ transformation are likely to be a crucial factor that prevents
the observation of the γ phase when hydrogenating the material under mild
conditions and with a low number of hydrogenation cycles. Therefore, the
β2 phase can be viewed as a metastable step from which the complete trans-
formation to γ is facilitated by providing a reduced activation energy barrier
for complete hydrogenation. The calculated pressure-composition phase
diagram at 313 K, superimposed with experimental data from this work,
is shown in Figure 3.23. Good agreement is also obtained in the analyzed
pressure range, especially for the α solubility limits.

The higher stability of the γ phase has several implications for the re-
versibility of the hydrogen storage properties. Once γ is formed, it tends to
remain in the materials as its reversible transformation into the metal or α
phase is thermodynamically hindered by the aforementioned micromechani-
cal factor and its more stable bulk energy in comparison to the β phase.
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Figure 3.23: Calculated pressure-composition paraequilibrium phase diagram
of the FeTi-H system compared with experimental PCI data from this work.

Figure 3.24: Calculated temperature-composition paraequilibrium phase dia-
gram of the FeTi-H system compared with experimental PCI data from this work
and Reilly [113]
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With the model developed in this study, the limiting pressure for the
formation of the γ phase can be inferred from the calculation of the second
plateau pressure (i.e., the equilibrium between β1, β2, and the GAS phases),
which is modeled with temperature dependence.

With the premise that γ is a more stable structure in the range of β2
composition, avoiding bypassing the pressure barrier for the formation of β2,
the γ phase may be avoided. Ultimately, how to prevent the formation of the
γ phase can be interpreted through a simple analysis of the temperature and
pressure that β2 may occur, which improves the control of the hydrogenation
reversibility of the material in real engineering applications.

Further analysis of such a phenomenon is addressed in Chapter 5, Sec-
tion 5.2.4, where a kinetic perspective is demonstrated by simulating the β
phase spinodal decomposition.

The calculated para-equilibrium temperature-composition phase diagram
of the FeTi-H system comparing the experimental data from this work and
Reilly [113] is shown in Figure 3.24. The experimental data are in close
agreement with the calculated equilibrium compositions. In particular, the
solubility limits and the miscibility gap within the β phase region are calcu-
lated in agreement with the interpretation of Reilly. The estimated critical
point is calculated at xH = 0.41, Tc = 324 K in good agreement with esti-
mates by Reilly and Wiswall [113].
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4 Interfacial Properties of
FeTiMetal-MetalHydride

In this chapter, a method for quantifying interphase boundary energies and
their implication in micromechanics and interphase boundary alignment is
developed and demonstrated by applying it to study the interfacial properties
between metallic matrix α (FeTi) and hydride β (FeTiH).

4.1 Interphase boundary chemical energy

In this section, two distinct generalizable thermodynamic models for the
quantification of the chemical contribution to the interfacial energy between
a metals and their interstitial metal-hydrides are for the first time derived.
These models are here named as Grand Potential, and Hydrogenation Reaction
approaches. The models yield the same concluding equation, which shows
how to simplify atomic models and reduce computational demand.

4.1.1 The Grand Potential approach

From a thermodynamic perspective, the hydrogenation reaction is driven by
the gradient of the hydrogen chemical potential (µH) between the phases α
and β. Hence, the existence of a stable interface only occurs under equilib-
rium conditions near the interphase boundary:

µH = µα
H = µβ

H. (4.1)

However, the hydrogen chemical potential depends on the surrounding
external conditions. Accordingly, this study formulates all energies that de-
scribe this equilibrium with respect to the grand potential Ω(V, T, µ). Ne-
glecting the vibrational contributions to the free energy of the system, the
bulk potentials of the phases α and β can be defined as

Ωα
bulk = Ebulk

FeTi − µFeTi (4.2)

and

Ωβ
bulk = Ebulk

FeTiH − µFeTiH, (4.3)
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respectively.
Although alloy hydrogenation generally occurs under paraequilibrium [30],

due to the structural similarity of phases and the pronounced chemical dispar-
ity between metals and hydrogen atoms, it can be assumed that the variation
of the chemical potential of the metallic species in interstitial metal-hydride
systems is negligible, i.e.

µα
Fe ≈ µβ

Fe ≡ µFe (4.4)

µα
Ti ≈ µβ

Ti ≡ µTi. (4.5)

In such an equilibrium condition, the corresponding chemical potentials µFeTi

and µFeTiH are not independent, but satisfy

µFeTiH = µFe + µTi + µH (4.6)
= µFeTi + µH. (4.7)

The reaction potential of the β phase formation is then obtained based
on the reaction

α(FeTi) +
1

2
H2 → β(FeTiH) (4.8)

as illustrated in Figure 4.1 via

∆Ωr = Ebulk
FeTiH − Ebulk

FeTi − µH, (4.9)

emphasizing mathematically that the hydride phase becomes more stable
when the hydrogen chemical potential increases and vice versa.

A direct calculation of the chemical potential of hydrogen with atomistic
simulations is computationally costly. However, one can compute the ground-
state energy EH2 as a reference, and then obtain the variation of the chemical
potential ∆µ from thermodynamic assessments of its Gibbs energy and/or
well-established thermochemical tables:

µH =
1

2
(EH2 +∆µH2) . (4.10)

In this work, both the ideal gas model and the model from J.-M. Joubert [13]
(more accurate for high pressures) were employed for obtaining the chemical
potential difference ∆µH2 and its relation to other thermodynamic quantities,
such as temperature and pressure. Inserting Equation 4.10 into Equation 4.9
links the reaction potential ∆Ωr to the DFT-calculated hydrogenation energy
∆EDFT

r (refer to Equation 3.6):

∆Ωr = ∆EDFT
r − 1

2
∆µH2 . (4.11)

The same approach may be applied to derive the surface and interface
energies and link them to the total energies calculated with DFT. Here, the
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4.1. Interphase boundary chemical energy

Figure 4.1: Visualization of the reaction: α(FeTi) + 1
2
H2 → β(FeTiH). Gray:

Fe atoms; white: Ti atoms; blue: H atoms.

surface energy γs of a phase ϕ is defined as the energy needed to create the
surface (∆Ωϕ

s ) per unit of area (A):

γϕ
s =

∆Ωϕ
s

A
=

1

2A

(
Ωϕ

slab −NϕΩ
ϕ
bulk

)
, (4.12)

where the factor of 1
2

accounts for the presence of two identical surfaces in the
surface slab model, and Nϕ is the number of bulk units of ϕ in that model.
Similarly to the bulk, the grand potential can be written as Ω = E−

∑
j Njµj

in thermodynamic equilibrium, with E being the DFT energy, j running over
all elements and Nj being the number of atoms of element j in the structure.
Inserting this into Equation 4.12 gives

γϕ
s =

1

2A

[
Eslab −NϕE

ϕ
bulk −

∑
j

(
N slab

j −NϕN
ϕ
j

)
µj

]
. (4.13)

Thus, the surface energy can be approximated directly from the DFT ener-
gies for stoichiometric surface models, where N slab

j = NϕN
ϕ
j for all elements

j. However, the surface stoichiometry may also change for a given surface ori-
entation due to different possible terminations and reconstructions. If there
is an excess (or deficiency) of a species compared to the bulk phase, the sur-
face energy becomes dependent on the chemical potential of that species. In
that case, it is most convenient to reference the chemical potential against
the DFT ground state energy Ej similar to Equation 4.10:

µj = Ej +∆µj . (4.14)

This allows to extrapolate the surface energy calculated with DFT

γDFT
s =

1

2A

[
Eslab −NϕE

ϕ
bulk −

∑
j

(
N slab

j −NϕN
ϕ
j

)
Ej

]
(4.15)
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to experimental conditions at any given chemical potential:

γϕ
s = γϕDFT

s − 1

2A

∑
j

(
N slab

j −NϕN
ϕ
j

)
∆µj (4.16)

Figure 4.2: Illustration of the type of interface model adopted in this study.
Strained slab of phase ϕ1 (a), and Strained slab of phase ϕ2 (b) commensurate
to form an interface slab (c). The vacuum-exposed strained surfaces of phases
ϕ1 and ϕ2 are represented in blue and magenta, respectively, while the interface
are represented in green. Dashed lines represent the periodic boundaries of the
simulation cell.

One approach for modeling interfaces involves creating a slab model that
comprises two phases, each featuring distinct surfaces on either side of the
slab, with an interface located in the middle, as shown in Figure 4.2c). Fol-
lowing the same concept as for the calculation of the surface energies, the
energy balance in Equation 4.12 is adapted for this type of model to express
the energy of a single interface γi as

γ
ϕ1/ϕ2
i =

1

Ai

(
Ω

ϕ1/ϕ2
slab −Nϕ1Ω

ϕ1
bulk∗ −Nϕ2Ω

ϕ2
bulk∗

)
− γϕ1

s∗ − γϕ2
s∗ ,

(4.17)
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for an interface slab consisting of two phases ϕ1 and ϕ2 and having two sur-
faces with energies γϕ1

s∗ and γϕ2
s∗ , respectively. Note that due to the common

unit cell of the interface slab, the two phases must be strained to commensu-
rate into the common section area Ai. Therefore, the reference states need
to be strained accordingly, which is why these energies are marked with an
asterisk (∗).

Computation of interface energies in this scenario is resource-intensive
because it requires the individual calculation of strained bulk systems and
surface models. However, Equation 4.17 can be drastically simplified by
choosing reference surface models with exactly twice as many units of each
phase (N (s)

ϕi
= 2Nϕi). This conceives a concept where both surface slabs

(with grand potentials Ωϕ1
slab∗ and Ωϕ2

slab∗) are cleaved in half and these halved
portions are united, forming an interface, leading to:

γ
ϕ1/ϕ2
i =

1

Ai

[
Ω

ϕ1/ϕ2
slab − 1

2

(
Ωϕ1

slab∗ +Ωϕ2
slab∗

)]
. (4.18)

Note that, as before, there can be an excess or depletion of any species in
the model, which becomes evident when incorporating the dependence on the
chemical potential. For the α/β interfaces studied in this work, Equation 4.18
becomes:

γ
α/β
i =

1

2Ai

[
2E

α/β
slab − (Eα

slab∗ + Eβ
slab∗)

− (2N
α/β
Fe −Nα

Fe −Nβ
Fe)µFe

− (2N
α/β
Ti −Nα

Ti −Nβ
Ti)µTi

− (2N
α/β
H −Nβ

H)µH

]
.

(4.19)

Since there is a freedom to choose the number of atoms in the reference
models, one can pick the models of the strained surface slabs α and β with
the same number of Fe and Ti atoms as that of the α/β interface model and
double the number of hydrogen atoms in the surface slab β compared to that
of the interface slab α/β, thus simplifying Equation 4.19 to:

γ
α/β
i =

1

Ai

[
E

α/β
slab − 1

2

(
Eα

slab∗ + Eβ
slab∗

)]
. (4.20)

In summary, the resulting Equation 4.20 demonstrates the feasibility of
calculating the interface energy solely based on the DFT total energies of the
α and β strained surface slabs and the α/β interface slab with the proper
choice of the models. As an additional validation, the same conclusion is
obtained by the derivation of the interface energy from a hydrogenation per-
spective, as shown in the next subsection.

The presented concept of choosing appropriate models simplifies the calcu-
lation of interface energies and can be generalized to other coherent interfaces
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as well. Especially for intermetallics that form interstitial hydrides, the choice
of atomic models that meet the requirements of our approach is evident and
straightforward. Moreover, this approach could be useful as an additional
method to streamline the elimination of contributions of elastic energy when
computing the energy of the intrinsic domain wall in ferroelectric materials,
as was done similarly in [150].

4.1.2 The Hydrogenation Reaction approach

In this section, the expression for calculating the interface energy of an α-β
interface energy is derived based on the concept of the reaction energy of the
precursor phases.

First, the hydrogenation energy per formula unit of the β phase (∆Eb) is
defined as:

∆Eb = Eβ − nb
H

2
EH2 − nb

αEα. (4.21)

Where Eα is the total energy of the α phase per formula unit. nb
α and

nb
H are the numbers of formula units of α and hydrogen atoms in the bulk

phase β, respectively.
The strained surface slabs of the α and β are used as the reference struc-

ture, and for conciseness, they are, respectively, called α-slab or β-slab
throughout this section. Similarly, the interface slab with the same unit
cell as the α- and β-slabs is called the α/β-slab.

Similarly to Equation 4.21, the hydrogenation energy of the β-slab is
defined as:

∆Es = Eβ
slab − ns

H

2
EH2 − Eα

slab, (4.22)

where Eα
slab and Eβ

slab are, respectively, the total energy of the α-slab and
β-slab, and ns

H is the number of hydrogen atoms in the β-slab model.
Analogously, the hydrogenation energy of the α/β-slab (∆Ei) follows:

∆Ei = E
α/β
slab − ni

H

2
EH2 − Eα

slab, (4.23)

where Eα/β
slab is the total energy of the α/β-slab and ni

H is the number of
hydrogen atoms in the α/β-slab model.

Figure 4.3 shows the visual interpretation of Equations 4.22 and 4.23.
The dependencies of the slab energy, along with the surface and interfacial

properties, can be determined. From the point of view of a hydrogenation
process, the formation of the β-slab consists of the full hydrogenation of the
α-slab, which forms a β-bulk interior material and two surfaces (h k l)β at
the expense of two (u v w)α surfaces, as shown in Figure 4.3 a). In terms of
energy balance, it can be written as:
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Figure 4.3: Illustration of the hydrogenation reactions of: a) the β-slab (s) and
b) the α/β-slab (i) by fully or partly hydrogenating the same α-slab precursor.

∆Es =
ns
H

nb
H

∆Eb + 2Ai

[
γβ
s − γα

s

]
. (4.24)

Analogously, if just partial hydrogenation of the α-slab occurs, the same
concept may apply to evaluate the formation energy of the α/β-slab. In
this case, upon hydrogenation, there will be the creation of a β surface to
the detriment of the α surface, and the emergence of an interphase region
associated with an interfacial energy γi (see Figure 4.3 b)):

∆Ei =
ni
H

nb
H

∆Eb +Ai

[
γi + γβ

s − γα
s

]
. (4.25)

By performing the operation Equation 4.25 - 1
2

Equation 4.24, the de-
pendency on surface energy is effectively eliminated, yielding a generalized
expression for the interface energy. This derived expression comprehensively
accommodates any conceivable type of hydrogen-terminated surface of the
precursor slabs:

γi =
1

Ai

[
∆Ei − 1

2
∆Es −

(
ni
H

nb
H

− 1

2

ns
H

nb
H

)
∆Eb

]
. (4.26)

Choosing β-slab and α/β-slab models so that ni
H = 1

2
ns
H and inserting

Equation 4.22 and Equation 4.23 into Equation 4.26, eliminates the depen-
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dency on the β-bulk formation energy (∆Eb), and the expression reduces
to:

γi =
1

Ai

[
E

α/β
slab − 1

2

(
Eα

slab + Eβ
slab

)]
. (4.27)

The resulting Equation 4.27 is identical to the Equation 4.20. It thus rein-
forces the correctness of the application of the Grand Potential approach and
the feasibility of calculating the interface energy solely based on the proper
choice of the α-slab, β-slab, and α/β-slab models. It should be noted that
the thermodynamic approach using the grand potential is more generalizable
and allows for simplifying a wider range of interface calculations, while the
approach presented here is limited to systems that only change through the
addition or exchange of one species.

4.1.3 Application of the models to the FeTi-H surfaces and
interphase boundaries

Surface and interface modeling

In order to construct an atomistic model for the α/β interface, one must know
the orientation relationship between the phases. From a geometric analysis
of the crystal structure of the hydrides of the FeTi alloy, Westlake [138]
suggested that the formation of the β phase from the matrix of the α phase
would occur through the shared planes (1 1 0)α ∥ (1 0 0)β , (1 1 0)α ∥ (0 1 0)β
and (0 0 1)α ∥ (0 0 1)β . This simple geometric relationship was adapted and
is represented by an atomistic model in Figure 4.4.

The orientation relationship shown in Figure 4.4 was used as a basis for the
construction of the surface and interface slabs analyzed in this study. For
the α-FeTi phase, symmetric slabs were built for the orientations (1 1 0)α
and (0 0 1)α, while for the β-FeTiH phase (0 1 0)β , (0 0 1)β , and (1 0 0)β slabs
were created. Depending on the phase and orientation of the slab, different
terminations are possible as illustrated in Figure 4.5. In the following, these
terminations will be referenced with superscripts attached to the orientation.
For example, (1 0 0)H2

β refers to the hydrogen terminated (1 0 0) surface of
the β-FeTiH phase. For the construction of interface slabs, the α and β
surface slabs were cleaved along their common plane and stacked together.
A vacuum space of at least 15 Å was added to separate the interface slabs
from their periodic image. The amount of vacuum and the distance between
the surface and the interface were chosen concerning the convergence test
performed for the calculation of the surface energy, i.e. with a minimum
number of atomic layers to ensure sufficient bulk material that mitigates
interaction effects between their surfaces and interface. Figure 4.6 shows the
created (1 1 0)FeTi

α ∥ (1 0 0)FeTi
β interface slab atomic model as an example.

Due to the differences in the lattice parameters of the α and β phases, the
area and geometry of their slab sections also differ. Figures. 4.7 exemplify
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Figure 4.4: Schematic image of the β hydride formation in the α matrix. a)
Indication of the orientation of the β hydride in relation to six α phase unit-cells from
the viewpoint of their (0 0 1)α ∥ (0 0 1)β common plane (note that the representation
of the β-phase unit cell as a yellow square is deformed to fit the α-matrix); b)
A single unit-cell of a α-phase with indications of the interface plane (1 1 0)α in
green and the (0 0 1)α plane in yellow; c) A single unit-cell of the β-phase and the
indication of the interface plane (1 0 0)β in green and a common plane (0 0 1)β in
yellow. Gray: Fe atoms; white: Ti atoms; cyan: H atoms.

Figure 4.5: Representation of the atomic model of the surface slab terminations.
Gray: Fe; white: Ti; blue: H atoms. a) (1 1 0)α, b) (0 0 1)α, c) (0 1 0)β , d) (0 0 1)β ,
and e) (1 0 0)β . Horizontal dashed lines represent the transverse section cut that
leads to a given termination (see the text for a detailed explanation). Terminations
containing hydrogen are represented by blue text.
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Figure 4.6: Illustration of the atomic model of the a) strained (1 1 0)FeTi
α∗ slab, b)

strained (1 0 0)FeTi
β∗ slab, and c) (1 1 0)FeTi

α ∥ (1 0 0)FeTi
β interface slab. The interface

(1 1 0)FeTi
α ∥ (1 0 0)FeTi

β , strained surface (1 1 0)FeTi
α , and strained surface (1 0 0)FeTi

β
regions are represented in green, blue, and magenta. Gray: Fe atoms; white: Ti
atoms; cyan: H atoms.

this for the case of the slab sections of (1 1 0)α, (1 0 0)β , and (1 1 0)α ∥ (1 0 0)β .
As mentioned in Section 4.1, this disparity creates a mismatch, and the unit
cell of the interface slab model must be chosen so that the α and β slabs
are commensurate. Different approaches to commensurating two phases are
reported in the literature, the most common being the so-called (1x1) model,
where only the unit cell of one phase is used and the second is scaled to meet
the two lattices composing the interface [151, 152]. However, because the
calculated bulk moduli of the α and β phases are very similar to each other
(see Table 3.2), the cross-section lattice parameters of the interface slabs were
chosen as an average value between those of the slabs α and β.

Quantification of FeTi-H surface energies

As stated in the previous section and illustrated in Figure 4.5, for a given
orientation, the slabs present different types of terminations.

Note that, unlike the (1 1 0)α surface, which presents only one kind of
termination, the (0 0 1)α surface may present two different terminations:
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4.1. Interphase boundary chemical energy

Figure 4.7: Comparison of (1 1 0)α (magenta), (1 0 0)β (blue) and (1 1 0)α ∥
(1 0 0)β (green) slab sections.

(0 1 0)Fe2α and (0 1 0)Ti2
α . If one constructs (0 0 1)α and (0 1 0)β slabs with the

same termination on both surfaces, the slab would deviate from the Fe0.5Ti0.5
equimolar stoichiometry, and the surface energy becomes dependent on the
chemical potential of Fe or Ti. The metallic elements in FeTi tend to reduce
the energy of the system by a large amount via ordering in the body-centered
cubic (bcc) lattice, and their variation of the chemical potential is expected
to be acutely sensitive to small variations in the metallic composition. This
variation is difficult to determine from an atomistic perspective, and simi-
larly, extrapolations from thermodynamic assessments to low temperatures
may be quantitatively inaccurate if only high-temperature data are used to
assess thermodynamic model parameters [75].

Therefore, when calculating non-stoichiometric slab surface energies, one
must choose elements that serve as a viable reference state for the chemical
potential. To ensure consistency, the total energy per atom of bcc-Fe and
H2 were chosen as the reference state chemical potential for all the non-
stoichiometric slabs analyzed (see Equation 4.16).

The surface energies in the ground state were calculated using Equa-
tion 4.16 with ∆µj = Ej , and the results are shown in Table 4.1.

As discussed by Z. Łodziana [153], the (1 1 0)α lattice plane has the dens-
est atomic packing and is expected to present the lowest surface energy
among the surfaces of the α phase. This relation was observed, and al-
though the calculation of surface energies is highly sensitive to the DFT
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Table 4.1: Calculated ground state surface energies

Surface Slab Chemical Formula γDFT
s [J/m2]

(1 1 0)FeTi
α Fe20Ti20 2.510

(0 0 1)Fe2α Fe20Ti18 2.828

(0 0 1)Ti2
α Fe18Ti20 3.243

(0 0 1)Ti2
β Fe18Ti20H18 3.285

(0 0 1)Fe2H2
β Fe20Ti18H20 1.623

(0 1 0)FeTi
β Fe20Ti20H19 2.591

(0 1 0)Hβ Fe19Ti19H20 1.412

(1 0 0)Fe2Ti2
β Fe20Ti20H18 2.626

(1 0 0)FeTi
β Fe18Ti18H18 2.901

(1 0 0)H2
β Fe18Ti18H20 0.153

exchange-correlation functional used [154, 155], the results of this work are
qualitatively and quantitatively consistent with those of Z. Łodziana.

As mentioned previously, the variation in the chemical potential may be
referenced with respect to the total energy of the H2 molecule in the ground
state, allowing for the investigation of the pressure dependence.

In this case, assuming that the slab is in contact with a hydrogen at-
mosphere containing the H2 species, the hydrogen chemical potential will
be correlated with external conditions, influencing the stability of the sur-
face terminations. Therefore, the effect of pressure and temperature on the
species i in the atmosphere that is in equilibrium with the surface should be
considered.

If the H2 species forms an ideal gas reservoir around the surface, the
chemical potential of H2 species can be written as:

µH2(T, P ) = µH2(T, P0) +
1

2
kT ln

(
P

P0

)
. (4.28)

Equation 4.28 describes the temperature and pressure dependencies of the
chemical potential of H2 species. Considering the total energy of a unit of
H2 species at the ground-state as the reference state and using the relations:

G = H − TS (4.29)
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and (
∂G

∂NH2

)
P,T

= µH2 . (4.30)

µH2(T, P0) can be written as:

µH2(T, P0) = Etotal
H2

+∆G(∆T, P0, NH2)

= Etotal
H2

+H(T, P0, NH2)−H(0 K, P0, NH2)

− T [S(T, P0, NH2 − S(0 K, P0, NH2)] .

(4.31)

Taking the total energy of the species i at zero temperature Etotal
i as

the reference state, the enthalpic and entropic differences referenced to the
ground-state limit may be acquired from well-established thermochemical
tables [149]. Combining Equation 4.28 and Equation 4.31, the chemical po-
tential of species i may be obtained for any given temperature and pressure
pair (T, p).

As follows, Equation 4.28 and Equation 4.31 were used, respectively, to
describe both the ideal (µid

H2
) and Joubert’s model (µJoubert

H2
) for the H2 gas

[13].
The effects of H2 partial pressure on the surface stability for each sur-

face energy, calculated as a function of hydrogen gas pressure, are shown in
Figure 4.8.

From Figure 4.8, one can observe that among the surfaces studied, and
within the hydrogen partial pressure conditions for FeTi hydrogenation (in
the range of 0.01 to 10 MPa, as discussed in Section 3.1.2), the surfaces
terminated with hydrogen are much less energetic, with the (001)H2

β surface
being by far the most stable. As a result, the shift in the ideal properties of
the H2 gas [13], occurring only above 2× 108 Pa, does not influence the order
of the stability ranking of surface energies. This quantitatively confirms that
the hydrogenation of FeTi is also possible from the perspective of surface
thermodynamics.

Moreover, under high-pressure conditions, the (1 0 0)H2
β surface energy ap-

proaches zero. On a purely theoretical basis, a negative value for the surface
energy means that the formation of such a surface would be a spontaneous
thermodynamic process; however, at such pressure levels, the H2 gas itself
is expected to undergo a continuous phase transformation into a solid state
[13, 5]. Furthermore, at room temperature and partial hydrogen pressures
above 106 Pa, the β phase is expected to absorb hydrogen and transform into
either β2 or γ phase, as discussed in Section 3.1.2.

Quantification of the chemical term of FeTi-H interface energies

When the β phase is formed from the hydrogenation of the α phase, the
metallic structure undergoes a volume variation of around 1.25 Å3 per metal-
lic atom, which represents an increase of approximately 11 % in volume. This
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Figure 4.8: Calculated a) (1 1 0)α and (1 0 0)β b) (1 1 0)α and (0 1 0)β and c)
(0 0 1)α and (0 0 1)β surface energies over pressure at 298.15 K. Note that each panel
corresponds to surfaces parallel to the given interface orientation: (1 1 0)α ∥ (1 0 0)β ,
(1 1 0)α ∥ (0 1 0)β and (0 0 1)α ∥ (0 0 1)β , respectively. The bottom and top hori-
zontal axes show the relationship between hydrogen H2 gas pressure and hydrogen
chemical potential. For surfaces dependent on the hydrogen chemical potential, the
Joubert Gibbs energy model for H2 gas (µJoubert

H2
) [13] was used. Superimposed red

dotted lines represent the coincident surface energy when calculated using the ideal
model for the gas H2 (µid

H2
).

variation is mainly related to the elongation along the aβ axis (see Figure 4.4
c). Among the interfaces examined in this study, the (1 1 0)α ∥ (1 0 0)β is
consequently the least affected by this expansion and culminates in the for-
mation of a highly coherent interface.

For the (1 1 0)α ∥ (1 0 0)β interface, the α region is compressed in one direc-
tion and stretched in the other, while the β region is compressed and stretched
in the opposite way (see Figure 4.7). The (1 1 0)α ∥ (0 1 0)β interface alter-
nates compression and stretching along the interface plane directions, with
a higher level of compression and stretching occurring along the [1 0 0]β (or
[1 0 1]α) direction (see Figure 4.1). On the contrary, for (0 0 1)α ∥ (0 0 1)β , the
α region is stretched and the β region is compressed along both directions.

When these misfits are present, the formation of coherent interfaces in-
creases the free energy of the system due to elastic strain fields that arise
[156].

Thus, the energy needed to form a coherent interface is composed of two
contributions, as follows:

• The chemical energy that arises as a result of a less stable atomic
bonding state occurring at the interface.

• The elastic energy resulting from the strain necessary to achieve a com-
mensurate crystal lattice.
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Initially, to analyze the degree of mismatches, the misfit σ was calculated
[151, 152, 157] as follows:

σ = 1− 2Aω

Aα +Aβ
, (4.32)

where Aα and Aβ are the surface areas of the non-strained surface slabs α
and β, respectively, and Aω denotes their overlapping area. Figure 4.7 illus-
trates this concept applied to the (1 1 0)α ∥ (1 0 0)β interface. The calculated
mismatch of each interface orientation is shown in Table 4.2.

Table 4.2: Calculated surface slabs cross-sections and their overlapping areas in
Å2 and the correspondent interface mismatches.

interface Aα Aβ Aω σ [%]

(1 1 0)α ∥ (1 0 0)β 12.33 12.38 12.12 1.88
(0 0 1)α ∥ (0 0 1)β 17.44 19.45 17.44 5.44
(1 1 0)α ∥ (0 1 0)β 12.33 13.40 12.12 5.79

The (0 0 1)α ∥ (0 0 1)β and (1 1 0)α ∥ (0 1 0)β interfaces present a mod-
est mismatch of around 5.44% and 5.79%, respectively, while the (1 1 0)α ∥
(1 0 0)β interface is highly coherent (1.88%).

This high coherence was also inferred when it was analyzed by trans-
mission electron microscopy (TEM) by Schober [128]. The author observed
the formation of coherent and semicoherent lenticular plates of the β phase,
which expressed themselves oriented along the [0 0 1]α direction. The domi-
nant interface was observed to appear parallel to the (1 1 0)α plane.

Table 4.3 lists the calculated chemical contributions to the interface en-
ergies of the three different orientations (1 1 0)α ∥ (1 0 0)β , (1 1 0)α ∥ (0 1 0)β ,
and (0 0 1)α ∥ (0 0 1)β , created based on surface slabs with different termina-
tions.

However, the value of the interface energy was observed to be consistent
and not affected by the surface termination of the precursor slabs. The dif-
ference between the interfacial energies for a given orientation with different
terminations is found to be within the convergence limit of DFT, approx-
imately 10 mJ/m2. This validates the approach introduced in Section 4.1,
since the interface energies should be independent of surface processes, which
in practice occur far away from the interface. Furthermore, it simplifies inter-
face modeling by allowing for the choice of termination and/or reconstruction
by convenience. Furthermore, this approach demonstrates that it is not nec-
essary to compute surface energies to quantify the chemical contribution to
the interface energy, a presumed prerequisite [158, 159]. Moreover, by avoid-
ing dependence on the bulk and surface energy references, this model should
also improve the cancelation of errors intrinsic to the DFT total energy cal-
culations.
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Table 4.3: Calculated chemical components of the interface energies (mJ/m2) for
the interfaces created from surface slabs with different surface terminations (marked
with superscript) and their corresponding chemical formulas

Interface Slab Chemical Formula γi [mJ/m2]

(1 1 0)FeTi
α ∥ (1 0 0)H2

β Fe18Ti18H10 71.9

(1 1 0)FeTi
α ∥ (1 0 0)FeTi

β Fe20Ti20H10 68.0

(1 1 0)FeTi
α ∥ (1 0 0)Fe2Ti2

β Fe22Ti22H10 72.3

(1 1 0)FeTi
α ∥ (0 1 0)FeTi

β Fe25Ti25H12 95.3

(1 1 0)FeTi
α ∥ (0 1 0)Hβ Fe25Ti25H13 100.4

(0 0 1)Fe2α ∥ (0 0 1)Fe2H2
β Fe28Ti26H14 57.3

(0 0 1)Ti2
α ∥ (0 0 1)Ti2

β Fe28Ti30H14 62.0

It is worth noting that, as explained in Section 4.1, the values of Eα
slab∗

and Eβ
slab∗ required for Equation 4.20 are calculated using strained α and β

slabs having the same numbers of FeTi pairs as the interface slab. Thus, the
total energy of each precursor slab contains the elastic energy associated with
the strain necessary to create the coherent interface. The calculated interface
energy (γi) is therefore a representation of the chemical contribution to the
interphase boundary energy. The values obtained in the interval between 57.3
and 100.4 mJ/m2 are consistent with the estimated value of approximately
50 mJ/m2 [160, 161], which may reach an estimated maximum of 200 mJ/m2

[156] for coherent interfaces.

4.2 Interphase boundary strain energy density

4.2.1 Fundamentals for microelasticity theory

The hydride phase formation gives rise to large perturbations of local vol-
ume due to significant density change upon transformation, leading to a
large lattice mismatch between metal (α) and hydride (β) phases. There-
fore, the micromechanical responses play a pivotal role in determining the
phase stability and the transformation kinetics. More specifically, the asso-
ciated interfacial coherency strain energy strongly affects the morphology of
the growing hydrides, as well as their growth kinetics of the hydride phase
[162]. To efficiently assess the orientation of a low-energy interphase bound-
ary between the hydride and matrix phases, the interfacial coherency strain
energy density function, B(n⃗), from Khachaturyan-Shatalov microelasticity
theory (KS) [88] can be used:
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4.2. Interphase boundary strain energy density

B(n⃗) = Cijklεijεkl − n⃗iσ
0
ijΩjk(n⃗)σ

0
kln⃗l (4.33)

with,

σ0
ij = Cijklεkl (4.34)

and,

Ω−1
jk = Cjilkninl, (4.35)

where n⃗ is the unit vector that characterizes the interface normal in a
three-dimensional Cartesian space. The term εij represents the stress-free
transformation strain (SFTS), which relates the uniform lattice distortion
strain necessary for the parent phase to transform into a given variant of
the product phase when no stress response is considered. The term Cijkl is
the elastic stiffness tensor, which is considered homogeneous (i.e., identical
elastic moduli) between the product and the parent phase in KS. In addition,
the theory also considers the size of the matrix to be infinite (i.e., stress-free
state macroscopically), and a platelet-shape of the product phase (i.e., planar
interface).

By finding n⃗ that minimizes the function B(n⃗) (i.e., n⃗0), it is possible to
identify the elastically preferable phase boundary orientation as a result of the
elastic properties of phases (i.e, metal and hydride) and their crystallographic
orientation relationship. This represents the normal vector of the habit plane
of the forming hydride phase.

4.2.2 Micromechanical analysis

As a baseline case, the fully coherent interfaces between the β hydride phase
and the α parent phase are firstly considered for the micromechanical analysis
in comparison with the chemical contribution counterpart that was analyzed
for the same interface types in Section 4.1.3. Following this, the possible
coherency loss and its consequence to the phase boundary energy and orien-
tations is then examined.

For convenient consideration of the lattice correspondence, the orthogonal
lattice vectors and the corresponding lattice parameters of the α phase were
redefined within the present micromechanical analysis. More specifically, the
crystallographic orientation of the α phase was adapted in a way that it sat-
isfies the orientation relationship with the β, as shown in Figure 4.4(a). The
lattice parameters of the α phase were then newly defined on the Cartesian
coordinate system for the β phase. Within this crystallographic framework,
the crystal structure of the α phase can be regarded as a tetragonal struc-
ture (see Figure 4.9(a)), while the β phase counterpart is an orthorhombic
structure (see Figure 4.9(b)).
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Figure 4.9: Representation of the relationship between the β hydride and the α
matrix. a) The α phase within tetragonal lattice structure, b) the orthorhombic β
phase, and c) superimposition of the tetrahedral α and orthorhombic β unit cells.
Gray: Fe atoms; white: Ti atoms; cyan: H atoms

As illustrated in Figures 4.9(a) and (b), the unit cells of both phases
include four common metallic atoms, emphasizing the specific volumetric ex-
pansion resulting from hydrogenation. Therefore, it was considered the for-
mation of the β hydride in the α phase as a tetragonal-to-orthorhombic phase
transformation involving large volume expansion, which is clearly described
in Figure 4.9(c). From the lattice correspondence shown in Figure 4.9(c), the
deformation gradient tensor for the α-to-β transformation is obtained as

Fij =

δa 0 0
0 δb 0
0 0 δc

 , (4.36)

where δa =
aβ−aα

aα
, δb =

bβ−bα
bα

, δc =
cβ−cα

cα
, with aα, bα, cα and aβ , bβ , cβ

being the lattice parameters of the α, and β phases, respectively. Based on
the finite strain formalism, the SFTS is then computed by:

ϵSFTS
ij = εij =

1

2
([Fij ]

⊺ · Fij − I) , (4.37)

where I is the identity matrix and [Fij ]
⊺ is the transpose of Fij .

By considering equivalent symmetrical operations for the tetragonal α
phase (aα = bα) to the orthorhombic β phase transformation, two distinct
structural variants can be identified, resulting in the two corresponding SFTS
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tensors (Fij−I , and Fij−II), that are related by a 90° rotation around the c
lattice vector (i.e., z axis shown in Figure 4.9(c)). Using the lattice param-
eters from the first-principles calculations shown in Table 4.4, the computed
SFTSs are given as the following:

Fij−I =

0.092 0 0
0 0.021 0
0 0 −0.017

 (4.38)

and,

Fij−II =

0.021 0 0
0 0.092 0
0 0 −0.017

 . (4.39)

To account for the homogeneous modulus assumption in the KS theory,
i.e. the elastic moduli of the parent and product phases are assumed to be
the same, a simple average of the elastic moduli of the α and β phases was
used to construct the homogeneous elastic stiffness tensor (Cijkl) used in
Equation 4.33-4.35.

Note that the lattice parameters and elastic moduli of the two phases are
defined on the same Cartesian coordinate system (i.e., x−y−z for the β phase
in Figure 4.9(c)) for consistency within the micromechanical analysis, which
are tabulated in Table 4.4. It should also be emphasized that all reference
values are derived from the first-principles calculations from this work.

Figure 4.10(a) shows the plot of the computed B(n⃗) using the anisotropic
elastic stiffness tensor and the SFTS derived above.

The direction that minimizes B(n⃗) (Equation 4.33), represented by the
unit vectors n⃗0, corresponds to the preferred phase boundary (i.e., habit
plane) normal for the formation of the product phase. The preferred phase
boundary normal n⃗0 was identified by numerical minimization as indicated
in Figure 4.10 (with arbitrary magnitude). The unit vector n⃗0 identified is
given by [±0.942, 0.000,±0.335] in the Cartesian coordinate system, leading
to B(n⃗0) = 0.093 GPa as the minimum interfacial coherence strain energy
density. Within the lattice plane system of the β phase (see Figure 4.9), the
corresponding habit plane is close to the {3 0 1}β family of crystal planes,
which is approximately equivalent to the {1 2 0}α plane in the original lattice
plane system for the cubic α phase (see Figure 4.4(b) for reference).

From the chemical contribution point of view, the most energetically sta-
ble interface is (0 0 1)α ∥ (0 0 1)β as indicated in Table 4.3. By transform-
ing this interface notation to the coordinate system for the micromechanical
analysis (see Figure 4.9 for clarity), the corresponding plane is normal to
the z axis, which carries the highest strain energy density as shown in Fig-
ure 4.10 a). The discrepancy between the chemically and the mechanically
stable interface orientations may indicate how the phase boundary evolves as
the hydride grows. Note that the relative impact of the chemical contribution
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Figure 4.10: Spherical plots of B(n⃗) for a flat and coherent interface a) general
three-dimensional view with gradient colors representing the values in GPa (note
that some level of transparency is applied to the B(n⃗) surface to highlight the
minimum values). Black arrows represent two instances of directions that minimize
elastic energy n⃗0. b) Polar plot of B(n⃗) projected on the (0 1 0)β plane with n⃗0

represented with blue arrows. c) Same as a) but viewed from the [0 1 0]β direction
(red arrows) and zoomed on the minimum points.

Table 4.4: Calculated lattice parameters (in Å) and elastic constants (in GPa)
using Voigt notation.

α-FeTi (tetragonal) β-FeTiH (orthorhombic)

a [Å] 4.176 4.560
b [Å] 4.176 4.265
c [Å] 2.953 2.903
c11 306.0 313.0
c22 306.0 302.2
c33 379.5 360.0
c44 148.3 86.3
c55 75.0 63.4
c66 75.0 74.5
c12 165.0 173.3
c13 106.5 82.8
c23 106.5 99.6

scales with d2, while the mechanical contribution counterpart scales with d3,
where d represents the size of the growing hydride. Therefore, at the early
stage of hydride phase formation in a matrix metal phase, the chemical con-
tribution to the interface energy is dominant, of which anisotropy determines
the morphological behavior of the forming phase (i.e., (0 0 1)β is preferred).
On the other hand, as the hydride phase grows, the strain energy contribu-
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tion commensurate with interfacial mismatch between the adjoining crystal
lattice increases and becomes more dominant (i.e., {3 0 1}β is preferred).

So far, only fully coherent interfaces have been considered. However,
as the hydride phase grows more, the accumulation of the coherency strain
energy may significantly lower the phase stability due to large volume expan-
sion. Therefore, the phase boundaries tend to lose the interfacial coherency
by creating an array of misfit dislocations to accommodate the large volume
expansion, which partially releases the coherency strain energy. In partic-
ular, the coherency loss is expected to occur when the energy to form the
dislocations becomes lower than the energy penalty to maintain interfacial
coherency, which determines the critical condition for transitioning from co-
herent to semi-coherent (or incoherent) interfaces [156, 161, 88].

Concerning the directional tendency of the misfit dislocation array, the
formation of the array along the x and y directions is less probable than
along the z direction since (0 0 1)β interface boundary incorporates the most
chemically stable atomic configuration, which may have a propensity for
maintaining its intrinsic defect-free atomic configuration. In addition, since
the Burgers vector (⃗b) along the z axis is shorter than those along the x and
y axes (refer to Table 4.4), the formation of misfit (edge) dislocation along
the z axis is expected to be energetically more stable, considering that the
dislocation energy is proportional to the magnitude of b⃗. Therefore, it can
be assumed that the loss of coherency occurs preferentially along the [0 0 1]
direction. Following this assumption, the effect of the coherency loss along
the [0 0 1] direction on the phase boundary orientation is examined. For this
purpose, a strain component εdef33 was introduced to account for modification
of the SFTS due to the formation of misfit dislocations that perturb the
lattice coherency along the z axis. The value of εdef33 may vary from 0 to
−εcoh33 (= −δc), corresponding to a transition from a perfectly coherent to
a perfectly incoherent interface (i.e., complete loss of coherency) along the
[0 0 1]β axis, respectively [163], while maintaining the lattice coherency along
other direction (i.e., mixed interfacial coherency). As an extreme case, the
complete loss of coherency along [0 0 1] is considered, leading to F 000

33−I =

εcoh33 + εdef33 = δc − δc = 0 [163, 164].
Figure 4.11 compares the full coherency and the mixed coherency scenar-

ios for the cross-section of the function B(n⃗) along the (0 0 1)β plane in polar
coordinates. For the mixed coherency case (i.e., complete loss of coherency
only along [0 0 1]), the family of planes that minimize B(n⃗) becomes {1 0 0},
while for the fully coherent case, the identified habit plane is inclined by an
angle of 19.5° with respect to the planes {1 0 0}. Note that the {1 0 0} planes
correspond to the (1 1 0)α ∥ (1 0 0)β interface plane shown in Figure 4.4. In-
terestingly, as also observed by Heo et al. [163], the calculated value of B(n⃗0)
for the mixed coherency case (0.0966 GPa) remains almost the same as that
of the fully coherent counterpart (0.0931 GPa). This indicates that the phase
boundary orientation varies due to coherency loss, while the corresponding
strain energy contribution is almost unchanged.
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Figure 4.11: Cross-section of B(n⃗) in GPa along the (0 1 0)β plane using SFTS
for the mixed coherency (F33−I = δc − δc = 0, that is, complete coherency loss
solely along the [0 0 1] direction) case. Superimposed in dashed lines is the full co-
herency case (F33−I = δc) presented again for comparison. Black arrows represent
the directions that minimize the interfacial coherency strain energy density for the
mixed coherency case, n⃗0.

Importantly, the findings discussed above provide insight into possible
phase boundary orientation variation during the hydride phase formation
and growth from {0 0 1}α ∥ {1 0 0}β (chemically stable) to {1 2 0}α ∥ {3 0 1}β
(mechanically stable with full coherency) to {1 1 0}α ∥ {1 0 0}β (mechanically
stable with mixed coherency). This is evidenced by an experimentally char-
acterized β hydride shape formed in FeTi reported in the literature (e.g.,
micrographs shown in Schober’s work [128, 120]). Figure 4.12 shows an
adapted micrograph presented in Figure 2 from Schober [128]. As observed
in the experimental micrograph (see Figure 4.12), µm-sized lenticular plate-
like particles are formed with the interphase boundaries parallel to (1 1 0)α
planes. It is interesting to note that the tips of the hydrides form closing
sharp shapes with different boundary orientations inclined by ≈ 20° with
respect to the (1 1 0)α planes, which is close to the predicted phase boundary
orientation with full coherency.

As discussed previously, for µm-sized large precipitates, it is reasonable
to expect that the elastic contribution to the interphase boundary energy is
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Figure 4.12: Mircrostructure of β phase precipitation on a α matrix. a)
Schober’s Figure 2 micrograph [128], with reproduction permission from Elsevier.
b) Adaptation of Schober’s micrograph, where magenta- and blue-colored lines de-
pict examples of incoherent and coherent interfaces, respectively.

the primary driving factor influencing the morphology of the precipitates.
Therefore, the phase boundary orientation is most likely to be aligned along
the mechanically stable direction. Based on our analysis of the two extreme
cases that may occur along the [0 0 1] direction, i.e. fully coherent and fully
incoherent cases, it can be inferred that the habit plane orientations predicted
by the micromechanical analysis for the two cases may bound the range of
phase boundary orientations within the tip-region, which explains the domi-
nant interphase boundary orientations observed by Schober [128]. However,
as discussed by Heo et al. [163], there could be many distinct combinations of
interfacial defects along different crystallographic orientations, leading to the
stabilization of the same habit plane. Thus, the creation of misfit dislocation
along the z axis may be only one of many possible defect combinations that
stabilize the {1 0 0} phase boundaries.

Critical size of a β particle before plastic relaxation

The critical size of a precipitate β (FeTiH), above which the system plasti-
cally relaxes (i.e., forms dislocations) is analyzed in this section. To assess
this quantitatively, some assumptions are made. First, it is considered a
constant geometry of the particle in the initial stage of precipitation (i.e.,
a constant aspect ratio for different particle sizes). Based on the lattice
mismatch illustrated in Figure 4.9, as well as quantified in Equation 4.36,
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it is possible to determine the minimum lattice parameters of β that geo-
metrically produce an edge dislocation in each direction x, y and z, from the
inversion of each value δ: (δa)−1 = 10.87, (δb)−1 = 47.61, (δc)−1 = 58.82 (see
Equation 4.36 and Equation 4.38, for reference), respectively, resulting in an
estimated correspondence of y = 5x, and z = 6x (Figure 4.13(a)). Note that
the (1 1 0)α ∥ (1 0 0)β interface plane corresponds to the y − z plane in Fig-
ure 4.13. The comparison of the estimated aspect ratio with the illustrated
particle highlighted by arrows labeling coherent and incoherent interfaces in
Figure 4.12b) confirms the validity of this approximation. From this assump-
tion, it is also possible to estimate the dislocation density of the y − z plane
as 1 dislocation (⊥) per area A(⊥)

yz = ∥47b⃗β × 58c⃗β∥ (Figure 4.13(b)).

Figure 4.13: Schematically visualization of the geometrical assumption of the
aspect ratio of a β particle forming in the early stages. a) Three-dimensional view,
highlighting the interface plane subject to loss of coherency contoured in color ma-
genta. b) top view of the plane indicating the assumed ideal dislocation density.

Figure 4.14: Comparison between chemical and elastic contribution for loss of
coherency. a) Superimposed plot of interface energy increase and elastic energy
gain. b) Critical size variation with ∆γCD

i .

Yet, there is a competition between the elastic energy penalty (Egain
el. ) to

maintain coherency along the (1 0 0) plane that scales with the volume of the
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particle (V = xyz):
Egain

el. = V∆Bn(n⃗ = [1 0 0]), (4.40)

where

∆Bn(n⃗ = [1 0 0]) = Bcoh.
n (n⃗ = [1 0 0])−Bmix

n (n⃗ = [1 0 0]), (4.41)

Bcoh.
n (n⃗ = [1 0 0]) = 0.155GPa represents the full coherency case (i.e., ε33 =

δc) and Bmix
n = 0.096GPa represents the mixed coherency case (i.e., ε33 = 0).

The variation of the total interface energy (∆Γ yz
i ), resulting from the arial

energy increase associated with the formation of misfit dislocations (∆γCD
i )

is given by:
∆Γ yz

i = kA(⊥)
yz ∆γCD

i , (4.42)

which scales with arial variation of the (1 1 0)α ∥ (1 0 0)β interface, which is
controlled by the proportionally constant k in Equation 4.42. Figure 4.14(a)
shows the superimposed plots of Equation 4.40 and Equation 4.42 over the z
length of the (1 1 0)α ∥ (1 0 0)β interface for an estimated impact of 1 Jm−2

increase in the interface energy when a misfit dislocation is formed in the
interface. Due to competition between the elastic energy penalty and the
interfacial energy variation with the change in coherence of the (1 1 0)α ∥
(1 0 0)β interface, the critical particle size is determined by the intersection
of the two curves (calculated at z = 10.25 for ∆γCD

i = 1 Jm−2), above which
coherency loss is preferred to maintaining full coherency.

Taking the lower reference limit of 200mJm−2 [156] (estimated as the
maximum of a coherent interface energy), and a higher reference limit of
800mJm−2 (related, e.g., to the grain boundary of bcc-Fe [165, 166]), an
estimative of the range of the values of ∆γCD

i can be inferred. Figure 4.14(b)
shows the variation of the critical size as a function of ∆γCD

i .
Based on these assumptions, it is possible to conclude that in the early

stage of β particle precipitation, maintaining a full coherency state is favor-
able up to 150 nm3.
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5 Phase-Field Simulations
of the FeTiHydrogenation

5.1 Phase-Field Modeling the FeTi-H system

In this section, the basic equations governing Phase-Field simulations will
be shown and discussed regarding their interconnection. Subsequently, the
solution for such a system of coupled Partial Differential Equations (PDEs),
using the Finite Element Method (FEM) via the Moose software package is
briefly introduced and discussed regarding the applicability to solving and
simulating the hydrogenation of FeTi.

The KKS formulation is employed in this study with the two-phase model
describing the α-FeTi and the β-FeTiH phases. The non-conserved order
parameter (ηβ) is attributed to represent the local fraction of the β-FeTiH
hydride phase. Thus, the Allen-Cahn equation (Equation 2.35) is given by:

∂ηβ
∂t

= −Lβ
∂F

∂ηβ
. (5.1)

The conserved field variable is attributed to the global hydrogen composi-
tion of the system (xH), and the split version of the Cahn-Hilliard equation
(Equation 2.34) becomes:

∂xH
∂t

= ∇ ·MH∇µH, (5.2)

and

∂floc
∂xH

= ∇ · (kxH∇xH)− µH. (5.3)

From the KKS model description, the interface constraint yields:

dfα
dxαH

=
dfβ

dxβH
. (5.4)
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5.1.1 Modeling the free energy functional of the FeTi-H
system

Because the microstructure evolves in the direction that minimizes the free
energy of the material, modeling the materials system’s free energy func-
tional is considered the cornerstone of phase-field simulations. Consequently,
the phase-field modeling approach can be defined as a modular framework
with the main focus on the description of the free energy of the problem. In
this section, the idea behind the modeling of the FeTi-H free energy func-
tional is described in detail based on the thermodynamic model presented in
Chapter 3 and the phase-field model presented in Section 2.4.

For the FeTi-H system, the local free energy density description (see Equa-
tion 2.37 for reference), incorporates the hydrogen mole fraction within the
system as the conserved field variable (xH) and the fraction of β-phase within
the system as the non-conserved ηβ . The free energy density functional is
then expressed as:

F =

∫
V

[floc (xH, ηβ) + fgr (xH, ηβ)] dV. (5.5)

The gradient energy contribution is expressed by:

fgr =
κxH

2
|∇xH|2 +

κηβ

2
|∇ηβ |2 (5.6)

while the local free energy density is expressed by:

floc = (1− h(ηβ)) fα(x
α
H) + h(ηβ)fβ(x

β
H) + wg(ηβ). (5.7)

For this work, the switching function h(η) was chosen as the known "high"
polynomial form, expressed by:

h(η) = η3(6η2 − 15η + 10) (5.8)

whereas the double-well energy barrier function is given by:

g(η) = η2(1− η)2. (5.9)
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The terms fα, and fβ represent the Gibbs free energy densities of the
individual α and β phases. Their values can be acquired from the thermo-
dynamic assessment introduced in Chapter 3 after performing a proper di-
mensional analysis to transform the thermodynamic expressions of the bulk
phases from their molar Gibbs energies to their corresponding volumetric
(or density) values. This dimensional analysis is demonstrated later in this
section.

For convenience, in the phase-field modeling in this study, the Gibbs en-
ergy expressions of the bulk phases are used with a shift from the conventional
reference state. Instead of describing the Gibbs energy of the phases refer-
enced on the standard element reference (SER), the variation of the Gibbs
energy within the FeTi-H system was described referenced at the Gibbs en-
ergy of the pure FeTi (B2) phase and the H2 gas-phase at the current external
temperature and pressure conditions.

Changing the reference state should add a value to the Gibbs energy,
which is the difference between the pure element at the SER and the state
defining the reference. This affects the thermodynamic modeling in their
reference Gibbs energy terms and is represented by different end-members,
which are identified with a sr superscript on the expressions below. For the α
phase [Equation 3.8], the end-member expression of the Gibbs energy model
then becomes:

srGα
FT:vac =

0Gα
FT:vac −GB2 = 0, (5.10)

and

srGα
FT:H = 0Gα

FT:vac −GB2 +
3

2
GSER

H2
− 3

2
Ggas

H2
+∆Hα6

f +∆Sα6
f T

= −3

2
RT ln

(
P

P0

)
+∆Hα6

f +∆Sα6
f T. (5.11)

The same concept is applied to the β phase [Equation 3.28] and yields:

srGβ
FT:H:vac = 20Gα

FT:vac − 2GB2 +
1

2
GSER

H2
− 1

2
Ggas

H2
+∆Hβ1

f +∆Sβ1
f T

= −1

2
RT ln

(
P

P0

)
+∆Hβ1

f +∆Sβ1
f T (5.12)

as well as
srGβ

FT:H:H = 20Gα
FT:vac − 2GB2 +GSER

H2
−Ggas

H2
+∆Hβ2

f +∆Sβ2
f T

= −RT ln

(
P

P0

)
+∆Hβ2

f +∆Sβ2
f T (5.13)
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For the gas phase, the shift of reference state yields:

srGgas
FT = 0Ggas

FT −GB2 +RT ln(P/P0) (5.14)

and

srGgas
H2

= 0Ggas
H2

−Ggas
H2

+RT ln(P/P0) = 0. (5.15)

An isothermal energy analysis using the above shift of reference states
is shown in Figure 5.1. Intentionally, these mathematical operations set
the reference state of the FeTi-H system to yield zero energy at the purely
metallic FeTi-B2 phase and H2 gas. However, these transformations do not
affect the relative mixing properties. As a consequence, it becomes evident
that the β hydride phase is increasingly more stable with increasing hydrogen
partial pressure, as shown by its Gibbs energy being reduced relative to that
of the α- and gas-phase for positive variation of hydrogen partial pressure,
and vice versa. Figure 5.1 illustrates the variation of pressure and its effect
on the system using phase models with shift of reference states.

Figure 5.1: Calculated molar Gibbs energy of the phases of the FeTi-H system at
310 K. The plots are calculated for different hydrogen partial pressures ranging in a
logarithmic space from 7.97×105 Pa to 1.39×106 Pa. The black solid lines represent
the Gibbs energies of the phases at the unique α-β-gas equilibrium pressure at 310 K.
The common tangent representing the three-phase equilibrium is superimposed as
a dashed blue line with red "plus" marks identifying the equilibrium composition
of the phases. An increasing level of transparency is applied proportional to how
far the curves were calculated from the three-phase equilibrium.
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Note that the para-equilibrium condition (illustrated in Figure 5.1 for
T = 310K and P = 997 091Pa) can be represented by a common tangent line
that intercepts the Gibbs energy curves. The composition of the intercepts
is, therefore, the para-equilibrium composition, with the tangent line being
a direct and visual representation of the phases assuming equal hydrogen
chemical potential (µα

H = dGα

dxH
= µβ

H = dGβ

dxH
= µGas

H = dGGas

dxH
).

For the molar density conversion, the equilibrium volume of both the α
and β phases shown in Table 3.2 and their respective thermodynamic models
presented in Section 3.2.4, that is, (FT)(Va,H)3 and (FT)2(H)(Va,H), are
taken into account. Note that there is one mole of metallic atoms (m.a)
per formula unit (f.u) and two moles of metallic atoms per primitive unit
cell (u.c) for the α phase, while there are two moles of metallic atoms per
formula unit and four metallic atoms per primitive unit cell for the β phase
(see Figure 4.4 for example). Thus, the dimensional analysis that transforms
the Gibbs energies in Joules per mole of formula units into Joules per cubic
meter is expressed by the following:

Gα

[
J

1 ·((((mol · f.u.

]
·
[
1 ·((((mol · f.u.
1 ·mol ·��m.a.

]
·
[
2 ·��m.a.

1 ·��u.c.

]
·

[
1 ·��u.c.

25.75 ·��Å
3

]
·

[
1 ·��Å

3

(10−10 ·m)3

]

= 12895.63 ·Gα

[
J

m3

]
= fα, (5.16)

for the α phase, and

Gβ

[
J

1 ·((((mol · f.u.

]
·
[
1 ·((((mol · f.u.
2 ·mol ·��m.a.

]
·
[
4 ·��m.a.

1 ·��u.c.

]
·

[
1 ·��u.c.

56.46 ·��Å
3

]
·

[
1 ·��Å

3

(10−10 ·m)3

]

= 5882.3 ·Gβ

[
J

m3

]
= fβ , (5.17)

for the β phase. The dimensional analysis yields an easy way to transform
the molar Gibbs energy into the Gibbs energy density.

Furthermore, the Gibbs energies of the phases presented in Section 3.2.4
are expressed as functions of the interstitial lattice composition, representing
the dissolution of hydrogen in the vacant sites of the bulk crystal. Therefore,
computing the hydrogen mole fraction within the phases is not straightfor-
ward since vacancies cannot be considered when calculating molar quantities
within the bulk phases. The Gibbs energy expressions of the bulk phases
are therefore accordingly transformed as a function of the global hydrogen
composition of the system. For the case of the α phase, this transformation
is obtained from the following correspondence:

xαH =
3 oyH

1 + 3 oyH
, (5.18)
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and

oyH =
xH

3− 3xH
(5.19)

while for the β phase, the correspondence is given by:

xβH =
1 + H2yH
3 + H2yH

, (5.20)

and

H2yH =
xH

3− 3xH
(5.21)

Finally, the Gibbs free energy density of the system can be constructed as
a function of the conservative xH and the non-conservative ηβ field variables.
Figure 5.2 plots the local free energy density in units of J cm−3.

Figure 5.2: Calculated local free energy density (floc) over hydrogen mole frac-
tion xH and β hydride phase fraction (ηβ).

Note that for the following phase-field simulations, this formulation of the
free energy density was implemented into the KKS model in units of nJµm−3

for better scaling of numerical units as will be further explained in the next
sections.

5.1.2 Parametrization of the interphase energy and
thickness

One advantage of the Kim-Kim-Suzuki model relies on the fact that the inter-
facial energy is independent of the free energy of the bulk phases. Moreover,
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the interfacial energy can be found analytically through Equation 5.22 for a
unidimensional equilibrated interface:

γint =

√
κηβw

3
√
2

(5.22)

where γint represents the interfacial energy, the κηβ term is the gradient
energy coefficient between the α, and β phases, and w is the height of the
free energy barrier (Equation 5.9).

The analytical solution yields also the interface thickness 2λ, which is
given by:

2λ =
ξ
√

2κηβ√
w

, (5.23)

where ξ is a constant that is dependent on the definition of the interface
thickness, generally taken e.g. as ξ ∼= 2.2 when ηβ changes from 0.1 to 0.9 at
−λ < x < λ, and ξ ∼= 2.94 when ηβ changes from 0.05 to 0.95.

The resulting expression presented in Equation 5.22 and Equation 5.23
may be used to obtain an analytical solution to the parametrization of the
phase-field model if the energy and thickness of the interphase are provided.
As an example, Figure 5.3 shows the numerical solution for Equation 5.22 and
Equation 5.23 using the values of the chemical contribution to the interphase
energy (see Table 4.3 in Section 4.1.3 for reference) imposing an interphase
thickness of 2 nm and 1 nm.

Note that in Figure 5.3, the solid black line represents the variation of
Equation 5.22 for the fixed averaged interfacial energy of 76.0 mJ/m2, and
the green region represents the same, but in the range obtained when using
the minimal and maximum calculated chemical contribution to the interphase
energy of Table 4.3. Parameterized values for achieving the target interphase
energy of 76.0mJm−2 with specified thicknesses of 1 and 2 nm are shown in
Table 5.1.

Table 5.1: Parameterization values for achieving target interphase energy of
76.0mJm−2 with specified thicknesses.

Thickness w κβ Interphase
Energy

[nm] [nJ/µm3] [nJ/µm] [mJ/m2]

1 1.0037 1.03636525×
10−7

76.0

2 0.5016 2.07273868×
10−7

76.0
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5. Phase-Field Simulations of the FeTi Hydrogenation

Figure 5.3: Numerical solution for the parametrization of the phase-field model
interphase energy of 76.0 mJ/m2 and interphase thickness of 2 nm (gray dotted
line) and 1 nm (blue dotted line) for an unidimensional problem. Note that the
green range shown represents the minimum value of 57.3 mJ/m2 and maximum
value of 100.4 mJ/m2 given in Table 4.3, and that the units for the calculation were
given in [nJ/µm2], and [µm], for γint and λ, respectively.

Figure 5.4: Correlation of (w, √
κβ) pairs that yields an interphase energy of

76.0mJm−2 together with the associated layer thickness.
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5.1. Phase-Field Modeling the FeTi-H system

A more systematic approach to identifying the possible pair (w, √
κβ)

that yields a given layer thickness is shown in Figure 5.4.
For such an approach, the value of the chemical contribution to the inter-

phase energy was kept constant while the numerical solution for the system
of Equation 5.22 and Equation 5.23 was calculated. The layer thicknesses
that result from these solutions are plotted as a color map in Figure 5.4,
demonstrating the flexibility window for choosing the pair parameters (w,√
κβ) that result in the predicted 76.0mJm−2 interphase energy calculated

from first-principles in Section 4.1.3.

5.1.3 Mobility parameters

The diffusivity and mobility of the species within the system should be con-
sidered to quantify the correct kinetic behavior of the simulations. As an
initial step, hydrogen diffusion within the system was simply considered as
independent of hydrogen concentration (xH) and attributed to the same value
regardless of the phase, that is, independent of the ηβ order parameter, fol-
lowing the Boltzmann-Arrhenius equation:

D = D0 exp

(
−Ea

RT

)
, (5.24)

where D0 is the temperature-independent diffusivity of hydrogen, and Ea is
the activation energy for diffusion. These coefficients can be adjusted based
on experimental data. The activation energy may be computed by the height
of the potential energy barrier for hydrogen to migrate from interstitial sites,
which can be calculated from DFT. By applying the nudged elastic band
(NEB) method [167] it is possible to find the minimum energy path between
a given initial and final state. In addition, the method may be coupled with a
climbing image approach (CI-NEB) [168] that will search for the saddle point
along the minimum energy path. These techniques were applied to find the
activation energy for the hydrogen atom to diffuse from two nearest neighbors
Fe2Ti4 octahedral sites. The calculations were performed using the optimal
DFT settings defined in Section 3.2.3. The calculations were performed with
a 4x4x4 FeTi-B2 supercell per hydrogen atom to avoid influence from self-
interaction between periodic images. Figure 5.5 illustrates the results.

Note that Figure 5.5 a) shows a superposition of the calculated structures
with a level of transparency, demonstrating the minimum energy path of the
hydrogen atom (in green) along the two octahedral sites. From Figure 5.5 a)
some displacements of the iron nearest neighbors are also noticeable. Fig-
ure 5.5 b) plots the energy variation over the summation of all atom displace-
ments, usually called "reaction coordinate". The energy of the saddle point
was calculated as 0.6292 eV or 60.71 kJ/molH, which is in close agreement
with the theoretical work of Kulkova et al. [169] (0.62 eV).
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Figure 5.5: Calculated CI-NEB results for the H interstitial jump in the FeTi
B2 phase: a) atomic view of the calculated minimum energy path for a hydrogen
atom to diffuse from two nearest neighbors Fe2Ti4 octahedral sites. b) Potential
energy variation along the minimum energy path referenced on the initial and final
states.

In the available literature, some authors have empirically investigated the
Arrhenius equation for hydrogen diffusion within the FeTi alloy and provided
their found diffusion coefficients. Table 5.2 lists the available theoretical and
empirical data in the literature.

Table 5.2: Available literature data of the Arrhenius coefficients for hydrogen
diffusion within the FeTi-H system.

Phase xH Ea [kJ/mol.H] D0

[
m2/s

]
Reference

α-FeTi - 60.71 - This work

α-FeTi - 59.82 - [169]

α-FeTi ≈0 47.86 10.1 · 10−8 [123]

α-FeTi ≈0 46.41 5.5 · 10−8 [123]

β-FeTi 0.33 48.25 7.2 · 10−8 [170]

β-FeTi 0.33 31.84 4.2 · 10−11 [171]

As a first step, an Arrhenius-type equation was introduced to the model to
represent the diffusivity of hydrogen within the FeTi-H system. The average
value of the experimental D0 and Ea coefficients from Arnold and Welter
[123] was attributed solely as a function of temperature,D0 = 7.0×104 µms−1
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and Ea = 48.245 kJ/molH.

5.2 Phase-Field Simulations

Thus far, the incorporation of thermodynamic models for the α and β phases
as well as the evaluation of chemical contributions to the interfacial energy
in phase-field simulations have been discussed and examined. The following
sections will delineate and validate these concepts through simulations.

5.2.1 Simulation of the interface equilibrium between α and
β phases

In the KKS model, an analytical solution exists for the phase-field variables
through an unidimensional equilibrium interface [83]. For the α and β steady-
state equilibrium, they assume the form:

ηssβ (x) =
1

2

[
1− tanh

( √
ω√
2κβ

x

)]
, (5.25)

and

xssH (x) = h(ηssβ (x))eqxαH +
[
1− h(ηssβ (x))eqxβH

]
. (5.26)

Here, the superscript ss, and eq, represent the values of the variables at
steady-state and equilibrium, respectively.

To verify the implementation of the Gibbs energy thermodynamic models
and the calculated chemical contribution to the interphase energy discussed
in previous sections, a phase-field simulation of a flat/sharp interphase de-
veloping into the diffuse equilibrium interphase between β and α phases was
performed until the steady-state was reached. The free energy density for the
model followed the demonstration of Section 5.1.1, which was implemented
in units of nJ

µm3 , as shown in Figure 5.3 and Figure 5.4.
Congruently, the parametrization of the interphase energy and thickness

was performed following the concept presented in Section 5.1.2 to produce an
interphase energy of 76 mJ/m2 and thickness of 1 nm. A three-dimensional
simulation cell with dimensions of 10x1x1 nm in the Cartesian space x−y−z,
respectively, and 500 finite elements along x were applied, resulting in ∆x =
0.02 nm. As an initial step, the value for the Lβ parameter was assumed
arbitrarily to have unit values, while MH was employed with the Arrhenius
function described in Section 5.1.3.

The equilibrium temperature of 310K and pressure of 997 091Pa were
held constant throughout the simulation. Initial conditions for both η and
xH phase-field variables were taken from step functions that equally divide
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the volume cell (Ω) into two parts along x: ηβ= 1 for x < 0 and ηβ =
0 for x ≥ 0, xH = 0.350351 for x < 0 and xH = 0.046055 for x ≥ 0.
These thermodynamic conditions reflect the para-equilibrium illustrated in
Figure 5.1.

An initial time step of 1 × 10−5 was applied together with the time step
with iteration adaptive as implemented in MOOSE [58], meaning that the
time step is adjusted based on the number of required iterations needed for
the solver to converge in the previous steps. Here growth and cutback factors
of 1.5 and 0.5 were applied, respectively. The simulation was performed
until the steady state was detected with a tolerance of 1× 10−10. Figure 5.6
illustrates the simulation’s initial (t0) and final (tf ) steps.

Figure 5.6: Hydrogen concentration distribution at initial step (t0) and final
step (tf ).

Figure 5.7 compares the simulated and analytical solution of the steady-
state profile for the field variables ηβ and xH .

From Figure 5.7 the interphase thickness can be calculated by the differ-
ence of the x value for when ηβ = 0.9 and ηβ = 0.1, yielding the expected
1 nm thickness.

The interphase energy between the α and β phases was evaluated based
on the total free energy difference between the initial and stationary states,
and computed using the following expression:

γint =
1

A

(∫ ∞

−∞

[
floc +

κηβ

2
(| ∇ηβ |)2

]
dΩ− F eq

)
(5.27)

Where A represents the interphase area (i.e. the cross-section plane along
the y − z represented in Figure 5.6, in this case) and Ω is the domain of
the simulation. The term F eq stands for the thermodynamic bulk equilib-
rium between α and β phases, which can be derived from the well-known
equilibrium condition [83].

F eq = fαV

(
x0H − eqxβH

eqxαH − eqxβH

)
+ fβV

(
eqxβH − x0H

eqxαH − eqxβH

)
. (5.28)
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Figure 5.7: Comparison between the simulated and analytical solution for the
steady state profile of ηβ and xH field variables. The gray patch illustrates the
1 nm interphase thickness expected from η = 0.9 to η = 0.1 (ξ = 2.2) at steady-
state equilibrium. The black cross-markers were only plotted for every 0.2 nm.

Where V is the total volume of the simulation domain and x0H the total
solute fraction, which can be computed from the following expression:

x0H =
1

V

∫ ∞

−∞
(xH) dΩ. (5.29)

The calculated interphase energy evolution over time is plotted in Fig-
ure 5.8.

Figure 5.8 illustrates the interphase energy evolution which is much more
energetic at the initial stages due to the initial sharp interphase profile. Over
time, the interphase profile smooths out at the pace that the interphase pro-
gresses reducing its energy until the system enters equilibrium. As expected,
the interphase energy reaches the constant value of 76mJm−2 at stationary
state.

5.2.2 Simulations of the β hydride growth from
super-saturated α matrix

This section will demonstrate how the hydrogen supersaturation of the α
phase matrix and its associated variation in chemical potential induces a
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Figure 5.8: Simulation of the interphase energy evolution over time until steady-
state is reached. The gray patch represents the interphase energy range calculated
from DFT and the dashed line represents its average value of 76 mJ/m2. Note that
blue cross-markers were plotted for every 10 steps.

driving force for the β hydride formation and growth. The concepts are
demonstrated theoretically and with phase-field simulations.

Thermodynamics of the hydride formation from supersaturated
matrix

In general, driving forces exist in any transport phenomena, e.g., there will
be an exchange of heat between two reservoirs if they have different tem-
peratures. The heat flux stops when the difference in temperature goes to
zero and the system enters thermal equilibrium. Analogously, a mass flow
occurs in thermodynamic systems consisting of multiple elements. If there
is a difference in the chemical potential of the elements within individual
phases there will be a tendency for mass flow, consequently leading to phase
transformation. These transformations are internal processes that minimize
free energy by maximizing entropy. The most fundamental definition of driv-
ing force (D) relates the variation of entropy with respect to the variation of
a general system’s variable (ξ):

D = T
dS

dξ
, (5.30)
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Since temperature is a positive quantity and dS ≥ 0 for a spontaneous
process, if D ≤ 0, the process does not spontaneously occur for any time.
Figure 5.9 illustrates a complete thermodynamic analysis when considering
the case of a supersaturated solution of hydrogen within the α parent phase
with mtxαH = 0.1, showcasing the associated driving force for the β formation.

Figure 5.9: Illustration of the volumetric driving force for the β phase precipita-
tion in a supersaturated hydrogen solution of xH = 0.1 within the α parent matrix
phase and its equilibrium state construction at 310K under 997 091Pa hydrogen
partial pressure within the FeTi-H system.

Initially, the Gibbs energy of the matrix has a correspondent molar Gibbs
energy (mtGα) which is not at the lowest possible energetic state for the
system. The equilibrium composition of the α phase is represented in Fig-
ure 5.9 with a green point marked on the Gα curve. This composition relates
to the state where the chemical potential of hydrogen is the same in each
phase. Consequently, such a condition can be represented as a common tan-
gent touching each Gibbs energy curve of the phases, shown as the green
dash-dotted line in Figure 5.9.

The minimum Gibbs energy for the system eqG for an overall hydrogen
mole fraction of xH = 0.1 lies on this common tangent line at this composi-
tion. Therefore, the total decrease in free energy (∆Gt) is associated with the
completion of phase transformation and is given by the difference between
the equilibrium Gibbs energy (eqG) and the energy of a supersaturated α
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matrix (mtGα):

∆Gt =
eqG − mtGα (5.31)

The value of ∆Gt is the total driving force for the transformation, however,
it is not the driving force for nucleation. This is because the first nuclei to
appear do not significantly change the α composition from mtxαH . Given a
super-saturated solution within the α phase, the precipitation of the β phase
ultimately occurs because of the positive driving force pushing the system to
its lowest energy (or equilibrium) state.

Analogously, the driving force for this phenomenon is calculated as the
distance between the tangent (or hyper-plane for a multicomponent system)
to the Gibbs energy surface at the composition of the supersaturated parent
phase and the parallel tangent to the precipitating phase [172]. These parallel
tangent lines are represented in black dashed-dotted lines in Figure 5.9. Note
that the hydrogen content within a firstly forming nucleate of a β phase
precipitate (pcxβH) within a supersaturated α matrix (mtxαH) is close to but
not at equilibrium composition.

The extrapolation of the tangent line to Gα at mtxαH to the pcxβH com-
position finds the extpGβ energy. This point characterizes the change in
the chemical composition of the matrix crystal α without changing either
its hydrogen chemical potential or crystal structure. Therefore, the differ-
ence in energy between extpGβ and pcGβ represents the potential governing
a structural transformation from α to β at pcxβH . For a phase transforma-
tion, the system’s variable ξ is determined by the number of moles of new
phase formed Nβ . Applying constant temperature, pressure, and moles, i.e.
TdS = G, Equation 5.30 can be written as:

D = −
(
∂G

∂Nβ

)
T,P,N

= −∆Gch, (5.32)

In the following, these concepts are utilized to demonstrate that the phase-
field simulations performed in this work quantitatively agree with the pre-
dictions from the equilibrium thermodynamics and the classical nucleation
theory.

The β growth from a flat ensemble

Similarly to Section 5.2.1 a three-dimensional simulation cell was constructed,
here with dimensions of 20x1x1 nm. The Ω simulation cell was divided into
1000 finite elements along the x Cartesian coordinate, yielding ∆x = 0.02 nm.
The initial condition for the order parameters ηβ and xH was set as a step
function with the para-equilibrium values of 1 and 0.350351 for x < 5 nm
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and 0 and 0.1 for x ≥ 5 nm. Note that the value of hydrogen mole fraction
within the α phase region corresponds to a supersaturated state (as shown
in Figure 5.9), consequently creating a driving force for the β phase to grow.
Figure 5.10 shows the resulting simulation until steady-state.

Figure 5.10: Simulation of the uni-dimensional growth of the β phase induced by
a supersaturation of the α phase. a) Three-dimensional illustration of the hydrogen
content evolution over time. b) Field variables plot over x Cartesian axis.

Figure 5.10 a) illustrates the three-dimensional image of the simulation
volume (Ω) showing that the α phase is initially in a supersaturation state
and as the simulation progresses, the concentration in the α region decreases,
and the β phase fraction grows until the phases reach their bulk equilibrium
composition and volume fraction at the steady state. Note that at the in-
terface, at the first time step (xH ≈ 0.1 at t = 0.02), however, it can be
seen that the concentration profile of hydrogen in the vicinity of the in-
terphase region tends to its equilibrium composition in the α phase at the
same time that within the β phase the concentration rises to meet the same
chemical potential of the supersaturated α phase containing xαH = 0.1, i.e.
µα
H(xαH = 0.1) ⇒ µβ

H(pcxβH), as shown in Figure 5.9. This is expected by the
imposition of the same chemical potential at the interphase as defined in the
KKS model, shown with Equation 5.4.
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Critical homogeneous nucleation size for the β phase

In this section the analytical solution for the classical nucleation theory
(CTN) applied to the homogeneous nucleation scenario is compared against
simulations to check further the correctness of the implementation of the
Gibbs energy density of the phases and the chemical contribution to the
interphase energy.

The theoretical idea behind CTN is that when a nucleate is formed, there
will be a nucleation energy barrier resulting from the net change between two
competing contributions: a volumetric contribution, related to the formation
of a bulk phase, and an areal contribution, associated with the formation
of an interphase (γint). The volumetric contribution tends to decrease the
system’s free energy due to the variation between the bulk Gibbs energy be-
tween an unstable matrix and the nucleate. The areal contribution increases
the system’s free energy by forming an interphase. In solids γint can vary
widely depending on the coherency state and or the interface’s orientation
and should be summed over all interfaces of the nucleus

∑
γi
intintA

i[156].
Ignoring the variation of γint and considering a spherical nucleate with ra-
dius of curvature r, the net change in Gibbs free energy can be described as
follows:

∆G = −4

3
πr3∆Gv + 4πr2γint, (5.33)

where the term ∆Gv relates to the variation of Gibbs free energy density
between the matrix and the forming particle, which is described as:

∆Gv =
∆Gch

V β
m

+∆Gel. (5.34)

The term ∆Gch represents the driving force associated with the chemical
potential and the term ∆Gel is the elastic strain energy. The nucleation
activation barrier thus corresponds to the saddle point of the net free energy
change. This value is derived by the maximum of the ∆G curve associated
with a critical radius, ∂∆G

∂r
= 0, resulting in:

r∗ =
2γint
∆Gv

. (5.35)

Applying Equation 5.35 in Equation 5.33, ∆G∗ = ∆G(r∗), the free energy
barrier, or nucleation activation energy, can be found:

∆G∗ = −4

3
π

(
2γint
∆Gv

)3

∆Gv + 4π

(
2γint
∆Gv

)2

γint =
16πγint

3

3∆G2
v

. (5.36)
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As an initial step, the elastic contribution to the volumetric Gibbs free
energy is disregarded.

To solve the critical radius analytically the interphase energy between
α and β phases and the driving force is required. For this purpose, the
quantified interphase energy derived in Section 4.1.3 was directly employed
in Equation 5.33, while the driving force was numerically solved as shown in
Figure 5.9. Figure 5.11 shows the plot of the net change in Gibbs energy and
its volumetric and areal contributions for the β phase nucleation.

Figure 5.11: Analysis of the three-dimensional critical nuclei for the β phase
precipitation from a supersaturated α matrix (xα

H = 0.1) considering the minimum,
maximum and average value for the interphase energy quantified in Section 4.1.3.

For the assumed average value of the interphase energy of the 76mJm−2

and the supersaturated matrix α (xαH = 0.1), the curvature radius of the
critical nuclei of 32.6 nm is found. At the critical point, the volumetric and
areal contributions are in an unstable equilibrium and any thermodynamic
potential fluctuation within the material would induce a phase transforma-
tion. Suppose that the spherical β particle has a curvature radius smaller
than the critical r∗. In that case, the interphase energy of the nuclei domi-
nates and the system reduces its total free energy by the dissolution of the
particle into the matrix. If r > r∗ the reduction of the system’s energy is
reduced by the growth of the β precipitate, which consumes the hydrogen
content of the supersaturated α matrix until its equilibrium composition is
reached and the driving force dissipated [173].

To validate these theoretical calculations, a two-dimensional analysis and
simulation are suggested. Here, Equation 5.33, now accounting for a circular
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particle within a two-dimensional area, is expressed as:

∆G = −πr2∆Gv + 2πrγint. (5.37)

Differentiation of Equation 5.37 leads to:

r∗ =
γint
∆Gv

, (5.38)

and,

∆G∗ =
πγint

2

∆Gv
. (5.39)

The two-dimensional critical nuclei curvature radius is found as 16.3 nm.
There is a simple factor of 2 between the three-dimensional and two-dimensional
case, i.e. the critical radius of a two-dimensional nucleate is half that for
the three-dimensional case. Figure 5.12 plots the full analysis for the two-
dimensional case.

Figure 5.12: Analysis of the two-dimensional critical nuclei for the β phase
precipitation from a supersaturated α matrix (xα

H = 0.1) considering the minimum,
maximum and average value for the interphase energy quantified in Section 4.1.3.

As expected, the values for the critical radius are all half of those of the
three-dimensional case, and the net change in energy is given per length.
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For proof checking this concept a simulation of a supersaturated α with 0.1
hydrogen mole fraction containing an initial circular β phase particle with
a radius smaller and bigger than the critical radius, 12.0 nm and 17.0 nm,
respectively, was performed. For this simulation, the mesh adaptivity system
that automatically refines or coarsens the mesh in regions of high or low
estimated solution errors was applied to the ηβ field variable, as implemented
in MOOSE [58], with two cycles per step with a maximum h level of 2.
Therefore, an overall initial mesh size of ∆x = ∆y = 0.8 nm was employed.
Figure 5.13 illustrates the effect of mesh adaptivity after the interphase region
is developed to its equilibrium profile.

Figure 5.13: Illustration of the adapted mesh after the interphase region has
developed its equilibrium profile on a two-dimensional simulation.

Afterwards these mesh adaptivity settings were used for simulations of the
dissolution and growth of the particles 12.0 nm and 17.0 nm. The resulting
simulations are shown in Figure 5.14.

From Figure 5.14 it is seen that for the initial particle size with r0 =12.0 nm
(r0 < r∗) the particle starts shrinking, i.e. dissolves into the α matrix. As
time passes, both the β particle and the α matrix become enriched in hy-
drogen. However, the overall composition of the simulation domain remains
constant with negligible variations (< 1 × 10−8 molH/µm3). For this case,
the β phase enriches in hydrogen to fulfill the imposition of the system having
the same hydrogen chemical potential at the interphase, which comes from
the KKS model. As shown in Figure 5.9, for an increasing supersaturation
above mtxαH , the chemical potential of hydrogen in the α phase increases, i.e.
∂2Gα

∂x2
H

> 0, inducing the increase of hydrogen composition of the β phase,
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Figure 5.14: Simulation of two initial circular β phase particles within a α
matrix with identical supersaturation state. The images use the same color range
representing the hydrogen mole fraction in the simulation cell. The upper row
illustrates the evolution in time for an initial particle with r =12.0 nm, while the
bottom row shows the evolution of an initial particle with r =17.0 nm.

maintaining the correspondence in chemical potential. Even though for this
simulation the driving force for the formation of β is increasing with time,
the areal energy contribution dominates and a positive energetic feedback
for the dissolution of the initial β particle perpetuates until the particle is
completely dissolved. For an initial particle size with r0 =17.0 nm (r0 > r∗)
the opposite occurs. As the critical curvature radius is greater than the crit-
ical one, the volumetric contribution is dominant, and the system reduces
its free energy by growing the β phase fraction with the expense of reduc-
ing the supersaturation of the matrix. Both α and β phases compositions
develop tending to reach their equilibrium compositions, eqxαH , and eqxβH ,
respectively, at the steady-state, as shown it the bottom row of Figure 5.14.
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5.2.3 Simulations of the FeTi alloy hydrogenantion

This section introduces a hydrogen flux (J⃗H) to the simulation domain, en-
abling the proper simulation of (de)hydrogenation processes.

The flux of hydrogen species in the Cahn-Hilliard equation, i.e. Equa-
tion 2.43, is given by:

∂xH
∂t

= −∇ · J⃗H, (5.40)

and

J⃗H = −MH∇µH. (5.41)

The accumulation of the hydrogen species inside the domain Ω is given
by the difference of the flowed species inwards and outwards Ω through its
surface Γ. Since hydrogen is considered conserved, there is no production of
extra species within the domain and therefore, the accumulation takes the
form:

∂xH
∂t

= −
∮
Γ

J⃗H · n̂, (5.42)

Note that Equation 5.42 describes the boundary condition shown in Equa-
tion C.19. Therefore, a hydrogen flux can be induced into the system if a
chemical potential gradient is applied to part or the totality of Γ.

The Gibbs energy expression of the H2 gas, as shown in Figure 5.15, may
be used to quantify the variation of the chemical potential associated with
an external hydrogen partial pressure applied to the system’s boundaries.

With the Maxwell relation derived from the Gibbs energy, the volume can
be expressed from:

V =

(
∂G

∂P

)
T

. (5.43)

Using Equation 5.43, the Gibbs energy density (g) may be acquired by:

g =
G

V
=

G(
∂G
∂P

)
T

. (5.44)

Figure 5.16 compares the Gibbs energy density resulting from the ideal
and Joubert’s [13] models for the H2 gas.
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Figure 5.15: H2 gas Gibbs energy over pressure at different temperatures com-
pared to its ideal model (Gid) at room temperature 298K.

Figure 5.16: Gibbs energy density as a function of pressure using the ideal
model (Gid) and Joubert’s model for the H2 gas at 298.15K.
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As the energy density deviates negligibly from the idea model at pressures
below 1 × 107 Pa, the ideal model is employed to derive the following ther-
modynamic relations. As follows, applying Equation 5.44, the expression of
the molar volume of the pure H2 gas (Vm

gas
H2

) is given by:

Vm
gas
H2

=

(
∂Ggas

H2

∂P

)
T

=

∂
(
Ggas

H2
+RT ln P

P0

)
∂P


T

=
RT

P
(5.45)

The Gibbs energy density of the H2 gas (ggasH2
) is consequently obtained

by dividing the H2 end-member term of Equation 3.33 (expression for the
pure H2 gas) by Equation 5.45:

ggasH2
=
P Ggas

H2

RT
+ P ln

(
P

P0

)
(5.46)

.
Considering that the current system’s temperature (T ) and pressure (P )

define the reference H2 gas energy density state (1ggasH2
) and that a surplus

of hydrogen partial pressure (Ps) is applied externally onto the system caus-
ing an over potential (2ggasH2

), the variation of the Gibbs energy density of
hydrogen toward the solid is given by ∆ggasH2

= 1ggasH2
− 2ggasH2

, and expressed
by:

∆ggasH2
= (P − Ps)

[
0Ggas

H2

RT
− lnP0

]
− Ps ln(Ps) + P ln(P ) (5.47)

Note that Pa ≡ Jm−3, and as expected, the pressure overpotential trans-
lates directly into a variation of the chemical potential.

Figure 5.17 shows the relationship between the surplus hydrogen par-
tial pressure applied to the system and the associated variation of hydrogen
chemical potential expected at the boundary.

Figure 5.17 identifies an external pressure for a given system and retrieves
information on the H2 chemical potential variation at the boundaries. In
essence, the combination of Equation 5.47 and Equation 5.42 gives a quanti-
tative perspective to track how an external hydrogen partial pressure applied
to the boundaries of the simulation domain induces an over potential and
consequently a hydrogen flux within the system. If Ps = P , the variation
of hydrogen chemical potential ∆µH = 0, and no hydrogen flux is induced.
However, if Ps > P ∴ ∆µH > 0, an induced hydrogen flux inwards the Ω
simulation domain exists, and vice versa.

Figure 5.18 shows the simulation of the FeTi metal-hydride system when
a surplus of pressure, i.e., ∆P = Ps − P , of approximately 50Pa, yielding
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5. Phase-Field Simulations of the FeTi Hydrogenation

Figure 5.17: Gibbs energy density variation as a function of surplus hydrogen
partial pressure considering that the system is at 310K and 997 091Pa. The solid
black line and the dashed blue line represent the energy density variation using
Joubert’s model and the ideal model for the H2 gas.

a variation of Gibbs energy density of 5 × 10−7 nJµm−3, is applied to the
boundary in contact with an initial β hydride phase.

Note that an induced flux into the simulation domain exists just with an
extremely low-pressure variation. This is possible because the system is in-
ternally in para-equilibrium, and any perturbation on the chemical potential
acting on the α or β phase is sufficient to induce the system to develop. The
volumetric β phase fraction is calculated at each step by

ηtβ =
1

V

∫
Ω

(ηβ) dΩ, (5.48)

and hydrogen mole fraction by

xtH =
1

V

∫
Ω

(xH) dΩ. (5.49)

Figure 5.19 shows the resulting evolution of these fractions during simula-
tion of the induced flux, and illustrates the evolution of the β phase fraction
and hydrogen mole fraction when submitted to a differential pressure of 50Pa.
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5.2. Phase-Field Simulations

Figure 5.18: Simulation of the hydrogenation of the FeTi alloy with a surplus
hydrogen partial pressure of ∆P = 500Pa at 310K. The initial state of the system
comprises a α − β − H2 equilibrium under 310K and 997 091Pa. The simulation
progresses until the β phase dominates to the detriment of a α phase fraction
reduction.

This opens up a crucial path for understanding the hydrogenation process
kinetics in response to the applied pressure. The data provided allows for
an assessment of the stability and performance of the material under these
particular conditions, quantitatively reflecting the engineering variables as-
sociated with the application of the FeTi alloy for hydrogenation processes.
A similar concept of overpotential-induced hydrogenation simulation devel-
oped in this section could be used in larger-scale simulation to compute PCI
curves under dynamic conditions.

5.2.4 Simulations of spinodal decomposition of the β phase

The thermodynamic model of phase β developed in this work describes a
miscibility gap that concerns the decomposition of phase β into two different
phases named β1 and β2 with different hydrogen composition if the temper-
ature is kept below a certain critical temperature (Tc). For these tempera-
tures, the Gibbs energy of the β phase assumes a double well-shaped curve
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Figure 5.19: Simulation of the β phase fraction and hydrogen mole fraction
evolution due to a surplus hydrogen partial pressure of ∆P = 50Pa at 310K.

(see Figures 5.1 and 5.9 for instance). This characteristic is expressed within
the equilibrium phase diagram of the temperature composition of the FeTi-H
system, as shown in Figure 5.20, more specifically within the β phase region.
Under these conditions, the phase is split into two determined equilibrium
lines representing the internal equilibrium of the β phase, or in other words,
the compositions at which the hydrogen chemical potential equalizes within
the β phase itself.

Spinodal decomposition is a spontaneous kinetic phenomenon correlated
with these thermodynamic features. It consists of the amplification of a
natural compositional fluctuations within a homogeneous phase. Such trans-
formation is generally observed when materials are subjected to quenching.
As fluctuations of thermodynamic potentials are practically impossible to
prevent, a homogeneous phase annealed within a miscibility gap becomes
unstable regarding phase separation and decomposes into two different sta-
ble compositional regions.

A brief analysis of the miscibility gap within the β phase with respect to
temperature is illustrated in Figure 5.21 a), and b). Figure 5.21 a) demon-
strates that at internal thermodynamic equilibrium below 324 K, the phase
β is more stable if it is decomposed into the phases β1 and β2. The stable
fractions of each phase depend on temperature and composition and tend
to be more pronounced as the temperature decreases. Figure 5.21 b) shows
the equilibrium fraction of the spinodally decomposed β1 and β2 phases as a
function of temperature for the nominal composition of 0.41 hydrogen mole
fraction (correspondent to the composition value of Tc). The compositions of
both β phases are stabilized with two distinct composition sets. The β1 has a
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Figure 5.20: Calculated temperature-composition paraequilibrium phase dia-
gram of the FeTi-H system. The red arrow indicates the simulation proposed in
this section

lower solubility limit for hydrogen and tends to its stoichiometric composition
(FeTiH) at low temperatures. The β2 phase exhibits a higher concentration
of hydrogen, and approaches the composition of the (FeTi)2H3 compound,
with levels of hydrogen mole fraction around 0.43. Note that only the phase
fractions of β1 and β2 are dependent on both temperature and composition;
the internal equilibrium composition of these phases is only dependent on
temperature. The simulation of such spinodal decomposition is proposed
and shown in Figure 5.22. The simulation may be viewed as the quenching
of a hydrogenated FeTi alloy with a hydrogen fraction of xH = 0.39 from
a temperature above Tc, which would consist of a homogeneous phase β,
to 300K, which is below Tc. This process is shown with a red arrow su-
perimposed on the temperature-composition equilibrium phase diagram in
Figure 5.20.

For this simulation, the domain was initiated with a random distribution
of the hydrogen composition within the miscibility gap between xH = 0.35
and xH = 0.43. Periodic boundary conditions were applied to all of the two-
dimensional 100 nm x 100 nm simulation domain. The adaptive mesh was
not enforced and the finite elements were defined with ∆x = ∆y = 0.667 nm.

Figure 5.22 shows that maintaining the kinetic parameters for diffusion
in the α phase, a clear spinodally decomposed two-phase microstructure is
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Figure 5.21: Analysis of the thermodynamics of β phase spinodal decomposition
for the nominal composition of 0.41 hydrogen mole fraction over temperature. a)
evolution of the β1 and β2 hydrogen content; b) evolution of phase fraction of the
β1 and β2 phases

Figure 5.22: Snapshots of the simulation of the β phase spinodal decomposition
at 300K. a) 0.000s or initial state; b) 0.001s; c) 0.050s; d) 0.500s; e) 5.000s; f)
50.000s; g) 500.000s; and h) 5000.000s or steady state.

obtained in fractions of seconds. Moreover, the compositions of the β1 and
β2 phase regions were the same as that calculated at 300K in Figure 5.20,
further confirming that the Gibbs energy for the β phase is well implemented
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within the phase field model.
The potential benefit of using this β phase model with a miscibility gap

in practical applications consists of the possibility of capturing limiting or
threshold levels of combined external engineering thermodynamic potentials
(e.g. temperature, pressure and strain) that trigger the formation of the β2
phase. As discussed in Section 3.2.5, the β2 phase may be interpreted as a
precursor metastable phase from which the γ phase nucleates. Because the γ
phase is potentially a more stable phase within the FeTi-H system, it could
be the reason for the observed trapped hydrogen within the material, which
decreases its potential as a reversible hydrogen storage material. Thus, this
model potentially allows for understanding the thermodynamic conditions
that can prevent the phases detrimental to the alloy’s reversible properties
and may indicate operational parameters that promote the full hydrogenation
reversibility for hydrogen storage applications.

5.2.5 Simulations of coupled micromechanics for phase
transformation

This section presents examples of the coupling of micromechanics with phase
transformation demonstrated in Section 2.4.3 and Section 4.2.2. For an ini-
tial circular embedding of β particles in a matrix α in the x − y Cartesian
plane, the function B(n⃗) for the full coherence case produces a habit plane
perpendicular to [0 1 0] (see Figure 4.9 for reference) as shown in Figure 5.23.

Figure 5.23 shows that the minimum elastic energy represented by the
vector n0 occurs in the [1 0 0]β direction. Consequently, as discussed in more
detail in Section 4.2.2, the expected habit plane that would evolve during a
simulation along the plane (0 0 1)β should be perpendicular to the n0 direc-
tion, i.e. the plane (1 0 0)β .

As a preliminary validation, a simulation adhering to these parameters is
suggested. In this simulation, a two-dimensional domain Ω with dimensions
of 200x200 nm in the x − y plane was constructed. As initial conditions, a
circular particle β with a radius of 25 nm is centralized in Ω. Unlike previous
simulations, the temperature was set at 333K to avoid the occasional first-
order thermodynamic transition of β into the β2 phase. The pressure was
set following the calculated plateau pressure for this temperature condition,
as seen in Figure 3.20. Zero Dirichlet boundary conditions were enforced
for all displacement variables perpendicular to the boundaries of Ω, i.e., no
volumetric change of Ω was ensured. Both the time step and mesh adaptive
were employed. Figure 5.24 shows the resulting simulation.

As the β phase is formed causing a high volumetric expansion, enforcing
constrained displacement at the boundaries should effectively play against
the dissipation of the associated elastic energy, inducing the β phase to dis-
solve into the matrix. In Figure 5.24 it can be quantitatively observed that
the α matrix increases in hydrogen content and consequently the volume
fraction of β decreases, as indicated at least qualitatively.
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Figure 5.23: Polar plot of the B(n⃗) function calculated on the (0 0 1)β plane.
Black arrows represent the direction that minimizes the function (B(n⃗0)) in the
x− y Cartesian plane.

Moreover, the particle evolves in a transient transformation that ap-
proaches the minimization of the free energy of the system composed of the
Gibbs energy densities of the phases, the homogeneous chemical contribution
to the interphase energy, and the elastic energy. The only inhomogeneous
property associated with the free energy of the simulation cell is the elastic
energy and, therefore, is the only contribution that causes the variation of
the morphology of the β particle.

In this two-dimensional simulation on the x − y plane, the phase field
simulation confirms the prediction of the micromechanic analysis as the β
particle evolves following the habit plane (1 0 0)β predicted in Figure 5.24.

To demonstrate a three-dimensional visualization, Figure 5.25 presents the
initial stage of a spherical particle within a α phase matrix after the very re-
solved first step of t ≈ 1×10−6 s. The volume of the simulation domain Ω was
set with dimensions of 200x200x200 nm in the x−y−z Cartesian coordinates.
Volume variation was constrained by imposing constant (Dirichlet) zero dis-
placement boundary conditions to displacement variables perpendicular to
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Figure 5.24: Simulation of a circular β particle on the x − y plane for con-
strained boundary displacement. Top row: simulation stage at 0.69 s; bottom row:
simulation stage after 12 s.

the surface boundary plane. The effects of the stress-free transformation
strain presented in Section 4.2.2 can be observed in Figure 5.25.

In Figure 5.25 a) it is evident that the highest displacement magnitude
occurs along the x direction. A better quantitative visualization of displace-
ment in the Cartesian sections x−z, y−z, and x−y illustrated in Figure 5.25
is shown in Figure 5.26 a), b) and c), respectively.

Note that the x−z plane presents the lowest maximal displacement value,
while displacements develop at its minimum along the z direction. The
displacement along x is clearly dominant. Furthermore, the magnitude of
displacement is a directly proportional function of the precipitate fraction
within Ω and is expected to be more intense for a larger volume of precipitate
β.

Figure 5.27 illustrates the monitored morphological evolution of the initial
circular precipitate across the three orthogonal planes depicted in Figure 5.26
through a two-dimensional computer simulation. These simulations were
conducted by rotating the material properties of the system relative to the
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Figure 5.25: First resolved step of a volumetric simulation of an initial spherical
β particle within a α matrix. a) displacement magnitude in µm; b) order parameter
ηβ , representing the phase fraction of β; c) hydrogen mole fraction.

Figure 5.26: Displacement magnitude on the plane sections. a) x− z, b) y− z,
and c) x− y.

fixed Cartesian space x − y − z. Specifically, the elasticity stiffness tensors
Cα

ijkl and Cβ
ijkl, together with the stress-free transformation strain ϵSFTS

ij ,
were adjusted so that the x− y plane was reoriented to align with x− z and
y − z, as demonstrated in Figure 5.27 a) and Figure 5.27 b).

A principal characteristic of the morphological evolution, as illustrated in
Figure 5.27, is that for any simulation involving the x axis, the particle tends
to elongate, aligning its morphology following the habit plane (1 0 0)β . As
the inhomogeneous elasticity of the α and β phase is not so pronounced, the
elevated value of the stress-free strain ε11 (see Equation 4.38 for reference)
can be interpreted as the predominant factor influencing the phase morphol-
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Figure 5.27: Evolved hydrogen mole fraction for all the Cartesian planes. a) In
x− z after 20 s, b) In y − z after 10 s , and c) In x− y after 20 s.

ogy evolution. In contrast to these planes, the morphology of the particle
simulated along the y−z plane manifests distinct morphology, with the β pre-
cipitate transitioning from a circular to a more squared configuration, and
no preferential direction is observed. The simulation result indicates that
a three-dimensional phase-field simulation would produce an almost plate-
shaped β phase. It is worth mentioning that the simulation performed along
the y − z presented faster kinetics for the precipitate dissolution in the α
matrix and was completely dissolved already after 20 s physical time. In con-
trast, along the x− z and x− y planes, the precipitate continued to develop
its morphology at this point. However, in all cases, the precipitate was fully
dissolved by the end of each simulation.
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6 Summary andOutlook

This chapter summarizes the dissertation and outlines potential directions
for further development of the presented findings and models.

6.1 Summary of the dissertation

In this doctoral thesis, a quantitative-based phase-field model for the sim-
ulation of the hydrogenation of a two-phase FeTi-H system is developed.
The model comprises integrated multi-physical properties of the solid and
gas phases obtained in their majority from theoretical quantum mechanical
calculations and by computational thermodynamic assessments informed by
a mix of theoretical analysis and experimental measurements. The major
contributions of this work are as follows.

1. DFT settings that ensure precise computational determination of var-
ious properties of crystal structures within the FeTi-H system, along
with their emergent characteristics — such as lattice parameters, equi-
librium bulk volume, elastic constants, activation energy barrier for
hydrogen diffusion, formation and reaction energies, interfacial energy,
and surface energies — have been identified.

2. The comprehensive thermodynamic model of the FeTi-H system was
successfully developed. The computation of the bulk phase equilib-
ria accurately yields solubility limits and invariants of phase trans-
formation in the full operational temperature and hydrogen pressure
ranges. The comprehension of equilibrium types and their correlation
with structural variants of hydride phases within the system has been
significantly enhanced. Furthermore, the thermodynamic model as-
sessed in this work employs the state of the art model for H2 gas, and
is analytically congruent with existing models for the equimolar body-
centred cubic phase in the Fe-Ti system. This congruence facilitates
near-seamless integration into the comprehensive Fe-Ti-H system and
allows for its extension to other multi-component systems.

3. A new generalizable approach for analysing the interphase properties
between metal-hydride systems is developed. The framework not only
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reduces the computational demand for quantifying interfaces, but also
combines these accurate DFT calculated properties with fundamental
thermodynamics of surfaces and interfaces and micromechanical anal-
ysis. The framework was applied to the FeTi-H system, from which
several outcomes were obtained: surface energies of the hydrides were
quantitatively calculated, demonstrating that the hydrogenation of the
metal and hydride surfaces is stabilized when capped with hydrogen.
The interplay between chemical and coherency elastic strain energy
contributions of the metal-hydride interfacial energy was demonstrated
showing that a coherent, mixed coherent state governs the morphology
of FeTiH-β precipitates in an homogeneous FeTi-α matrix.

4. A quantitative-based phase field model for the FeTi-H system was de-
veloped. The model properly incorporates realistic thermodynamic
functionals assessed with Calphad method, as well as the chemical and
inhomogeneous elastic strain energy of the interface. The hydrogen mo-
bility is combined with the structural and chemical parameters allow-
ing for a realistic temporal simulation of the diffusion-controlled phase
transformations. Furthermore, a rigorously quantitative approach was
demonstrated for hydrogen flux induced by overpotential, predicated on
the variation in Gibbs energy density of H2 gas as a boundary condition.
This methodology allows for precise control of temporal dependencies
related to hydrogen gas temperature and pressure, relevant to practical
usage scenarios. Ultimately, all elastic anisotropic effects arising from
the integrated chemo-mechanical interactions between the FeTi-α and
FeTiH-β phases were meticulously incorporated into the model. These
effects were rigorously validated through fundamental simulations to
ascertain the robustness of the integrated model parameters against
theoretical predictions.

6.2 Future perspectives

Further proposed investigations based on the current model

The present doctoral work provides a general multi-scale computational ap-
proach for quantitatively modeling microstructure evolution in inhomoge-
neous metal-hydride systems, which was primarily applied to the FeTi-H
system. The developed phase-field model includes accurate fundamental
quantitative properties and sets the basis for further comprehensive improve-
ment of the FeTi hydrogenation model. The provided model may already be
employed to investigate several phenomena, which is listed below as an indi-
cation of the future simulations capable of supporting answering interesting
scientific questions:

1. Identify the effect of arbitrary applied strain onto the system on the
kinetics of hydrogenation and dehydrogenation. These can be inferred,
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for instance by the kinetics of the hydride phase formation and disso-
lution, respectively.

2. Identify the directionality of the strain and stresses resulting from the
formation of the hydrides and their effect on the kinetics of multiple
precipitates interactions in monocrystal α matrix.

3. Assess the variation of hydrogen energy density associated with varia-
tions in temperature and hydrogen partial pressure necessary to hydro-
genate the system when mechanics are involved. This analysis would
elucidate the contribution of mircromechanics of the precipitates on
the hysteresis effect observed in experimental PCI curves, allowing for
a better comprehension of the operational conditions for hydrogenation.

4. Simulate the hydrogenation properties under several time-dependent
thermodynamic conditions in order to identify mechanisms that could
lead the β phase to transform into β2

Further proposed extension of the current model

The efforts for further improving the provided model can be distinguished
in two main categories, those related to the expansion for multi-chemical
dependencies, and those related to multi-structural dependencies.

Among others, the following list indicates the key next steps to further
develop the model in relation to the chemical dependencies:

1. The thermodynamic model of the FeTi-H system isoplethal section can
be incorporated into the full ternary Fe-Ti-H system. The end-members
thermodynamic model parameters arising from the expansion of the
FeTi-H models into the Fe-Ti-H system can be evaluated from DFT
calculations.

2. Evaluate the mobility of metallic elements within all the phases of the
system. The assessed mobilities, in its best, would comprise structure,
temperature, and chemical dependencies. These dependencies would
allow not only for simulating local segregation of the metallic atoms
and their impact on the hydrogenation of the FeTi-H system but also
help on evaluating the degradation of the material during its long-term
application. This analysis would be possible, for example, by simulating
the disproportionation of the hydride into other intermetallic phases,
e.g. the C14 Laves phase and titanium hydride that are more stable
than the ternary hydrides. As FeTi primary potential application is
related to stationary storage, evaluating the disproportionation of the
material is highly desired.

3. Expand the thermodynamic model of the phases to include new ele-
ments of interest. The expansion of the thermodynamic models for
multi-component systems is crucial for evaluating the influence of new
elements on the thermo-kinetic properties of hydrogenation. A multi-
component thermodynamic model is essential for studying, for exam-
ple, the feasibility of using recycled materials and raw materials with
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lower purity for hydrogen storage application. Furthermore, these as-
sessments could be used for computational high-throughput (at its best
with use of machine learning algorithms) to optimize compositions that
provide best thermodynamic properties for reversible hydrogenation.

When it comes to structural improvements, the following list could be
explored:

1. The phase-field model can be expanded to comprise muitiple precipitate
orientations. This is achieved by including multiple order parameters
for each crystiline orientation of the β phase. This could improve the
simulation of the precipitation interaction and the influence of the inho-
mogeneous elasticity emerging from the interaction of these precipitates
with themselves and the matrix α.

2. The phase-field model can be expanded to comprise polycrystalline
α matrix. This can be achieved by including new set of order pa-
rameters for the α phase related to its crystalline orientation in the
simulation domain. To accomplish this, the inhomogeneous elasticity
model for the matrix should be rotated accordingly, and the interfa-
cial energy between the grains should be quantitatively characterized,
possibly with DFT. This model can then be applied to study the coars-
ening kinetics of precipitates in the presence of grain boundaries. The
elastic fields generated by grain boundaries would affect diffusion ki-
netics. The grain boundary density would have a net contribution on
the diffusion-controled processes, thereby affecting the hydrogenation
kinetics. In addition, the ripening kinetics between precipitates across
the grain boundary can be investigated, and the precipitate evolution
kinetics of multiple precipitates in polycrystals can be studied.
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A QuantumMechanics

A.1 Investigation of DFT settings

For the DFT settings analysis, the basic exchange-correlation functionals
PW91, PBE, and PBESol were employed. To address the possible strong elec-
tronic correlations of the localized orbitals, an on-site Hubbard U correction
[174, 175, 176] was included as an additional parameter for each of these ba-
sic functionals. For the Hubbard analysis, U values were set to 4.0 eV for Ti
and 4.3 eV for Fe. Additionally, long-range dispersive (van der Waals) inter-
actions for PBE and PBESol were also explored by incorporating the DFT-D3
correction method with Becke-Johnson damping [177, 178].

As a first step, the DFT settings were converged over k-point spacing. For
this purpose, an initial ENCUT=700 was employed, and the values of k-point
spacing were varied using values of 0.5, 0.4, 0.3, 0.2, 0.15, 0.1, 0.08, and 0.06.
The optimal value for k-point spacing was selected as that less refined value
performing with a variation not exceeding 0.001 eV/atom in comparison with
that of the most refined calculation using kspacing = 0.06). Ultimately, the
optimal value was found as kspacing = 0.2.

Subsequently, the selected k-point spacing was maintained throughout all
calculations while scanning the ENCUT value from 250 eV to 700 eV with steps
of 50 eV. An additional value of ENCUT=520 was also tested for comparison
with the literature, which often uses this value as a standard. Figure A.1 and
Figure A.2 illustrate the results for the cubic α and orthorhombic β phases,
respectively.

As shown in Figure A.1 and Figure A.2, the value of ENCUT=500 is demon-
strated to be sufficient to produce a negligible variation with respect to the
most refined run using ENCUT=700. This value was therefore kept constant
throughout all the calculations in this study.

For each exchange-correlation functional used in this study, the energy
vs. volume variation data points were fitted to the Birch–Murnaghan equa-
tion of state. The cell shape and ion positions were relaxed for each selected
volume of the α and β compounds, employing ISIF=4 within VASP for this
purpose. The equilibrium volumes (V0) of the compounds were determined
by minimizing the fitted Birch–Murnaghan curve. Based on these equilib-
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rium volumes, the compounds were generated, and additional DFT runs were
performed with refined settings for energy convergence, with residual atomic
forces less than 5×10−6 eV·Å−1 and energy tolerance of 1×10−8 eV.

In addition, the bulk moduli (B0) and their derivatives with respect to
pressure (∂B0/∂P ) are determined using the fitted Birch–Murnaghan curve.
The comparison of the performance of each exchange-correlation functional
employed in this study to calculate the bulk properties of the compounds α
and β is presented in Figures A.3 and A.4, respectively. These figures include
a comparison with experimental data from the literature.

Based on the analysis of the bulk properties presented in Figures A.3
and A.4, three DFT settings to further investigate the synergetic proper-
ties between the α and β phases were selected. The choice of PW91, PBE,
and PBESol + U was made because, in the ground state, the volume of the
compounds should be smaller and their moduli are expected to be higher
than those measured under room conditions. Table A.1 displays the lattice
parameters resulting from the bulk optimization using these DFT settings.

Table A.1: Calculated lattice parameters for the cubic, and tetrahedral α, and
orthorhombic β phases using different DFT settings. The superscripts c, t, and o,
refer to the cubic, tetrahedral, and orthorhombic lattice parameters, respectively.

XC-functional acα [Å] atα [Å] ctα [Å] aoβ [Å] boβ [Å] coβ [Å]

PW91 2.953 4.176 2.953 4.559 4.264 2.903
PBE 2.954 4.179 2.954 4.543 4.271 2.918

PBESol + U 2.968 4.197 2.968 4.569 4.235 2.932

The ground state energy of the H2 molecule was calculated using the same
settings and utilized to calculate the reaction energy of hydrogen absorption
in the ground state. The results are shown in Table A.2

Table A.2: Calculated energy of absorption (∆Eabs [kJ/mol.H2]) using different
exchange-correlation functionals.

XC-functional ∆Eabs kJ/mol.H2

PW91 −24.9
PBE −20.9

PBESol + U −17.8

The computed value of ∆Eabs with PW91 is found as −24.94mol.H2. This
value falls within the range of the reaction enthalpy for the formation of
β hydrides during FeTi hydrogen absorption, which is reported between
−22.8 and −27.4 kJ/mol.H2 as summarized by Dematteis et al. [35]. These
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A.1. Investigation of DFT settings

Figure A.1: ENCUT value convergence test performed for the cubic α phase
with respect to a refined run of ENCUT=700 and kspacing = 0.2.
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Figure A.2: ENCUT value convergence test performed for the orthorhombic β
phase with respect to a refined run of ENCUT=700 and kspacing = 0.2.
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Figure A.3: Equilibrium volume (V0 Å3), bulk modulus (B0 [GPa]) and its
partial derivative in respect to pressure (∂B0/∂P [-]) using different DFT exchange-
correlation functional for the cubic α phase. The dashed lines correspond to exper-
imental values from the literature [145].
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Figure A.4: Equilibrium volume (V0 Å3]), bulk modulus (B0 [GPa]) and its
partial derivative in respect to pressure (∂B0/∂P [-]) using different DFT exchange-
correlation functional for the orthorhombic β phase. The dashed line corresponds to
the experimental value from the literature [134] measured for the analogous FeTiD-
β deuteride.
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results suggest that the PW91 functional provides a consistent representa-
tion of emerging properties between metal and hydride in the FeTi system
and supports its suitability for quantifying the chemical contribution to the
interphase-boundary energy in this study.

The three selected functionals are employed to compute the elastic stiff-
ness tensor (Cijkl) of the tetrahedral α and orthorhombic β phases, shown
in Table A.3 and Table A.4, respectively.

Table A.3: Calculated elastic constants (in GPa) in Voigt notation for the tetra-
hedral α phase.

XC-functional

Elastic constants PW91 PBE PBESol + U

c11 306.0 310.0 371.4
c22 306.0 310.0 371.4
c33 379.5 385.0 388.3
c44 148.3 151.0 142.9
c55 75.0 78.5 106.0
c66 75.0 78.5 106.0
c12 165.0 162.7 121.3
c13 106.5 103.0 88.6
c23 106.5 103.0 88.6

Table A.4: Calculated elastic constants (in GPa) in Voigt notation for the tetra-
hedral β phase.

XC-functional

Elastic constants PW91 PBE PBESol + U

c11 313.0 314.6 340.6
c22 302.2 302.7 332.3
c33 360.0 353.1 374.1
c44 86.3 87.0 59.4
c55 63.4 66.5 121.9
c66 74.5 75.4 64.8
c12 173.3 173.7 148.3
c13 82.8 82.8 89.4
c23 99.6 95.0 86.8

For each functional used, stress-free transformation strain matrices were
constructed using the lattice parameters obtained for the tetrahedral α and
orthorhombic β phases. This information was combined with their respective
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Cijkl values to calculate the B(n⃗) function. The resulting B(n⃗) surface for
computations with the three selected functionals is displayed in Figure A.5.

Figure A.5: Illustration of the calculated B(n⃗) function using the simple average
α and β phases elastic stiffness tensor (Cijkl) and stress-free transformation strain
computed with results obtained when using: a.1) and a.2) PW91; b.1) and b.2) PBE;
c.1) and c.2) PBESol +U, from diagonal and [0 1 0]β perspective, respectively.

The minimum vector n⃗0 was determined through numerical minimiza-
tion. For all three employed functionals, it was found that n⃗0 is parallel to
the (0 1 0)β plane. To facilitate comparison, the n⃗0 vector that forms the
smallest positive angle (Θ [°]) with respect to the (0 0 1)β plane was selected.
The results for the different exchange-correlation functionals are presented
in Table A.5.

The Khachaturyan-Shatalov microelasticity theory assumes a homoge-
neous elastic modulus between the parent and precipitate phases. Figure A.5
displays the B(n⃗) function surface when employing the simple average elas-
tic stiffness tensor (Cijkl) for the α and β phases. However, to explore the
boundaries of our approach, the B(n⃗) function was also calculated using the
individual Cijkl values for the α and β phases. Table A.5 compares the angle
(Θ) using these assumptions for the selected exchange-correlation function-
als employed. It is worth noting that, especially for the PW91 functional,
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the choice between the homogeneous Cijkl values derived from the simple
average, the α phase, or the β phase has minimal impact on the orientation
of the coherent habit plane. This suggests that the small "bump" curve ob-
served around the ±[0 1 0]β directions, leading to the inclination of the habit
plane at an angle Θ, is likely an inherent characteristic of the FeTi metal-
hydride system rather than a result of approximations or assumptions in
these exchange-correlation functionals. Furthermore, these findings also sup-
port the justification for using average lattice parameters in the construction
of interface slabs and average bulk moduli in the micromechanics analysis
conducted in this study.

Table A.5: Calculated habit plane orientation angle (Θ) in respect to the (0 0 1)β
plane using different DFT settings (note that all n⃗0 were found parallel to the
(0 1 0)β plane).

XC-functional Cijkl from: Θ [°]

avrg(α, β) 19.43
PW91 α 19.43

β 19.43
avrg(α, β) 15.35

PBE α 17.38
β 15.34

avrg(α, β) 17.38
PBESol + U α 17.38

β 19.43
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Calculated DFT Reaction Enthalpies

The calculated reaction energies for the permutation of hydrogen in all pos-
sible interstitial sites of the β and γ phase structures, as referred in Sec-
tion 3.2.3 are presented in Figure A.6, and Figure A.7, respectively.

Figure A.6: DFT ground-state reaction energies (hydrogen absorption) of the
compounds with β crystal structures obtained by hydrogen-vacancy permutations
in the octahedral sites.

Figure A.7: DFT ground-state reaction energies (hydrogen absorption) of the
compounds with γ crystal structures obtained by hydrogen-vacancy permutations
in the octahedral sites.
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Surface and interface slab models

In this section, the illustrations of each interface slab model and their asso-
ciated strained surface slab models that were used to calculate the chemical
contribution of the interface energy presented in Section 4.1.3 are shown in
Figure A.8 to Figure A.14.

Figure A.8: Illustration of the slab structures of the interface slab and its
reference strained slabs. a) (1 1 0)FeTi

α∗ , b) (1 0 0)FeTi
β∗ , and c) (1 1 0)FeTi

α ∥ (1 0 0)FeTi
β

slab.
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Figure A.9: Illustration of the slab structures of the interface slab and its refer-
ence strained slabs. a) (1 1 0)FeTi

α∗ , b) (1 0 0)Fe2Ti2
β∗ , and c) (1 1 0)FeTi

α ∥ (1 0 0)Fe2Ti2
β .

Figure A.10: Illustration of the slab structures of the interface slab and its
reference strained slabs. a) (1 1 0)FeTi

α∗ , b) (1 0 0)H2
β∗ , and c) (1 1 0)FeTi

α ∥ (1 0 0)H2
β .
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Figure A.11: Illustration of the slab structures of the interface slab and its
reference strained slabs. a) (1 1 0)FeTi

α∗ , b) (0 1 0)H2
β∗ , and c) (1 1 0)FeTi

α ∥ (0 1 0)H2
β .

Figure A.12: llustration of the slab structures of the interface slab and its
reference strained slabs. a) (1 1 0)FeTi

α∗ , b) (0 1 0)Hβ∗ , and c)(1 1 0)FeTi
α ∥ (0 1 0)Hβ .
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Figure A.13: llustration of the slab structures of the interface slab and its ref-
erence strained slabs. a) (0 0 1)Fe2α∗ , b) (0 0 1)Fe2H2

β∗ , and c) (0 0 1)Fe2α ∥ (0 0 1)Fe2H2
β .

Figure A.14: Illustration of the slab structures of the interface slab and its
reference strained slabs. a) (0 0 1)Ti2

α∗ , b) (0 0 1)Ti2
β∗ , and c) (0 0 1)Ti2

α ∥ (0 0 1)Ti2
β .
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B Thermodynamics

B.1 Useful Gibbs Energy Relations

The chemical potential of component i in solutions is given by the partial
Gibbs energy for the component i:

µi =

(
∂G

∂Ni

)
T,p,Nj ̸=i

. (B.1)

Since the most used phase models yield expressions for the molar quantity
of the Gibbs energy, it is useful to transform Eq. B.1 with respect to mole
fractions of components:

Gi = Gm +

(
∂G

∂xi

)
T,p,xk

−
∑
j

xj

(
∂G

∂xi

)
T,p,xl

(k ̸= i, l ̸= j). (B.2)

The second derivatives of the Gibbs energy are usually used when calculat-
ing the thermodynamic factor in diffusion problems and also for computing
the stability function. The second derivative of the Gibbs energy with respect
to mole fractions is given by:

Ωij =

(
∂Gm

∂xi∂xj

)
T,p,xk

(k ̸= i, k ̸= j). (B.3)

The molar Gibbs energy of mixing in a generic phase ϕ (mixGϕ
m) is defined

as:

mixGϕ
m = Gϕ

m −
n∑
i

x0
iG

ϕ
i (B.4)

From the relation G = H − TS, the entropy of mixing is given by:

Sϕ
mix = −

(
∂Gϕ

mix

∂T

)
p,Ni

, (B.5)
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and the enthalpy of mixing by:

Hϕ
mix = Gϕ

mix − T

(
∂Gϕ

mix

∂T

)
p,Ni

. (B.6)
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C Phase-Fields

C.1 FEM solutions for phase-field problems

In order to address the phase-field model through the Finite Element Method
(FEM), it is imperative to discretize the system of partial differential equa-
tions (PDEs) within a spatial mesh. By employing the Galerkin method,
the solutions to these PDEs are approximated using analytical representa-
tions known as shape functions, which are typically polynomials that can be
integrated in a piecewise and continuous manner. Numerous methodologies
exist to obtain solutions via FEM; however, the Galerkin approach is partic-
ularly advantageous for multiphysics applications due to its purely numerical
nature, which ensures its efficacy irrespective of the underlying physical phe-
nomena. Consequently, this section delineates a step-by-step derivation of
the equations to be resolved using FEM.

C.1.1 Theorems useful for solving the phase-field problems

In the process of converting the phase-field equations into their weak form,
the application of the Divergence Theorem and the Product Rule are
frequently requested. These mathematical tools are particularly important
for delineating boundary conditions and reducing differential complications.
Therefore, these principles are provided in this section for consultation.

Divergence Theorem

According to the divergence theorem, the integral over a volume (Ω) of the
divergence of a vector field, where Ω is enclosed by a surface Γ, is equivalent
to the flux of the vector field across the surface Γ when projected onto its
outward-pointing normal.

∫
Ω

∇F dΩ =

∮
Γ

F · n̂ dΓ. (C.1)
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Product rule

When combined with the divergence theorem, the product rule for a scalar
a multiplied by a vector b helps to lower the order of derivatives in an
expression.

∇(ab) = ∇a · b + a∇ · b. (C.2)

Rearrange the terms (and observe that this is applicable for both a vector
a and a scalar b as well)

−∇a · b = a∇ · b −∇(ab)
−∇ · ab = a · ∇b−∇(ab). (C.3)

C.1.2 Constructing residuals

The Method of Mean Weighted Residuals posits that the solutions to PDEs
can be well represented by a limited series of test functions, indicated as ψ.
This method involves modifying the strong form of a PDE so that all terms
are consolidated on one side of the equation, thus setting the equation to
zero. By multiplying the terms by a test function ψ, this approach creates
what is known as the residual (Rv). The purpose of the method is to identify
the variable v that satisfies Rv = 0.

Applying this concept to the Allen-Cahn equation (Equation 2.42):

∂ηj
∂t

+ Lj
∂floc
∂ηj

− Lj∇ · (κj∇ηj) = 0. (C.4)

In the sequence, the test function is multiplied by each term and integrated
with respect to the problem domain Ω.

∫
Ω

ψ
∂ηi
∂t

+

∫
Ω

Lj

(
ψ
∂floc
∂ηj

)
−
∫
Ω

Ljψ∇ · (κj∇ηj) = 0. (C.5)

The relationship derived from Equation C.3,

∇ · ab = −a · ∇b+∇(ab), (C.6)

is applied to the −
∫
Ω
Ljψ∇ · (κj∇ηj) term, where the vector a ≡ κj∇ηj

and b ≡ Ljψ, obtaining:

−
∫
Ω

κj∇ηj · ∇ (Ljψ) +

∫
Ω

∇ (κj∇ηjLjψ) . (C.7)
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The divergence theorem (Equation C.1) is then applied to the second
term to lower the derivative order, with the expense of generating a surface
integral:

−
∫
Ω

κj∇ηj · ∇ (Ljψ) +

∮
Γ

κj∇ηjLjψ. (C.8)

The residual of the non-conserved field variable represented by the order
parameter ηj is then obtained as:

Rηj =

∫
Ω

ψ
∂ηi
∂t

+

∫
Ω

Lj

(
ψ
∂floc
∂ηj

)
+

∫
Ω

κj∇ηj · ∇ (Ljψ)−
∮
Γ

κj∇ηjLjψ · n̂.
(C.9)

Note that the last term is an integral along the volume’s surface normal
n̂ to that surface’s domain Γ = ∂Ω. This term represents the boundary
condition of the ηj order parameter, required to solve the problem. The
Equation C.9 is the final residual expression for the Allen-Cahn equation
solved to ηj given in the weak form.

To include the additional elastic term to the Allen-Cahn formulation, the
second term of Equation C.9 is modified by adding the variation of elastic
energy Eel term to the free energy density.

Rηj =

∫
Ω

ψ
∂ηi
∂t

+

∫
Ω

Lj

[
ψ

(
∂floc
∂ηj

+
∂Eel

∂ηj

)]
+

∫
Ω

κj∇ηj · ∇ (Ljψ)−
∮
Γ

κj∇ηjLjψ · n̂.
(C.10)

An additional displacement variable (u) must be determined when includ-
ing mechanics within the Allen-Cahn equation. For solving for u, the balance
of linear momentum, Equation C.11:

∇ · σ = 0, (C.11)

is computed following the same procedure of multiplying by the test function
and integrating over the domain Ω, yielding

∫
Ω

ψ (∇ · σ) = 0. (C.12)

Now, using the identity

∇ · (A⊺ · b) = b · (∇ · A) + A : (∇b) , (C.13)
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and noting that σ = σ⊺, due to the conservation of angular momentum,

∫
Ω

ψ · (∇ · σ) =
∫
Ω

∇ · (σ · ψ)−
∫
Ω

σ : (∇ψ) . (C.14)

Applying the divergence theorem to convert the first term to surface in-
tegral, the residual related to the displacements u is found:

Ru =

∮
Γ

n̂ · (σ · ψ)−
∫
Ω

σ : (∇ψ) . (C.15)

To construct the residual for the conserved field variable represented by
the order parameter ci, the same concept is applied to the Cahn-Hilliard
equation. From this point, two new residuals are attributed Rµi and Rci .
To find their expression, the same concept is applied, i.e., the equations
are equalized to zero and the Product Rule combined with the Divergence
Theorem is employed when necessary to obtain the weak form of the partial
differential equations. As follows, the Equation 2.44 becomes:

∂ci
∂t

−∇ ·Mi∇µi = 0. (C.16)

Integrating on the volume domain Ω and multiplying by the test function,
the residual Rµi is written as:

Rµi =

∫
Ω

∂ci
∂t
ψ −

∫
Ω

∇ ·Mi∇µiψ. (C.17)

The vector a ≡ Mi∇µi and b ≡ ψ are identified and the product rule is
applied, so that:

Rµi =

∫
Ω

∂ci
∂t
ψ +

∫
Ω

Mi∇µi · ∇ψ −
∫
Ω

∇ (Mi∇µiψ) (C.18)

and the divergence theorem applied to the right-most term, becoming:

Rµi =

∫
Ω

∂ci
∂t
ψ +

∫
Ω

Mi∇µi · ∇ψ −
∮
Γ

Mi∇µiψ · n̂. (C.19)

The concept is again applied to obtain the residual of the conserved com-
positional order parameter Rci . The Equation 2.45, is reorganized to:

∂floc
∂ci

− µi −∇ · (κi∇ci) = 0 (C.20)
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and each term is integrated on the volume domain Ω and multiplied by the
test function, defining the residual Rci :

Rci =

∫
Ω

(
∂floc
∂ci

− µi

)
ψ −

∫
Ω

∇ · (κi∇ci)ψ. (C.21)

The product rule is then employed by defining a ≡ κi∇ci and b = ψ,
obtaining:

Rci =

∫
Ω

(
∂floc
∂ci

− µi

)
ψ +

∫
Ω

κi∇ci · ∇ψ −
∫
Ω

∇ · (κi∇ciψ) , (C.22)

and finally, the divergence theorem is used to lower the derivative order
and obtain a surface integral in Γ, allowing for boundary conditions for the
compositional order parameter:

Rci =

∫
Ω

(
∂floc
∂ci

− µi

)
ψ +

∫
Ω

κi∇ci · ∇ψ −
∮
Γ

κi∇ciψ · n̂. (C.23)
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D SupplementaryMaterial

D.1 POSCAR files

The POSCAR files utilized in this work can be found online. The link to the
Supplementary Material is retrieved by scanning the QR code below.
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The intermetallic alloy FeTi is regarded as a promising
storage material for solid-state hydrogen storage: cost-effective,
safe, and operable under near-ambient conditions. However, a
consistent multiscale model capable of describung the various
atomic, thermodynamic, and microstructural processes involved
in FeTi hydrogenation has so far been elusive. This dissertation
presents, for the first time, an integrated computational
model based on density functional theory (DFT), CALPHAD,
and phase-field methodology that quantitatively describes
the hydrogenation of FeTi. Starting from First-Principles
calculations, thermodynamic properties, interfacial energies,
and elastic effects are determined with high accuracy and
incorporated into mesoscale simulations. The resulting model
accurately reproduces experimental isotherms, explains the
formation and stability of the occurring hydride phases, and
enables realistic predictions of microstructural evolution during
hydrogen uptake. Thus, this work provides a foundation for the
digital design and computational optimization of FeTi-based
hydrogen storage materials.
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