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1 Introduction

Our world today is becoming more and more complex. Technical applications such
as mobile phones, computers, industrial machines, cars and even coffee machines and
watches are becoming more compact and more powerful. An essential aspect in the
development of new semiconductor devices including processors and memory chips
is the ongoing miniaturization of structures on the one hand and the continuous
increase of working frequencies on the other side. The high density of electronic
components together with high clock frequencies leads to unwanted side-effects like
crosstalk, delayed signals and substrate noise, which are no longer negligible in chip
design and can only insufficiently be represented by simple lumped circuits models.
As a result, different physical phenomena such as electromagnetic induction and
heat transfer have to be taken into consideration since they have an increasing
influence on the signal propagation in the circuits. Due to the extremely high costs
of prototype fabrication and testing newly developed electronic devices, methods of
computer-based simulation play a key role in the design and production process.

The modelling and analysis of complex multi-physics problems typically leads to
coupled systems of partial differential equations (PDEs) and differential-algebraic
equations (DAEs). DAE systems are used to model dynamic processes subject to cer-
tain constraints resulting from physical laws like conservation laws and Kirchhoff’s
network laws. PDEs are used to describe spatial or spatio-temporal phenomena in
different subcomponents. Application examples can be found in various fields, e.g.,
in the analysis of electronic and electromagnetic circuits, micro-electro-mechanical
systems and fluid-structure interactions. The high dimension of the spatially dis-
cretized PDEs and the heterogeneity of system components require the development
of new powerful algorithms which, on the one hand, allow a fast simulation under
consideration of the modular system structure and, on the other hand, enable higher
accuracy and robustness of the numerical results.

Co-simulation or the coupling of different simulation tools for the analysis of
coupled systems has already been used for simulation of flow-structure interactions
in the 1980s, see [LBH84], and has become a standard technique for the analysis
of complex multidisciplinary models in nonlinear system dynamics over the past
thirty years [FPFO1, IGTBT18, [SLL15, WP99]. In co-simulation, the individual
subsystems are iteratively solved by adjusting the coupling conditions by means of
dynamic iteration. Thereby the combination of different integration methods (multi-
method approach) and the use of different time steps (multi-rate methods) for the
individual model components is possible. Stability and convergence of the dynamic
iteration depend on many parameters: type of used iteration method, number of
iterations, macro step size and formulation of the coupling conditions. Though for
special system structures, stability and convergence can often be ensured, this does
not apply to more general structures [AGO1, [Ebe08|, [PT18, [SAT2].



1 Introduction

With the increasing complexity of multiphysics problems to be modelled, the
interest in model order reduction has grown rapidly in recent years [BHtM11) [ BMS05,
BOAT17,[SvdVRO§|. The aim of model reduction is to approximate high-dimensional
systems with models of lower dimension which capture the input-output behaviour
of the original system as accurately as possible, preserve important physical prop-
erties such as stability and passivity and require much less simulation time. For
linear (DAE) systems, various model reduction techniques have been developed and
successfully applied in numerous application areas such as modal approximation in
structural mechanics [Dav66, Mar66], Krylov subspace-based methods in electro-
magnetic and microsystem technology [Bai02), Fre04, [(OCP98| and balanced trunca-
tion in circuit simulation and fluid dynamics [RS10}, [RS11) [HSS08|]. Several model
reduction techniques have also been developed for nonlinear systems. These in-
clude the trajectory piecewise linear method [RWO06|, methods based on bilinear
and quadratic-linear approximations [BB12] and the proper orthogonal decompo-
sition (POD) approach [Vol99] combined with the discrete empirical interpolation
method (DEIM) [CS10]. Model reduction of linear coupled systems has been con-
sidered in [RSQ7|, where error bounds for reduced coupled system were derived which
depend on the error bounds for the subsystems.

In this thesis, we first investigate the dynamic iteration using reduced-order mod-
els (DIRM) which was proposed in [RP02]. In numerical experiments, we observed
that this method depends on many parameters that strongly influence its conver-
gence. Our goal is to derive an error estimator which provides a reliable information
on accuracy of the computed solution at low cost. Such an error estimator could
further be used in the convergence analysis of the DIRM method which still remains
an open problem.

In the second part of this thesis, we study coupled field-circuit systems. Assuming
that the contribution of the displacement currents is negligible compared to the con-
ductive currents and that the conductivity vanishes on a non-conducting subdomain,
the magnetic field can be described by magneto-quasistatic (MQS) systems which
can be considered as an approximation to Maxwell’s equations. Such systems are
used for modeling of low-frequency electromagnetic devices. A spatial discretization
of coupled MQS-circuit systems leads to large-scale DAEs whose numerical solution
requires an enormous amount of storage and large computational time. To reduce
numerical effort, model order reduction can be used. Since model reduction of
circuit equations has already been well studied, see, e.g., [OCP98| [Fre04), RS10,
RS11], we will focus here on MQS systems. Model reduction of electromagnetic
problems is currently a very active research area [HC13, [HC14, [KS15, MHCGI6),
NST14, INTI3| because faster simulations are essential in parameter study and
computational optimization of electromagnetic structures. For model reduction of
linear MQS systems, we employ the balanced truncation approach, whereas nonlin-
ear MQS systems are reduced using the POD-DEIM method. We will exploit the
special block structure of the underlying problem to improve the performance of the
model reduction algorithms.



Outline of the thesis

This thesis is organized as follows. In Chapter [2], we present a basic concepts for
DAESs and linear control systems. We also introduce common model reduction meth-
ods for linear and nonlinear systems and discuss the numerical solution of PDEs
using the finite element method (FEM). In Chapter 3| we consider the numerical so-
lution of coupled systems. In Section [3.1] we first describe dynamic iteration scheme
which is based on splitting the time interval into macro time windows and solving
the subsystems iteratively on each time window. In Section [3.2] dynamic iteration
is combined with the POD model reduction approach providing the DIRM method.
The performance of this method for different choice of method parameters will then
be investigated by using a simple coupled system in Section Finally, in Sec-
tion [3.4] we derive an a posteriori error estimator for the DIRM method and discuss
its computation. Numerical experiments demonstrate the accuracy properties of the
DIRM error estimator. The preliminary results of this section have been presented
in [KS14].

In Chapter [ we consider model reduction of linear and nonlinear MQS systems.
In Section [4.1] we introduce general Maxwell’s equations describing the electric and
magnetic fields and derive a MQS approximation to these equations in Section 4.2
In Section [4.3] we investigate first the 2D MQS system. Based on a weak for-
mulation, a spatial discretization of such a system using FEM is discussed. We
analyze the structural and physical properties of the resulting DAE. In particular,
we show that the semidiscretized MQS system is of tractability index one and pas-
sive. A transformation of this DAE system into the ordinary differential equation
(ODE) form is also presented. Furthermore, in Section , we develop a balanced
truncation model reduction method for 2D linear MQS systems. This method is
based on solving one Lyapunov matrix equation and preserves passivity. Section
deals with model reduction of 2D nonlinear MQS systems using the POD method
combined with DEIM for efficient evaluation of the nonlinearity. We prove that the
POD reduced model is passive and present a passivity enforcing method for the
POD-DEIM reduced model. Some parts of Sections 4.4] and |4.5| have been published
in [KBS17]. In Section [1.6] we report some results of numerical experiments for
a single-phase 2D transformer model. Additionally, we compare the numerical solu-
tions of a coupled MQS-circuit system obtained by four different numerical methods:
monolithic approach, dynamic iteration, monolithic approach combined with model
reduction of the MQS subsystem, and dynamic iteration combined with model re-
duction. Finally, in Section [4.7, we extend several results for 2D MQS systems to 3D
models. To overcome the difficulty caused by singularity of the 3D semidiscretized
MQS system, we present a regularization approach which is based on projecting out
the singular variables and ensures the unique solvability of the regularized system.






2 Preliminaries

In this chapter, we briefly review differential-algebraic equations and linear control
systems and discuss their properties. We also introduce model reduction methods
for linear and nonlinear systems and outline the finite element method for solving
elliptic partial differential equations.

2.1 Differential-algebraic equations

First, we collect some facts on differential-algebraic equations (DAEs). More details

can be found in [HW96, KMO06]. DAEs arise in different applications such as electri-

cal circuits, multi-body systems, computational fluid dynamics and electromagnetic

problems. Some of these applications will also be considered in Chapter [4]
Consider an implicit differential equation

0= F(i,x,t), (2.1.1)

where ' : R" x R" x I — R, I = (t,,7) C R, =z : I — R” is a continuously
differentiable function, and & denotes the derivative of x with respect to t € 1.
Equation (2.1.1]) together with an initial condition

z(to) = wo (2.1.2)

forms the initial value problem. A function x : I — R" is called a solution of the

initial value problem (2.1.1)), if z is continuously differentiable and satisfies
pointwise and also (2.1.2). If the initial value problem (2.1.1)), is
solvable, then the initial condition (2.1.2) is called consistent.

If g—g exists and is invertible, then system ([2.1.1) can be solved with respect to
&. In this case, the implicit differential equation (2.1.1]) is equivalent to a system
of ordinary differential equations (ODEs). Here, we consider (2.1.1]), where ?9_5 is
singular. Such a system contains the differential and (possibly hidden) algebraic
equations and is called a system of DAEs. The most simple form of DAEs is the

linear time-invariant DAE system given by
Ei=Axz+ f(t), x(to) = w0, (2.1.3)
where £, A € R™" f:R — R" and xy € R". For this system, we have
F(i,x,t) = Fi — Az — f(t)

and, therefore,
oF

%(x,x,t) =L
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Thus, for F invertible, (2.1.3)) is an ODE, and for E singular, we have a DAE. The
existence and uniqueness of solution of such a system can be studied by considering
the eigenvalue structure of the matrix pencil A\E — A.

Definition 2.1. For a pencil A\ — A, X € C is called a finite eigenvalue and v € R"
is called an eigenvector if Av = AFv. The pencil \E — A has an eigenvalue at infinity
if 4 = 0 is the eigenvalue of the pencil £ — pA.

Assume that the pencil AE — A is regular, i.e., det(AE — A) # 0 for some X\ € C.
Then AE — A can be transformed into the WeierstrafS canonical form

1 0 A 0
nyg f
E=1T { o B } T,, A=1T [ 0 InJ T,, (2.1.4)
where 7, and T; are nonsingular transformation matrices, ny + no = n, EFy is

a nilpotent matrix with index of nilpotency k, and Ay contains the finite eigenvalues
of the pencil. Let

T.x = {:ﬂ Ty lﬁ] T = {igj (2.1.5)

T2

be partitioned accordingly to F and A in . Then the DAE system (2.1.3]) can
be written as

T = Afl‘l + fl, xl(to) = 2901, (216&)

Esdy = xo+ fa, x2(to) = 202 (2.1.6b)

Equation (2.1.6a) is a linear ODE. It is uniquely solvable for all initial vectors
xo1 € R". Equation ([2.1.6b]) has also a unique solution given by

B dt’

provided f; is sufficiently smooth and the initial vector zgps € R™> satisfies the
consistency condition

o2 = BT |

This shows that unlike ODEs, for the existence of the continuously differentiable
solution x of the DAE ([2.1.3)), it is necessary that the inhomogeneity f is k times
continuously differentiable and xy belongs to the set of consistent initial conditions

dz
w{z 2] - oo er s Xm0}

To classify how close a DAE is being to an ODE, different index concepts
were introduced in the literature [HW96, [KMO06, LMT13|. An overview can be found
in [Meh15, [Sch03b|. First, we define the differentiation index following |[Cam&7].
The main idea thereby is to find out how often one has to differentiate the DAE
system in order to reformulate it as an ODE system.



2.1 Differential-algebraic equations

Definition 2.2. Equation (2.1.1) with a sufficiently smooth F' has a differentiation
index 0 if ¢ is the minimal number of differentiations

0 = F(&,x,t),
0 — dF(x,z,t)
dt (2.1.7)
0 — &’ F(i,z,t)
B dt

such that (2.1.7)) allows to extract by algebraic manipulations an ODE system
T = p(x,t), (2.1.8)
which is called underlying ODE.

Note that the underlying ODE ([2.1.8]) has the same dimension as the DAE (22.1.1]).
We now apply this definition to the linear DAE ([2.1.3]). This system has the differ-

entiation index § = 1 if
Ex = Ax+ f(t),

Ei = Ai+ f(t)
is solvable for & such that & depends only on x and ¢ but not on Z. In order to

determine the underlying ODE, we consider two matrices Y; and Y, whose columns
form the bases of ker(E) and ker(ET), respectively. Extend Y; and Y, with Z
and Z,, respectively, such that the matrices [Zl,iﬂ and [ZT,YT] are invertible.

Multiplying both equations in (2.1.9)) from the left with [ZZ,YJT and introducing
the new variables

(2.1.9)

M =[2. Y] s,

T3
we obtain
ZTEZiy = ZFAZay + ZF AY,xs + ZT f(1),
0 = YAZuax + Y AY, 20 + YT f(1),
ZIBZi = ZFAZin + ZF AY,is + ZT f(),
0 = YTAZi+ Y AY,is + VT (1),

(2.1.10)

We know that

T T
rank(Z] EZ,) = rank <{Zl OEZT 8}) = rank <{§Z/ZT} E|[Z, Y,l) = rank(FE).
l

Therefore, the matrix ZF EZ, € Rrank(E)xrank(E) jg invertible and we can solve the
first equation in (2.1.10)) for @;. If Y;T AY, is invertible, we can solve the last equation
in (2.1.10f) for #5. Then the underlying ODE has the form

iv = (ZIEZ,) " (ZI AZ,xy + Z] AY a0 + ZT (1))
by = — (YTAY,) 'Y AZ(ZLEZ) " (Z7 AZwxy + ZT Y,y + Z7 f(1))
— (YTAY) YT F(),
In this case, the DAE (12.1.3)) has the differentiation index § = 1. The invertibility of

Y;T AY, is equivalent to the condition rank[E, AY,| = n. If Y;T AY, is not invertible,
then system ([2.1.3)) has at least the differentiation index 6 = 2.
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Next, we introduce a tractability index from |[LMT13|. The idea is now to avoid
the differentiation of the equations and work instead with projectors. For simplicity,
we restrict ourselves to a quasilinear DAE

d
F%d(a:, t)+b(x,t) =0 (2.1.11)

where FF € R and d : R® x I — R! and b : R* x I — R" are sufficiently smooth
functions. We only consider DAEs, where D(x,t) := %d(m, t) has a constant rank.
In addition, we demand a properly stated leading term property

ker (F)@im (D(z,t)) =R", zeR"tel

Definition 2.3 (|Tis03] Definition A.14]). A quasilinear DAE (12.1.11]) with properly
stated leading term is said to be reqular with tractability index 7 if there exist two
sequences of continuous matrix-valued functions

Go(x,t)=FD(z,t),
Gip1 (2t at ) =Gt et )+ B2 at w, t) Q2 Lt x) ),
and

ob
Bo(ﬂf,t) = %(xvt)a

B (2 at w t)=Bi(at, o xt e, )Py L at o t)
—(Gip1 DDiff 1) (2, 2tz ) (DPy - - - Py) (2L L 2t s t),

with
Diff, (z" 2. 1) = %(% Bt + %@, D,
X
: P DY (2 ,

Jj=1

+8(DPD te ,PiJrlD_)(mi, vy $1, xZ, t) 371

or .
a(DPD e Pi—i—lD_)('rZa ) 'I"la €, t)
- ot ’

where for all 2%,..., 2!,z € R® and t € I,

1. Qi(x*1 ... &', z,t) is a continuous projector function onto the subspace
ker (G; (=1, ... at x,t)),

2. Pzt at e t) =T — Qi(a . 2t t),
3. Qi(a e, ) Qa7 et e t) =0for j=0,...,i—1,i >0,

4. D™ is a reflexive generalized inverse of D satistying DD~ = R, D™D = Q,
and DD~ is a projector onto im(D(z,t)),

5. DPy--- ,P;D~(z"',... 2 z,t) is continuously differentiable,
6. Gi(z"', ... 2! z,t) has constant rank r; > 0,

7. 1021 <Tr=n.
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In order to demonstrate the application of this definition to the linear DAE
system , we transform first this system into a system with properly stated
leading term. Let the columns of Z form a basis of im(F). Then system
can be written in the form of with ' = EZ(ZTZ)7Y, d(x,t) = ZTx and
b(xz,t) = —Ax — f(t). We have

Go = EZ(ZT2)7'ZT = E,
By = A,

as Z(ZTZ)7'ZT is a projector onto im(E). If Gy is invertible, system (2.1.3) is
equivalent to the ODE
i=FE""Az+ ET'f(t).

If Gy is singular, we find Qy as a projector onto ker (Gy) and Py = I — Qy. Then we
have

G1 =Gy +ByQy = E+ AQ,.

If G, is invertible, then the DAE has the tractability index 7 = 1.

Note that for the linear DAE (2.1.3) with a regular pencil AE — A, the differ-
entiation and tractability indices coincide and are equal to the nilpotency index of
AE — A. However, for nonlinear DAEs different indices characterize various proper-
ties of the system. For other index concepts such as strangeness index, pertubation
index, geometric index, structural index and relation between them, we refer to

[HW96, [KMO06, Pan88, Rhe84] and [Meh15|, respectively.

2.2 Linear control systems

In this section, we present some control-theoretic concepts for a linear time-invariant
control system
Eir = Ar + Bu,

y = Cx + Du, (22.1)

where © € R" is the state, u € R™ is the input, y € R? is the output, £, A € R™*",
B eR™™ C e R and D € R, If F = I, system is called standard
state space system. If E is nonsingular, system (2.2.1)) can easily be transformed
into the standard state space form by multiplication from the left with £=!. In the
case when F is singular, system is called descriptor system or generalized
state space system.

2.2.1 Standard state space systems

First, we consider a standard state space system

& = Az + Bu,

y = Cz + Du. (22.2)

As we are often interested only in the input-output behavior, we introduce the
transfer function and list some of its properties.
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Definition 2.4. The matrix-valued function
G(s)=C(sI —A)'B+D
is called the transfer function of system ([2.2.2)).

The transfer function G describes the input-output behavior of systen in
the frequency domain. This follows from the relation y(s) = G(s)u(s) between
the Laplace transformed input u and the Laplace-transformed output y which is
obtained by applying the Laplace transformation to system (2.2.2)).

Definition 2.5. A quadruple (A, B,C, D) is called a state space realization of
a transfer function G if

G(s)=C(s[ — A)'B+D.

For every invertible matrix T, the quadruple (TAT !, T B, CT~!, D) gives another
realization of G(s) = C'(sI — A)"'B + D.

Definition 2.6. The Hardy norm || F|/#,, of a function F' : C — C%", which is
analytic in the right complex half-plane C; = {z € C : Re(z) > 0}, is defined by

[ F 1340 = SUp Omax(F(2)),

zeCy
where oax(F'(2)) denotes the largest singular value of the matrix F'(z).

One can show that if the transfer function G of system ([2.2.2) is analytic in C,,

then

91l 22(0.00:
|Gl = sup (O B7)

uF0 ||U||L2(o,oo;Rm)

)

where || f|| z2(0,00; k) denotes the £2-norm of a function f : (0,00) — R™. Thus, the
Hoo-norm is the induced norm to the £2norm. This gives directly

191l 220,007y < NGl 0]l 22 (0,00 mm) -

Note that G is analytic in C, if all eigenvalues of A have negative real part. In
this case, any solution of the homogeneous equation & = Ax satisfies tlim z(t) = 0.
—00
This property is known as asymptotic stability [HNW93, Chapter 1.13|.

Next, we introduce the concepts of controllability and observability for
system (2.2.2]).

Definition 2.7. A control system (2.2.2)) is called controllable, if for any initial
condition z(ty) = xo, t; > to and a final state x; € R", there exists a control
u @ [to,t1] — R™ such that the solution of the state equation in (2.2.2) satisfies
x(ty) = 1.

Definition 2.8. A control system ([2.2.2)) is called observable if for any t; > to, the
initial state x(tg) = o can be determined from the time history of the input wu(t)
and the output y(¢) on the interval [to, t1].

10
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The controllability and observability properties of (2.2.2]) can be characterized by
the observability and controllability Gramians defined as follows.

Definition 2.9. Let system (2.2.2)) be asymptotically stable, i.e., all eigenvalues of
A have negative real part. Then the controllability and observability Gramians of

(2.2.2)) are defined by
GC:/ eATBBTeATTdT,
. (2.2.3)
G, = / M TCTCeMdr.
0

The following theorem shows that the Gramians can be determined by solving the

Lyapunov matrix equations.

Theorem 2.10. Let system ([2.2.2)) be asymptotically stable. Then the controllability
and observability Gramians satisfy the Lyapunov equations

AG.+ G A" = - BB”,
ATG,+ G, A=—-CTC.
Proof. See [Ant05, Proposition 4.27]. O

Note that for system ([2.2.1)) with nonsingular F, the controllability and observa-
bility Gramians solve the generalized Lyapunov equations

AG.ET + EG. AT = - BBT,
ATG,E+ FET'G,A=—-C"cC.

They exist if all eigenvalues of the pencil AE — A have negative real part.

2.2.2 Descriptor systems

We now consider a descriptor system given by

Ei = Ax + Bu,

y = Cz + Du, (2.2.6)

where E € R™" is singular. Similar to the standard state space case, we define the
transfer function for (2.2.6)) as follows.

Definition 2.11. The matrix-valued function
G(s)=C(sE—~A)'B+D
is called the transfer function of the descriptor system ([2.2.6]).

Definition 2.12. A transfer function G of (2.2.6)) is called properif lim G(s) exists

S§—00

and improper otherwise. If lim G(s) = 0, then G is called strictly proper.

S§—00

11
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Consider the Weierstraf canonical form (2.1.4)) for the pencil AE — A with the
transformation matrices 1; and 7T, and introduce

x _ B _
e I

Then the descriptor system ([2.2.6) can be decoupled into a slow subsystem

.j]l = Afxl + Blu,

= Cu, (2.2.7)
and a fast subsystem
EOOZ - g;;%gu (2.2.8)
with y = y; + y». Analogously, we can split the transfer function
G(s) = Ggp(s) + Gy(s) (2.2.9)

into a strictly proper part
G,y(s) = Ci(sl — A7Y) B,

and a polynomial part

k—1
Gp(s) = Ca(sEs = I) "By + D = Y~ M;s

§=0
with

My = —-CyBy + D,

M; = —CoFE! By, j=1,....k—1.

In order to extend the controllability and observability Gramians to descriptor sys-
tems, we need the spectral projectors

I, O], 1 _1Ln, O
= f — f
P =1 { 0 0} 17, P =T { 0 O} T,

onto the left and right deflating subspaces of the pencil AE — A corresponding to
the finite eigenvalues and the complementary projectors

Ql:I_Ba QTII—PTv

which are the spectral projectors onto the left and right deflating subspaces cor-
responding to the eigenvalue at infinity. These projectors allow us to define the
controllability and observability Gramians for the slow and fast subsystems sepa-
rately.

12
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We first define the proper controllability and observability Gramians G,. and G,
of system ([2.2.6)) as unique symmetric positive semidefinite solutions of the projected
continuous-time Lyapunov equations

EG,.A" + AG,.E" = —PBB"P[, Gpe = P.Gp. Pl
ETGA+ ATG,E = -PI'CTCP, Gpo = PGP

Such Gramians exist if system is asymptotically stable meaning that all
finite eigenvalues of the pencil AE — A have negative real part. Furthermore, the
improper controllability and observability Gramians G;. and G, are defined as unique
symmetric positive semidefinite solutions of the projected discrete-time Lyapunov
equations

AG’iCAT - EGicET = QZBBTQ’ira Gic = QrGiCQza
ATGiOA - ETGioE - QfCTcQM Gio = QlTGioQk

Finally, the controllability and observability Gramians of the descriptor system
are defined as G. = Gp. + Gi. and G, = Gp, + Gy, respectively. Unlike
standard state space systems, there exist different types of controllability and ob-
servability for descriptor systems [BRT17|. These system properties can be charac-
terized by special rank conditions for the proper and improper Gramians, see [Sty04,
Corollary 2.5] for details.

2.3 Passivity

In this section, we introduce passivity. Passive systems form a special class of dis-
sipative dynamical systems which have extensively been studied in [HMS80, vdS00),
Wil72]. They are of particular interest in circuit simulation [AV73| and controller
design [BLMEQ7, [CS05]. Roughly speaking, a system is passive if it does not gen-
erate energy or, equivalently, the energy dissipates. Mathematically, passivity can
be defined in terms of a storage function or an available storage characterizing the
maximum energy that can be extracted from the system. An important property
of passive systems is that an interconnection of passive subsystems often provides
a new passive system [Wil72].
For our later purposes, we define passivity for a semilinear autonomous descriptor
system
Ei = f(x,u), z(0)= x,
y=yg (1’ ) u)
where £ € R f:R" x R™ — R", h: R" x R™ — R™ and zq € R". We know
that if £ is singular, the initial vector zy should satisfy the consistency condition
depending on w. On the other side, for given initial condition x(0) = z(, we can

consider only those inputs which are admissible with this condition meaning that
the initial value problem ([2.3.1)) is solvable.

(2.3.1)

Definition 2.13. A descriptor system (2.3.1) is called input-output passive
(io-passive) if for all 7' > 0 and all squared integrable inputs « : [0, 7] — R™ admis-
sible with the initial condition x(0) = 0, the corresponding output y : [0,7] — R™

13
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satisfies

/0 T (u(r)dr > 0.

For a linear descriptor system , io-passive can be characterized in terms of
positive realness of the transfer function G(s) = C(sE — A)"'B + D. The transfer
function G is called positive real if G is analytic in the right complex half-plane C,
and G(s) + G*(s) > 0 for all s € C,. The following theorem shows an equivalence
between io-passivity and positive realness of G.

Theorem 2.14. A linear descriptor system (2.2.6)) is io-passive if and only if its
transfer function G(s) = C(sE — A)™'B + D is positive real.

Proof. See [AVT3). O

The next theorem provides sufficient conditions for the linear descriptor system

to be io-passive.

Theorem 2.15. A descriptor system ([2.2.6) with ker(E) Nker(A) =0 and
E=ET>0, A+AT<0, B=CT, D=0 (2.3.2)

1S 10-passive.

Proof. First, we show that all finite eigenvalues of the pencil AEF — A lie in the
closed left half-plane. This implies that G is analytic in C,, since the poles of G
are the eigenvalues of A — A. Let A\ be a finite eigenvalue of A\ — A and let v
be the corresponding eigenvector. Then Ev # 0, \gEv = Av and A\gv*ET = v*AT.
Moreover, we have

0> v*(A+ AT)v = \v*Ev + Av*ETv = 2Re(\g)v* Ev.
Since v*Ev > 0, we obtain Re()g) < 0. Using (2.3.2)), we obtain that
G(s) + G*(s) = C(sE — A)'B+ B'(GET — AT)~'C”
= O(sE — A ' (2Re(s)E — (A + AT) ' ET — ATY 10T > 0
for all s € C,. Hence, by Theorem m system is io-passive. O]

There is another definition of passivity which we also introduce here.

Definition 2.16. A descriptor system ([2.3.1]) is said to be passive if there exists a
nonnegative function S : R® — R{, such that S(0) = 0 and for all T > 0 and all
quadratically integrable inputs u admissible with an initial condition x(0) = zy € R",
the passivation inequality

S(x(T)) — S(zo) < /0 o7 (Yu(r) dr (2.3.3)

holds, where x solves the initial value problem ([2.3.1)) on the time interval [0, 7.

The function S is called the storage function.

14
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Remark 2.17. Note that passivity of (2.3.1)) immediately implies io-passivity. In-
deed, assume that system ([2.3.1) is passive. Then for all " > 0 and all inputs u
admissible with the initial condition x(0) = 0, it follows from Definition that

Thus, is io-passive. For standard state space nonlinear systems, it has been
shown in [HMS80, Pol9g| that under an additional assumption of reachability, Defi-
nitions [2.13] and are equivalent. This result was extended to linear descriptor
systems in [Briil(]. Passivity of infinite-dimensional descriptor systems was studied
in [JROS].

2.4 Model order reduction

In this section, we outline model order reduction (MOR) of linear and nonlinear
systems using balanced truncation and proper orthogonal decomposition, respec-
tively. In case of nonlinear systems, we also present a discrete empirical interpola-
tion method for fast evaluation of nonlinear function. Consider a nonlinear control
system

Ei = f(x,u), (2.4.1)
y = g(z,u).

where £ € R™" f:R" x R™ — R” and g : R” x R™ — RP. We assume that the
dimension n of the state x is very large, while the dimensions m and p of the input
u and the output y, respectively, are small compared to n. The goal of MOR is to
compute a reduced model

I
Qr
o

N
:_/

which has a reduced state space dimension 1 < n and the approximation error
lly — || is small in some appropriate function norm. A common model reduction
approach is reduction by projection. Here, we are searching for two projection
matrices V€ R™" and W € R™ ", Substituting an approximation x ~ VI into
[24.1)), we get the residual r = EVZ — f(VZ,u). If W is chosen such that W7r = 0,
we obtain the reduced-oder model

WTEVZ = WTf(Vi u),

To gain a speed up in the construction of the reduced-order models and their sim-
ulation, we split the computations in a computationally expensive offline stage and
a cheap online stage.

15
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2.4.1 Balanced truncation for linear systems

For linear systems, there are different methods to generate the projection matrices W
and V', see [ASGOI1, BBF14] for an overview. In this section, we present a balanced
truncation (BT) model reduction approach introduced first in [Moo81| and further
studied in [Enn84, LHPWST, [TP87]. This model reduction technique strongly relies
on the control-theoretic concepts such as controllability and observability Gramians
introduced in Section A main idea of BT is to transform the system into
a balanced form and then truncate the states that are difficult to control and to
observe.

Balanced truncation for standard state space systems

First, we present the BT method for the linear standard state space system ([2.2.2]).
For such a system, the reduced-order model has the form

&= A%+ Bu
SNt 2.4.2
y = CT + Du, ( )
where . . . .
A=WTAy, B=W"B, C=Cv, D=D (2.4.3)

with appropriately chosen projection matrices W and V. For linear systems, the
reduced-order matrices can be precomputed in the offline stage and only
a linear system of dimension n has to be solved in the online stage.

In oder to be able to measure the importance of states, we introduce two energy
functions

0
&y = ||u||%2(7oo,O;Rm) = / UT(t)U(t)dt,

—00

& = 9]22(0.m 50 = / JT(O)y()dt.
0

The input energy &, is the square of £2-norm of the input signal on the time interval
(—00,0), whereas the output energy &, is the square of the £2-norm of the output
signal on the time interval (0, co).

The following theorem shows a connection between the energy functions and the
controllability and observability Gramians.

Theorem 2.18. Assume that system (2.2.2)) is asymptotically stable. Let G. and
G, be the controllability and observability Gramians as defined in (2.2.3)).

1. If system (2.2.2)) is controllable, then G, is nonsingular and

min E. =20 G g
u€L?(—00,0;R™),
z(—00)=0,
z(0)=xzo

is the minimal energy required to steer the state x(—o0) =0 to z(0) = xy.

16
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2. The output energy produced by system (2.2.2)) with an initial condition x(0) = xq
and u(t) =0 fort > 0 is given by

& = ngoxo.

Proof. See [Ant05, Lemma 4.29]. O

The importance of the state variables is measured using the Hankel singular values
defined as

i =\ 2i(GeGo),

where \;(G.G,) denote the eigenvalues of G.G,. They are assumed to be ordered
decreasingly. One can show, see [Ant05, Lemma 5.8|, that the Hankel singular values
; are the singular values of the Hankel operator

H : L2(—00,0;R™) — L£3(0, 00; RP),
u(t) — y(t)

defined by
0

y(t) = (Hu) () = / Ce =" Bu(r)dr, t>0.
Let G, = Z,ZF and G, = Z,Z! be the Cholesky factorizations of the Gramians.
Then the Hankel singular values can be determined as the singular values of the
matrix Z! Z.. This follows from the relation
32‘ = X(GeG,) = /\j(ZchTZOZoT) = )‘j(ZcTZOZoTZC) = U‘?(ZZZC)7

where \;(-) and 0;(-) denote the j-th eigenvalue and singular value, respectively.

System ([2.2.2)) is called balanced if the controllability and observability Grami-
ans are equal and diagonal with the Hankel singular values on the diagonal, i.e.,
G. =G, =diag( 1,..., n). Consider the singular value decomposition (SVD)
ZY7Z.=UxQ", where U und @Q are orthogonal and ¥ = diag( 1,..., ). If sys-
tem is controllable and observable, then can be transformed into the
balanced form (TbATb_l,T v B, CTb_l, D) with the balancing transformation
T, =% 30720 and T, ' = Z,Q% 5.

We now take a look at the energy functions for the balanced system. Since
G. = G, = X, the energy functions read as

1
min & = e;‘-FGC le, = —,
u€L?(—00,0; R™), j
z(—00)=0,
z(0)=e;
and
— T =
&y =e;Goej =,

where e; denotes the j-th column of the identity matrix. This means that for large ,
the states are easy to control and observe. The truncation is performed by splitting

17



2 Preliminaries

Algorithm 2.1: Balanced truncation for standard state space systems

Input :an asymptotically stable system (A, B,C,D)
Output: a reduced-order asymptotically stable system (A, B, C, D)
1 Solve the Lyapunov equations

AG, + G, AT = — BBT,
ATG, +G,A=—-CTC,

for the Cholesky factorizations G. = Z.Z! and G, = Z,Z".
2 Compute the SVD

7'z, = [U1 Uo] F}l 20} [Ql QO]Ta

where [Ul, Uo} and [Ql,QO} are orthogonal, ¥, = diag( 1,..., ,) and
Yo = diag( n41,---5 n)-
3 Compute the projection matrices W = ZoUlEl_% and V = Z,0Q%, ?
4 Compute the reduced matrices A = WTAV, B=WTB, C =CV and D = D.

U = [Uy, U], Q [Q1, Qo] and E diag(X1, ¥9) and taking the projection matrices
W =Z,U%; : and V = Z,Q1%, : . We summarize the BT method in Algorlthm.

In the following theorem, we collect the properties of the reduced-order model.
Theorem 2.19. Let system be asymptotically stable and let
G(s)=C(sI —A)'B+D
be its transfer function. Furthermore, let be a reduced-order model computed
by Algorithm[2.1. Then
1. the reduced system 15 asymptotically stable and balanced,
2. for the transfer function G(s) = C(sI — A)"'B + D of (2.4.2), we have the

error bound )
IG — Gl <2( g+t ).

Proof. The asymptotic stability of the reduced-order system has been proven in
[PS82]. The error bound has been derived in [Enn84. [Glo84]. O

Remark 2.20. The BT method can also be rewritten for system (2.2.1) with a

nonsingular matrix £. To this end, in Algorithm [2.1] the Lyapunov equations in

Step |1/ should be replaced by the generalized Lyapunov equations (2.2.4)) and ([2.2.5 -

and the SVD of ZI'Z, in Step l by the SVD of ZI'EZ.. The computatlon of the

reduced matrices A, B, C' and D remain the same and for E, it applies that
E=WTEV = S *UTZTEZ.Q\%;

=stur ) [M g e @l et =1
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Low-rank alternating direction implicit method for Lyapunov equations

We now briefly discuss the numerical solution of the generalized Lyapunov equations

(2.2.4) and (2.2.5). For this purpose, we use the low-rank alternating direction
implicit (LR-ADI) method. It was first introduced in [LW02, [Pen00] and enhanced

in [BKS13al, BKS13b|. In many applications, it was observed that the solution of
the Lyapunov equations (2.2.4) and (2.2.5) with a low-rank right-hand side has a

low numerical rank and, hence, it can be well approximated by a low-rank matrix
G.~ ZZT, where Z € R™" 1 <« n, is called low-rank Cholesky factor of G,. Such

a factor can be computed by the LR-ADI iteration given by
Fy = (B + A) 'Y,
Yk = Yk:—l - QRG(Tk)EFk, (244)

Zy = Z1-1 /—2Re(ry) Fy]

with initial matrices

F1 = (TlE + A)_1B7
}/1 =B -— QRG(Tl)EFl,

Zy = \/—2Re(n) Fy
and shift parameters 7, € C_. As a stopping criterion, we use
IR||F < tol|| B Bl
with the residual
R=AZyZFE" + EZ,Z] AT + BBT = Y,.Y,]

and a given tolerance tol > 0. The shift parameters 7, are chosen in conjugated
pairs to keep Yj and Zj real, see [BKS14] for more details. They strongly influence
the convergence of the LR-ADI iteration. In [Pen00], it was proposed to use the
smallest and largest Ritz values of the pencil AE' — A which can be computed by
an Arnoldi algorithm [Arn51]. Other strategies for computing the LR-ADI shifts
have been considered in [BKS14], (GSA03, Wac13].

Balanced truncation for descriptor systems

We now present an extension of the BT model reduction approach to the descriptor
system ([2.2.6)) proposed first in [LSO1], [Sty04]. Our goal is to find a reduced-order
system

D (2.4.5)

where E = WTEV, A=WTAV, B=WTB, C =CV and D = D.

The main idea is to split system (2.2.6]) into the slow subsystem and the
fast subsystem as discussed in Section and reduce them separately.
Considering the additive decomposition of the transfer function G of ,
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this is equivalent to a separate approximation of the strictly proper part G, and
the polynomial part G, by Gsp and Gp, respectively. The resulting approximation
is then given by

G=0G,+G,.

Using the proper and improper Gramians, we now introduce the proper and im-
proper Hankel singular values. Let n; and n., are the dimensions of the deflating
subspaces of the pencil A\E — A corresponding to the finite eigenvalues and the eigen-
value at infinity. Then the proper Hankel singular values ; are the square roots of
the n; largest eigenvalues of G,.ET G, F, i.e.,

i~ \/)‘j (GPCETGpoE) .

The emproper Hankel singular values §; are the square roots of the n., largest eigen-

values of G; ATG;,A, ie.,

0; = \ N (GieATGoA).

Note that if £ = I, then the proper Hankel singular values are just Hankel singular
values.
System ([2.2.6)) is called balanced if

X0 0 0
Gpc = Gpo = |:O 0:| and Gic = Gio = |:0 @:|
with ¥ = diag( 1,..., n»,) and © = diag(f1,...,0,,). As in BT for standard state

space systems, we transform (2.2.6|) into a balanced form and truncate those states
which correspond to small proper Hankel values. This implies the reduction of the
slow subsystem. Unfortunately, the reduction of the fast subsystem by truncation
of the states corresponding to small nonzero improper Hankel singular values may
lead to large errors. In the time domain, this corresponds to an approximation of
the (hidden) constraints and may result in physically meaningless system. Examples
can be found in [LSO1) [Sty11]. This difficulty can be overcame by finding a minimal
realization of G, as suggested in [Sty04].

The BT method for descriptor systems is summarized in Algorithm [2.2]

Similarly to the standard state space case, we can prove the following properties
for the resulting reduced-order descriptor system.

Theorem 2.21. Let a descriptor system (2.2.6) be asymptotically stable and let
G(s) =C(sE — A)"'B+ D be its transfer function. Furthermore, let a reduced-

order model (2.4.5) be computed by Algorithm[2.4 Then
1. the reduced system (2.4.5) is asymptotically stable and balanced;

2. for the transfer function G(s) = C(sE — A)"'B + D of (2.4.5), we have the
error bound )
1G = Gllaue <20 gt 4 0

3. the index of the reduced system (2.4.5)) does not exceed the index of the original
system ([2.2.6)).

Proof. See [Sty04]. O
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2.4 Model order reduction

Algorithm 2.2: Balanced truncation for descriptor systems

=

Input : a asymptotically stable system (£, A, B,C,D)
Output: a reduced-order asymptotically stable system (F, A, B,C, D)
Solve the projected continuous-time Lyapunov equations

EG,.A" + AG,.E" = -PBB"P'',  G,.= P.G,.P’, (2.4.6)
ETGpA+ ATG,E = —PI'CTCP,, G, = P'Gph, (2.4.7)

for the Cholesky factorizations G, = ZpoZg; and Gp. = chZpTc.
Solve the projected discrete-time Lyapunov equations

AG; A" — EG ET = Q.BBTQ], Gie = Q.G;.QF,
ATGioA - ETGioE = Q?CTCQM Gio = QlTGilea

for the Cholesky factorizations Gy, = Z;,ZL and G;. = Z;.ZL.
Compute the SVD

>
ZNEZy. = [Ur Uy { ' 5,

} v vl",
where [Ul, Uo} and [Vl, VO} are orthogonal, ¥; = diag( 1,..., ),
EO = dlag( nps e nf)'
Compute the SVD
ZynAZi. = UsOVy,
where Uz and V3 have orthogonal columns and © = diag(6y,...,0, ) is

SO0
nonsingular.
Compute the projection matrices

WZ[ZpoU@? Zng@*%]7 V:[chvlzgﬁ Zicvg@f%].

Compute the reduced matrices E = WTEV, A= WTAV, B=W'B, C =CV
and D = D.
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2 Preliminaries

The most computationally expensive part in Algorithm is the numerical so-
lution of the projected Lyapunov equations. These equations can be solved using
the generalized LR-ADI method and the generalized Smith method as presented
in [Sty08|. For solving the projected continuous-time Lyapunov equations
and (2.4.7), one can also use rational Krylov subspace methods [SS12]. In all these
methods, the projectors P, P. and @Q;, (), are required in explicite form that re-
stricts the application of balanced truncation to general descriptor systems. For
specially structured problems, some modifications have been presented to overcome
this difficulty in [BS16, [FRMOS, HSS08, SV18, [USKB12|. They are all based on
an implicit index reduction and on an equivalence between the Schur complement
linear systems and the original system matrices.

2.4.2 Proper orthogonal decomposition

The most popular model reduction method for nonlinear systems is proper orthogo-
nal decomposition (POD). This method was first introduced in [Sir87] and then used
in many different application fields such as signal analysis and pattern recognition
[Fuk90], optimal control [AHO00, KV02l [LT01), [SK98]|, fluid dynamics and coherent
structures [AHLS88|, TR98|, RE94] and inverse problems [BJWWO00].

We consider a nonlinear system

T =Ax+ f(x), x(tg) = o (2.4.8)

with given A € R™ " nonlinear function f:R"™ — R™ and an initial state o € R".
The main idea of POD is to generate samples of the trajectory {z(¢),...,z(t,.)},
called snapshots, and find a best approximation to the solution in a n-dimensional
subspace of the space span{x(t1), ..., x(t,.)} C R™. In other words, we are searching
for an orthonormal basis {t;}]_, that solves the minimization problem

Ns n 2

w(ty) = > (2"t

i=1

min

2.4.9
{wk};]:1 j=1 ( )

This problem can be solved by computing the SVD of the snapshot matrix
X = [z(t1),...,z(tn,)], see, e.g. [VoI13]. Let

2

x=[on ul [ g |l

be the SVD with ¥, = diag(oy,...,0,), Xo = diag(oy+1,...,0,,) and
012 ...20,>0p41 2 ... 2 Opg.

Then the columns of U; € R™" provide the solution to the minimization prob-
lem ([2.4.9).

Assume that the solution x of system lies approximately in the span of the
snapshots. Then we approximate x ~ U;# and project the nonlinear system
with U;. The resulting reduced system of dimension 7 takes the form

=UlAUE + UL f(UL7). (2.4.10)
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2.4 Model order reduction

The reduced dimension 7 can be selected using a tolerance tol by taking the smallest
number 7 that satisfies

7 < tol, (2.4.11)
01

For a detailed description of how POD is applied to finite-dimensional dynamic
systems and partial differential equations, we refer to [Vol13]. A modified POD with
a weighted inner product and an error analysis are also presented here. Furthermore,
a brief explanation of POD and its application to optimal control problems can be

found in [KV02].

2.4.3 Discrete empirical interpolation method

It should be noted that while the reduced matrix U] AU, in can be pre-
computed and stored, the computation of the reduced nonlinear function U f(U;7)
requires the evaluation of f for large dimensional vectors U;Z and projection after-
ward at every time step. This is very inefficient and we do not gain a speedup as
it was for linear time-invariant systems. In order to speed up the simulation of the
reduced-order nonlinear system (|2.4.10[), we employ the discrete empirical interpo-
lation method (DEIM) proposed first in [CS10]. This method allows us to compute
the approximation to the function U] f by only evaluating some entities of f.
Our goal is now to approximate the nonlinearity

f(Ulf) ~ UfC(Ulii‘)

in a low-dimensional subspace spanned by the columns of Uy € R™**. The basis
matrix Uy is constructed by applying POD to the snapshots {f(z(t1),..., f(z(t.,)}
of the function f. Let Xy = [f(x(t1)),..., f(x(t,.)] be the snapshot matrix. Then
the basis matrix U; can be determined from the SVD

. Y O A 1T
Xy =[U; Uyl {Of gf] vy Vil

where Y; contains k£ dominant singular values of X;. In order to determine the
coefficient vector ¢(U;Z), we define a selector matrix

S}C = [epl,...,epn} s

where ¢; is the i-th column of the identity matrix and K = {py,...,px} is a selected
index set with pairwise different 1 < p; < n. With this matrix we can find ¢(U;%)
such that
Sk f(Uh&) = (SgUp)e(U7)

holds. This implies that the selected components of the approximation Usc(U;Z)
coincide with those of the function f(U;%).

There are different ways to compute the selector matrix S or, respectively, the
selected index set K. We use the greedy procedure as presented in Algorithm [2.3]

An alternative approach for computing the selector matrix S was introduced in
[IDG16]. It is based on a QR decomposition of U}F with column pivoting

UT [Se 1] = QR,
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2 Preliminaries

Algorithm 2.3: DEIM greedy procedure
Input : {ux}y_, C R™ linear independent
Output: an index set K and a selector matrix Sy

Find p; = arg max|(uy);|.
1<i<n

Set Uy = [u1], K = {p1} and Sk = ey,,.
for k =2 to x do
Solve (SEU;)c = Siuy, for c.
Compute r = u, — Uyc.
Find p, = arg max{|r;|}.

1<i<n
Uf — [Uf,uk] R K+~ KU {pk}, S[C <— [S}C,ka} .
8 end

(=B L B N I

N1

where [S;C, H} is a permutation matrix, () is orthogonal and R is an upper triangular
matrix.

Replacing f in with its DEIM approximation Up(SiUy) S f, we obtain
the reduced-order system

it =UrAU G+ W (&),  @(ty) = Ul'xo, (2.4.12)

where R

W= UTU(SEU) ™, (@) = SEF(Ud).
Note that the time-independent matrices U AU; € R and W € R"7" can be
precomputed and stored in the offline stage. Then in the online stage, we have to
evaluate only x components of the function f(U;z). If f depends only on a few
components of U;Z, then the computation cost for is independent of the
original dimension n. For integrating the nonlinear system ([2.4.12)) in time, we use
a one-step or multistep method [HNWO93| which involves the solution of a sequence
of systems of nonlinear equations. For this purpose, we employ the Newton iteration
which requires the Jacobi matrix J;(2) of the nonlinear function f at &. This matrix
has the form

Jj(#) = 8¢ Jy(Uri)Un,

where J;(U12) is the Jacobi matrix of f at U;2. For efficient evaluation of J¢(Z), we
can use the matrix discrete empirical interpolation method (MDEIM) as presented
in [SW13, Will6]. Let S{J; : R®™ — R**™ be a nonlinear matrix-valued function.
The goal is to find an approximation

P
S%Jf(Uli’> ~ Z ngk(f,‘),
k=1

where Vi, € R**" are constant matrices, g : R7 — R continuous functions and p
is small compared to n. Such an approximation can be determined by DEIM us-
ing the vectorization operator [WSHI14]. Here, we use an efficient formulation of
MDEIM from [Will6]. The main advantage of this approach is that it avoids the
vectorization. First, we collect the snapshots

Ji = SgJp(x(t)), .- Jny = SeJp(x(tn,))
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2.4 Model order reduction

and, following [Vol99|, construct the matrix

(Ji,J1)p oo {1y ng)m
<Jns7J1>F <Jns7Jns>F
where (J;, J;), = trace(J}'J;) denotes the Frobenius inner product of the matrices

J; and J;. One can show that this matrix X; is symmetric and positive semidefinite.
Computing the eigenvalue decomposition (EVD)

Ay

x=foy o) [ o 0a)" (2413)

where A; € RP*? contains p dominant eigenvalues of X'y, the POD basis can then
be determined by

V=Y Juiy, j=1,....p, (2.4.14)

_1
where w;; are the entries of U;A; > € R™*?. By definition, the basis matrices Vj
have the same sparsity pattern as S{J;. The following lemma shows that V4, ..., V,
form an orthonormal system.

Lemma 2.22. The matrices V; in (2.4.14) fulfill (V;,V;)r = &, where §;; is the
Kronecker delta.

Proof. Computing (V,V;)r by using (2.4.14) and the definition of the Frobenius
scalar product, we obtain

Ns T Ns
(Vi,Vj)p = trace (Z Jiui,l> (Z Jkuk,j>
= i ZUZ ltrace J Jk) Up, j

=1 k=1

ns  MNs

= D wialJi, i) puny
i=1 k=1
- (A;%UfXJUJA;%> = 0
Lj
]

Imposing the condition that the entries of the approximation coincide with those
of SL.J; for a selected set of pairwise different indices

J:{(llajl)lg <R, 1< ]l nforl:17"'7p}7

we get the equations

p
(8 ll Wi Z V;‘: i Jlgk (il’jl> eJ.
k=1
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2 Preliminaries

Algorithm 2.4: MDEIM greedy procedure
Input : {V,}7_, C R"*" linear independent
Output: an index set J = {(i1,71), .-, (ip, Jp)}, G, € RP*?
Find (i1,71) = arg max |(V41);,]-

1<igk, 1<j<n
Set J = {(i1,71)}, G1 = (V1) u-
for k=2 to p do
T
4 Set b = [(Vk:)il,jla R (Vk)ik—lzjkfl} :

5 Solve G,_ic = b for ¢ = [cl, . ,Ck;_d .

=

W N

k—1
6 Compute Ry = V), — Z Vig.
=1

7 Find (i, jx) = arg max |(Rk)w|

1<isk,1<j<n

8 Set J + J U {(Zka.]k)}

| Gi b
9 Set G, = [ y (V)i

] with v = [(W)ik,jk, SRR (Vk’—1>ikajk:|'

10 end

These equations can shortly be written as a linear system

g1(2) (S%Jf<U1i))il,j1
Gp =
gﬂ(i’) (S%Jf(Ulj))ip,jp
with
(Vl>z'1,j1 T (Vp)il,jl
Gp = : . :
VWips = Wiy,
If G, is nonsingular, then the functions g, (z) can be calculated as
91(%) (Sc/s(hd),, 5,
L =G," :
9p(7) (S%Jf(Ulj))ip,jp

The index set J is determined using the greedy procedure as presented in Algo-

rithm [2.4] which is a generalization of Algorithm [2.3]to the matrix case.
The following lemma establishes that the matrices Gy in Algorithm [2.4] are non-
singular implying that Step [f] is well defined.

Lemma 2.23. The matrices Gy, k = 1,...,p, determined in Algorithm are
nonsingular.

Proof. The result can be proven by induction. The matrix Gy = (V4);, 5, is nonsin-
gular, since V; # 0. Assume that Gj_; is nonsingular for £ > 1. Then Gy_1c = b
gives

I —c o Gk,1 0
A e e (2.4.15)
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2.4 Model order reduction

By Lemma we have that

k—1
Re=Vi— ) Vi #0

=1

and, therefore, (Rk)i, j, = (Vi)irjo — vc # 0. The matrix on the right-hand side of
equation ([2.4.15)) is a lower triangular matrix with invertible diagonal matrices and,
therefore, nonsingular. This means that G}, is nonsingular. O]

Next, we present error estimates for the DEIM approximation and for the POD-

DEIM reduced model ([2.4.12]).

Theorem 2.24. Let f : D — R™ be a nonlinear vector-valued function with a do-
main D C R™ and let Uy(SEU;)'SEF be a DEIM approzimation of f, where
Up = [ul, . ,uﬁ} is a DEIM basis with k € {1,...,ns} and Sk is a selector ma-
trix as in Algorithm . Additionally, let x € D be arbitrary such that f(x) is
in the space spanned by the columns of Ur. Then an error bound for the DEIM
approximation is given by

1f (@) = Up(ScUp) ' S f (@)l < [(SeUp) ™ |26(f ()
with E.(f(x)) = (I = UsUf) f ()2
Proof. See [CS10, Lemma 3.2|. O

Since &.(f(x)) depends on € D, it is hard to compute. Therefore, it was
proposed in [CS10] to approximate

Ns

E=E(f(@) S ) o),

1=Kk+1

where o;(X}) are the truncated singular values of the snapshot matrix X’;. This
approximation is reasonable as long as f(x) is nearly in the range of X7.

In order to estimate the error z—2, where x and Z are the solutions of the nonlinear
system (2.4.8]) and the POD-DEIM reduced system ([2.4.12)), respectively, we need
a concept of logarithmic Lipschitz constants for linear and nonlinear functions. Let
G € R™™ be a symmetric and positive definite matrix. Then (x, 2)g = 27 Gx defines
a scalar product on R™. The corresponding vector norm is given by ||z|l¢ = V2T Gz
for z € R™ and the induced matrix norm [[Alg = sup, =1 [|Az[|¢ for A € R™".
For a Lipschitz continuous function f : R™ x R", the logarithmic Lipschitz constant
with respect to G is defined as

Furthermore, the local logarithmic Lipschitz constant for f at z € R™ with respect
to G is given by

Le[fl(z) = sup (2.4.16)

zER™\{z} |z — Z”G
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2 Preliminaries

For G = I, L;[f] is also denoted by Ls[f]. For a linear function fa(x) = Az with
A € R™" the logarithmic Lipschitz constant takes the form

— 2, Al — A
Lg[A] = sup o s A 22)>G= sup (A "?G
z,2€R" |z — 2] sern\{0}  ||7[|E

For G = I, we obtain

Li[A] = sup

(x,Az) (A + AT
sern\{0} |22 -

T) =: Ly[A], (2.4.17)

where Apax(+) denotes the largest eigenvalue of the corresponding matrix. The value
Ly[A] is known in the literature as logarithmic norm [Dah59, [S6d06]. It is not a
norm in the usual sense, since, for example, Ls[A] < 0 for a symmetric negative
definite matrix A.

The following theorem gives an a priori error estimate for x — 2.

Theorem 2.25. Let x be the solution of the full-order ODE system (|2.4.8]) and & be
the solution of the POD-DEIM reduced system :2.4.12# on the time interval [0, T).
Let Uy be a POD basis and W = UL'U;(SEU;) ™Y, where Uy and Sk are the DEIM
basis and selector matrices. Assume that the logarithmic norm of A defined as in
satisfies Ly[A] < 0 and that f is Lipschitz continuous with Lipschitz constant
L¢. Then

T
/ l|lx(t) — Uljz(t)HZ dt < max{l + ca2T, cﬁZT}(Sx + &),
0
where

a = ||U Ally + Ll|WSK|l2,
B = ||UF — WSE|,,

v = LW,
62’y(eL2[A]—1)/L2[A]
C = J
| Lo[A]|
T Tis
& = / |z(t) = WU z(t)[|Pdt = > 0i(X),
0

i=n+1

Ns

5f=/0 1f(2(t)) = UgUF fla@) P dt = ) aulp),

i=k+1

with 0;(X) and 0;(Xy) denoting the truncated singular values of the snapshot matri-
ces X and Xy, respectively.

Proof. See [CS12, Theorem 3.1]. O

Instead of an a priori error estimate, as in Theorem [2.25 an a posteriori error
estimate may be used as presented in the following theorem.
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2.5 Finite element method

Theorem 2.26. Let a DEIM basis {uy,...,uy,} and a DEIM index set {p1,...,pm}
be given. Assume that the m-order DEIM approximation of f is exact. For k < m—1
and k = m — K, set

Sk =[epys-- 6., S;C:[epﬂﬂ,...,epn%],

Up = [us, ..., u, Uf:[u,.gﬂ,...,u,ﬁ,g].

Let x be the solution of the full-order ODE system and let T be the solution
of the POD-DEIM reduced system with a POD basis Uy and the DEIM
basis and selector matrices Uy and Sy, respectively. Then the state error x — Uy T s
bounded as

t
() = Uii(t)]le < / B(r)el- 2 dr 4 el (| 12(0) — U, U 2(0) |
0

fort € [0,T], where

alt) = Lo[F)(Uhd(t), Fl(z) = Az + f(2),
B(t) = [IMSEF(Tha(t)) — MuSf (Thi(1)) + (I — U\UT) AUl
My = (U (SEU;) " SEU; = Uy) <S£Uf - 8Uy (S%Uf)_lslgﬁf)_ :

1

M,y = My Uy (SEUY) ™+ (I — 0y UTU, (SEUS)

Proof. See [WSH14|. O

The computation of the local logarithmic Lipschitz constant L [F|(U2) and the
error estimator in Theorem has been discussed in [WSH14|. It relies on an
approximation of Lg[F|(Uyz(t)) with a logarithmic norm Lg[Jr(U1Z(t))] of the
Jacobi matrix of F' evaluated at U;z(t) which can be calculated in an efficient way
using the offline/online decomposition.

2.5 Finite element method

The finite element method (FEM) is a numerical technique for solving boundary
value problems for partial differential equations (PDEs). In this section, we give
an outline of this method using Poisson’s equation as an example. For detailed
description as well as convergence and error analysis for different types of PDEs, we
refer to [Cia02) [Eva98| |QV94, [Zei90a, [Zei90b, [Zul0§)].

First, we define some functional spaces and weak derivatives that will be used in
the following.
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2 Preliminaries

Definition 2.27. Let Q € R? be a bounded open domain and 1 < p < oo. The
functional space defined by

LP(Q) = {w : Q — R™ measurable : /Q |lw(&)||P d€ < oo}

fuler = ( [ Hw(é)\lpdsy

with the norm

is called Lebesgue space.
Definition 2.28. Let

L1,.(Q) = {w: Q= R™|w e L'(K) for all compact subsets K C Q}

be a space of locally integrable functions and let o = (o, ..., q;) € Nf be a multi-
index with |a] = a; + ...+ ;. A function v € L} () is called the a-th weak
derivative of w € L3 () if

[ wprids = (<171 [ e

for all test functions ¢ € C2°(Q2), where C2°(2) is the space of infinitely often differ-
entiable functions with compact support in €.

We now define the Sobolev spaces which play a fundamental role in FEM.
Definition 2.29. Let 1 < p < oo and k € N. The Sobolev space WFP is given by
WEP(Q) = {w € LP(Q):  Dw € LP(Q) for all & € Nj}

with the norm

Sl

lwlweny = | D IID*wll%s g

la|<k

For p = 2, we use the notation
H*(Q) = Wh2(Q).

Note that H*(Q) is a Hilbert space with respect to the scalar product

W, V) ) = Dw D“v dx,
(w, ooy = [ 3

laf<k

see [QV94], Section 1|. As the boundary 9 of  is a null set, v € W*?() may be
undefined or not uniquely determined on 0€2. Therefore, we need a trace operator
which makes it possible to define a unique restriction of v to the boundary.
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2.5 Finite element method
Theorem 2.30 (Trace theorem). Let Q be a bounded open domain with
Cl-boundary 0). Then there exists a bounded linear operator
T WHP(Q) — LP(09)
such that
1. 7w = wlaq if w € WH(Q)NCL(Q),

2. |ltwl|zri) < Cllwllwre) for allw € WHP(Q) with a constant C > 0 depending
on p and Q.

Proof. See |Eva98, Chapter 5.5]. ]

The operator 7 in Theorem [2.30|is called the trace operator. Using this operator,
we define the Sobolev spaces

WEP(Q) = {w e WFP(Q) : 7w = 0 on 9Q}
and H}(Q) = W2 (Q).

2.5.1 Poisson’s equation

Consider now Poisson’s equation
—Nz=f in Q (2.5.1a)

with homogeneous Dirichlet and Neumann boundary conditions

z2=0 on I'y, (2.5.1b)
)
a—; —0  onDy, (2.5.1c)

where 0 C R? is a bounded connected open domain with a boundary 9Q = I'y U T,
' NTy = @, and ng is an outer normal to ;. Often, a strong formulation as in
- ) leads to unnecessarily strong conditions on the smoothness of the solution
which may not exist. To overcome this difficulty, a weak formulation of is
used. In order to derive the weak formulation, for the Poisson problem 1) we
define the trial space

V={pecH(Q): 1) =0 on T} (2.5.2)

and the test space D(Q2) = V.
Multiplying equation (2.5.1a) with ¢ € D(2) and integrating over the domain €

results in
/ Azipde = / fobd.

Then using Green’s formula (see [Eva9d8, Section C2]) this equation can be rewritten
as

0z
/QVz-Vz/;dg—/m a—n()wds_/sﬁwdg. (2.5.3)
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Taking into account that
0z

Iy ong

due to the Neumann boundary condition (2.5.1¢c|) and

0z
—ds =0
/1“1 anow

for 1» € V, equation (2.5.3) is simplified to

Wds =0

/Q V2. Vipde = /Q Fude. (2.5.4)

This equation is the weak formulation of (2.5.1). A function z € V is called a weak
solution of (2.5.4)), if z satisfies (2.5.4]) for all » € D(Q2). Introducing a bilinear form

b(z, 1)) = /QVz LV dE (2.5.5)

and a linear functional

1) = [ fode
Q
equation ([2.5.4])) can shortly be written as
b(z,0) =1(v), € D). (2.5.6)
Definition 2.31. Let H be a Hilbert space. A bilinear form
b: HxH—-R
is called
1. bounded if there exists a constant L > 0 such that
[b(v, w)| < Li[v]l]wlls
for all v,w € H,
2. coercive if there exists a constant m > 0 such that

b(v,v) = mlfv],

for all v € H.

The existence and uniqueness of the solution of equation ([2.5.6|) can be established
using the Lax-Milgram lemma.
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2.5 Finite element method

Theorem 2.32 (Lax-Milgram Lemma). Let H be a (real) Hilbert space and let H’
be its dual space. Consider a bilinear form b: H X H — R and a linear continuous
functional | : H — R. Assume that b is bounded and coercive. Then there exists
an unique solution v € H of

bv,0) = 1(¢)  for all & € D(Q),

with
1
vl < — s
m

where m s the coercivity constant.

Proof. See [QV94] Theorem 5.1.1]. O

To show the coercivity of the bilinear form b in (2.5.5), we need the following
theorem.

Theorem 2.33 (Poincaré’s inequality). Let Q@ C R? be a bounded, connected, open

domain with a non-empty subset T'y of the Ct-boundary 0Q and let 1 < p < oo.

Then there exists a constant C' > 0 depending only on d, p and 2 such that
[wllzer@) < ClIVwl|zr(e)

for all w € WHP(Q) with 7w = 0 on T.

Proof. |QV94, Theorem 1.3.3] O

It follows from Theorem m that |wlly < C|Vwl|eq for a constant
C' =1+ C? > 0. Then the bilinear form b fulfills

b(w, w) = (Vw, Vw) p20) = ||Vw||%2(9) > C7?|w|? forallwe V.

and, therefore, it is coercive. Moreover, using the Holder inequality (see [QV94]
Chapter 1]), we obtain

1b(v, w)| < (Vv, Vw) g2y < |[v]|v]|w]ly  for all w e V.

This means that b is bounded. Thus, Theorem [2.33|implies the existence and unique-
ness of the solution of Poisson’s problem (|2.5.1)).

2.5.2 Discretization

As we cannot solve the problem (2.5.6)) in the infinite-dimensional case numerically,
our goal is now to find a finite-dimensional approximation to the test and trial
spaces and to discretize equation . For this purpose, we first introduce a
regular triangulation of the domain €.
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Definition 2.34. Let Q C R? be a bounded open domain with a polygonal bound-
ary. A set T = {Ky,..., K, } is called reqular triangulation of Q, if all elements
K; € T are closed simplicies in R? with

int(K) ﬂlnt( ) =0, 1+#7,

U Kz - Q,
i=1

0 or
K;N K; = { a common full edge or

a common vertex.

Here int (K,) denotes the interior of K.
In a second step, we define a finite element (K, P, Y).
Definition 2.35. A finite element is defined by a triple (K, P, ), where

e K is a bounded, closed subset of R? with nonempty interior and piecewise
smooth boundary;

e P = P(K) is a finite-dimensional function space on K of dimension np,
e ¥ =1{¢,...,S,} is a basis for the dual space P’.

To obtain a finite-dimensional space V;, C V from the set of finite elements
{(K, P,¥)} keT, we introduce a reference finite element (K, P,%) and a set of affine
mappings Fx : K > K given by FK({’) = BKf + bx with an invertible matrix
Bi € R™? and bx € R?. These mappings map the reference cell K to the cells K ,
ie., K = Fg(K) forall K € T. From the conditions & (¢;) = 0k, for k.1 =1,... np,
the nodal basis functions ¢, [ = 1,...,np, on K can be determined. Using these
functions and the reference mapping Fx, we can then generate the nodal basis func-
tions

goj:gbjoFf;l, j=1...,np,
defined on K and, finally, the global basis functions {¢;}7_, for the discrete func-
tion space Vi, = Vi(T) of dimension n. In order to discretize the variational prob-
lem ) for Poisson’s equation, we consider the Lagrange finite elements. The
Lagrange reference finite element is given by a triple (K P, E) where K is a refer-
ence simplex in R? with the vertices vy,...,v441 € R?  P=P (K ) is the space of
polynomials of degree ¢ on K and

f]:{ék:IP’qﬁR:%() (Ck)k:=1,...,np,forallv€p}

where
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&2
&2

&1
&1 &3

(a) Reference triangle in (b) Reference tetrahedron in 3D
2D

Figure 2.1: Reference domain K

The reference simplex K is a triangle in R? and a tetrahedron in R?® as shown in
Figure 2.1(a)| and 2.1(b)} respectively. F = 1 the points ¢* are the vertices of

K (they are marked by dot’s in Figure 2.1)) and for ¢ = 2, these points are the
vertices and edge midpoints of K. Note that conditions &(p;) = ¢;(¢*) = 6, define
the nodal basis {¢;};f; of P uniquely. It is given by {1 = ¢,—C,(1,¢} in 2D
and{1 — (1, —C2 — (3, (1, G2, 3} in 3D.
Let
Vi={veC): v|lg €P(K) forall K C T} C H'(Q)

be a discrete function space defined by linear Lagrange finite elements on a regular
triangulation 7 of Q and let {¢;}!; be a basis of V,. Then inserting an approxi-
mation

n
z R Zai¢i € W,
i=1

into the weak formulation ([2.5.6) with the test functions ¢ = ¢;, j = 1,...,n,
results in a linear system of equations

QQZ}L = f,
where 2;, = [ay, ..., a,]T and the entries of the matrix of and the vector € are given
by
Sﬂi,j = b(¢,, QZS]) == /QngZ . V¢J df, Z,] = 1, e,y (257)
Q

Remark 2.36. Since the bilinear form b in (2.5.5)) is symmetric, i.e., b(v, w) = b(w, v)
for all v,w € V, and coercive, the matrix & is symmetric and positive definite. The
latter immediately follows from

Ty = Zzi szb(¢i7¢j> =0 (Z Zi¢i7zzj¢j> = m| Z%@HZ >0
=1 =1 j=1 i=1

i—1

35



2 Preliminaries
which holds for all vectors z # 0.

2.5.3 Nonlinear problems

The FEM can also be extended to nonlinear problems. As an example, we consider
a nonlinear Poisson’s equation

V- (a(V2)Vz) = f in Q,

z=0 on ['y,
0z
— =0 r
8n0 on 1,

where a is a positive, differentiable function and a(v)v is Lipschitz continuous and
strongly monotone, i.e., there exist L, m > 0 such that

la(o)o — a(w)wll e

| ) < Lo — w220,
(a(v)v — a(w)w,v —w) >

mllv — w||i2(9)

for all v,w € £2(Q). The variational formulation is determined in the same way as
in the linear case and is given by

/a(Vz)Vz~de£:/fz/1d§, b € D(Q). (2.5.10)
Q Q

We are searching for a weak solution z € V satisfying this equation for all ¢ € D(2),
where D(2) =V is as in (2.5.2). Introducing

b(z, ) :/ﬂa(vz)vz-wdg, (2.5.11)
1) = [ rode, (2.5.12)

equation (2.5.10) can be written as
b(z,¢) =1(v) for all v € D(Q). (2.5.13)

Since b is not bilinear any more, Theorem can not be applied here. This result
can, fortunately, be extended to nonlinear problems.

Definition 2.37. Let H be a Hilbert space. A mapping
b:HXH—-R

is called

1. linear in the second argument if
b(v, awy + Pwy) = ab(v,wy) + Bb(v, ws)

for all a, 5 € R and all v, wy, ws € H,
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2.5 Finite element method

2. Lipschitz continuous in the first argument if there exists L > 0 such that
[b(u, w) = b(v, w)| < Lju = vll3flwll
for all u,w,v € H,

3. strongly monotone in the first argument if there exists m > 0 such that

b(u,u —v) — b(v,u —v) = mlu— |3

for all u,v,w € H.

Theorem 2.38 (Zarantonello Theorem). Let ‘H be a Hilbert space and H' be its
dual space. Consider a linear continuous functional | : H — R and a mapping
b:H xH — R which is Lipschitz continuous and strongly monotone in the first ar-
gument and linear in the second argument. Then there exists a unique weak solution
veH of

b(v, ) =1(yp)  for allp € D(Q).

Proof. See [Ze190bl, Theorem 25B]. O

In order to be able to apply Theoremmto the nonlinear Poisson problem ([2.5.13]),

we have to verify that b and [ in (2.5.11) and (2.5.12)) satisfy the assumptions of

this theorem. Definitions (2.5.12)) and (2.5.11]) directly show that [ is linear and b
is linear in the second argument. Furthermore, using the Hélder inequality and the

Lipschitz continuity of a(v)v, we have

/ a(Vu)VuVw — a(Vv)VoVw d€
Q

< [la(Vu)Vu — a(Vo)Vol| z2) | Vwl| 220
< L[ Vu — V| 2 | Vwl| 22(0)
<

Lllu = vl[y[wlly

for all u,v,w € V. This means that b is Lipschitz continuous in the first argument.
The strong monotonicity of b in the first argument follows from the strong mono-
tonicity of a(u)u and Theorem m Thus, Theorem m implies the existence and
uniqueness of the solution of problem (2.5.13]).

Applying the FEM discretization as in Section [2.5.2] to (2.5.13]), we obtain a
nonlinear system of equations

F(z,) = 0, (2.5.14)

with a nonlinear function F(z,) = d(21)z, — €, where the entries of the matrix
d(z,) and the vector € are given by

(d(zh))i’j = / a(z ) Vs - Vo dE, i,j=1,...,n, (2.5.15a)
Q k=1

ﬁj_z(qu)_/gmjdg, j=l....n.  (2515b)
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Unlike the linear case, we cannot compute the integrals in exactly, be-
cause of the presence of the nonlinear function a. The entries of o are determined
using numerical integration schemes. The nonlinear equation is solved by
employing the Newton’s method, see, for example, [Atk89|, which requires the Ja-
cobi matrix of the nonlinear function . It can be determined using numerical or
automatic differentiation |[Ral81l [WRO0].

2.5.4 Time-dependent problems

We now briefly discuss the discretization of time-dependent PDEs. For this purpose,
we use the method of lines based on a spatial discretization using FEM followed by
time integration of n generated ODEs. For more details on this method and also
other techniques for solving time-dependent PDEs, we refer to [Zulll] and [QV94,

Chapter 11].
As an example, we consider here a linear heat equation
0z .
5 ¢ Nz=f in [0,7] x €, (2.5.16a)
z2=0 on [0,7] x I'y, (2.5.16b)
g—; =0 on [0,7] x Iy, (2.5.16¢)
2(+,0) = 2o on €. (2.5.16d)

A weak formulation can be obtained similarly to Poisson’s equation in Section [2.5.1]
Let the trial space V be defined as in (2.5.2) and let the test space be given by
D(Q2) = V. Additionally, we define the spaces

T
L£30,T;V) = {U (0, T) =V HUH%z(O’T;V) = /0 lv(®)||3 dt < oo}

and

H'(0,T;V) = {v € L*(0,T;V) : % c ﬁZ(U,T;V)}.

Then the weak formulation for (2.5.16)) has the form

0
/—Z¢d§+/aVz-de§:/fwd§ (2.5.17)
o Ot Q Q
with z € H*(0,T;V) and ¢ € D(Q). Approximating the infinite-dimensional test

and trial spaces V and D(2) = V with the finite-dimensional space with the basis
{#;}j=1, we insert an approximation

26,6 ~ 3 a;(1)e5(8)

into equation (2.5.17)) and test it with the basis functions ¢;. As a result, we obtain
an ODE system

Eip — Az, =€, 2,(0) = 20, (2.5.18)
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2.5 Finite element method

where the entries of the mass matrix € have the form

€= /Q Gid;dE

and o and € are as in (2.5.7) and (2.5.8)), respectively. Due to the Piccard-Lindel6ff
theorem [HNWO3| Section 1.8|, this equation has a unique solution zj,. For numer-
ical solution of , we can use the explicit or implicit one-step or multi-step
methods [HNWO93, [HW96]. As an example, we consider a #-method. For the linear

ODE (2.5.18)), this method is given by

%Zh,kz-‘rl = %zh,k + T(ﬂ(&zh’k_H + (1 — 0>Zh,k:> + Qf((k? + 1)7’) + (1 — 9)€<kT)),

where 7 is a fixed step size in time, 2, approximates z,(k7) and 6 € [0,1]. Three
methods can be obtained using certain parameters 6: the explicit Euler method for
¢ = 0, the implicit Euler method for # = 1 and the midpoint rule for § = 3.
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3 Numerical solution of coupled
systems

In this chapter, we consider the numerical solution of coupled systems of ODEs
and DAEs. Such systems arise in many different application areas including micro-
electro-mechanical systems and integrated circuit simulation, where different phys-
ical effects have to be modeled. Applying spatial discretization of PD(A)Es on
complex geometries may also lead to coupled systems, where subsystems are ob-
tained by discretization on subdomains and coupling via boundary conditions. The
dynamical behaviour of such systems is characterized by different properties of the
interacting subsystems. While powerful methods are available for the different struc-
tured subsystems, it is often inefficient to apply these methods to the overall sys-
tem. A natural approach is to use most suitable simulation algorithms for each
subsystem exploiting its structure and properties and couple them in an appro-
priate way. This approach is known as co-simulation and has been considered in
[LBHS84, WP99]. For time integration of coupled systems with subsystems hav-
ing slow and fast dynamic behaviour, multirate methods have been developed in
IBGO2, [CC94, (GWS84]. Here, we describe the dynamic iteration method, also called
waveform relazation, first used for coupled ODEs in [MN92| and then extended to
coupled DAEs in [AGO1l [Ebe08|, [JK96|, [PT18].

3.1 Dynamic iteration method
Consider a coupled system of nonlinear DAEs

fi(r, 21,20, ...,xn) =0, x1(t0) = 210,
(3.1.1)

In(En, 21, 22,...,2n) =0,  zn(to) = o,

where f; : R" x R™ x ... xR" — R" are sufficiently smooth functions, x;, € R"
are initial vectors and z; : [to,7] — R™ are unknown functions. We assume that
the initial conditions are consistent and system is solvable. Every subsys-
tem f;(%;,21,...,25) = 0 can be viewed as a control DAE system with the state
vector x;, the inputs z1,...,2;-1,%j41,...,2n and the output y; = x;. This al-
lows us to solve the subsystems separately once good approximations to inputs are
available. Such approximations can be obtained iteratively using the dynamic it-
eration method. For this purpose, we split the time interval [to, 7] into ny macro
time windows [T, T;,,41] with a time grid tg = Ty < Ty < ... < T,,, = T. Then
the subsystems are solved iteratively on every time window using the data from
the previous iteration steps and, if necessary, from the previous time windows. A
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3 Numerical solution of coupled systems
dynamic iteration step on the time window [T}, T;,41] is given by

fAaEt xM x, o xt) =0, 2T, = a (@),
Em,k: : (3.1.2)
. [k k k k k AK o —
PG, XN X, X =0, dm,) = dlimT,),

for k=1,..., K,, with

LIV

14
XM =S wlalb =1, N
=0

where Wz[lj] € C°(I, R™ ") are appropriately chosen weights, azg-k] is the k-th iterate of
the j-th subsystem and ﬁ:Z[K’”_l] (T},) is the last iterate on the time window [T, 1, T},]
evaluated at T), or, if m = 0, the initial value z;o. In most cases, the weights VVZU]]
are time-independent. The value ¢ is called the depth of the method. For reasons of
simplicity, we do not mark the macro time step on the variable x&k] and only consider
it on the appropriate time interval or extrapolate it to the next macro time step.

Figure shows the data flow for the dynamic iteration method. The macro time
windows [T}, Tr,+1] are given on the horizontal axis, whereas the vertical axis indi-
cates the iteration steps. On every macro time interval [T}, T},+1], we use the data
:v[le‘l], ce :UEVK”L‘I] from the last iteration K, 1 on the previous macro time step to
define the initial values and the first approximation to the inputs, this is marked as
“initialize” in Figure [3.I] For DAEs, we have also to ensure the consistency of the
initial values. Then we iterate by integrating the subsystems until the approximated
solutions satisfy a given tolerance and go on to the next macro window. At the end
of the dynamic iteration, we have at any time 7, data for all subsystems. Within
the macro time steps, we solve the subsystems on separate fine time grids using
appropriate integration methods.

Depending on the choice of Wi[f;], the dynamic iteration has different properties.
Next, we consider the Jacobi- and Gaufs-Seidel-type iterations.

Definition 3.1. The dynamic iteration method is of Jacobi-type if the depth £ =1

and
w = {1 i=a i
’ 0, i#J ’ I, i#j

The dynamic iteration method is of Gauf-Seidel-type if the depth ¢ =1 and

W»[O-]: 0, j>i W.[l.]: I, j>Z
A VA A A (VA
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:z:[lk 1 x[lk] x[lk ”f system 1 [k]

(a) Jacobi ) Gauf- Seldel

Figure 3.2: The data flow diagram for the Jacobi-type and Gauf-Seidel-type dy-
namic iteration step

input—) system 2 > O > @'—)output

Figure 3.3: Sequential coupled system

Figure shows the data flow in the Jacobi-type dynamic iteration step for two
subsystems. This approach has the advantage that it can easily be parallelized, since
all subsystems can be solved simultaneously. Figure presents the Gauf-Seidel-
type dynamic iteration step for two subsystems. This method is sequential that can
be a disadvantage for some special systems. Which of these methods should be used,
depends on the coupling structure of the coupled system. For example, solving a
coupled system indicated in Figure with the Jacobi-type method requires N
iterations of every subsystem on the time window [T, T,,11], whereas in the Gaufs-
Seidel-type method, every subsystem is solved only once.

In the following, we present some theoretical results on the convergence of the
dynamic iteration method. First, we consider only ODEs.

Theorem 3.2. Suppose that the coupled ODE system

iy = filzy,...,on), 21(to) = Z10,
: (3.1.3)
iy = fn(21,. .. 2n), (o) = o,
is uniquely solvable on [ty, T|. The dynamic iteration method
f1( 117Xﬂ7 S, 7X1[’,€]]\7)7 21 (to) = 10,
Ko k k k k
xg\/j - fN<XJ[V,}17 X][V,]27 s 7X][V,]N>7 xEV] (tO) = INo;,
converges for k — oo to the solution of (3.1.3) if the starting iterates 20 :UE(\),]
are continuous and
¢
I .
Swlhi=1, ij=1,....N (3.1.4)
1=0
Proof. See [Ebe08, Theorem 3.1.3]. O
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Note that both the Jacobi-type and the Gauf-Seidel-type dynamic iterations sat-
isfy the condition (3.1.4)). Unfortunately, Theorem does not hold in general
for DAEs. For simplicity, we restrict ourselves to the coupled DAE system (3.1.1])
of differentiation index at most 1. We also assume that all subsystems fulfill this
index condition. Moreover, we consider the dynamic iteration method of
depth [ = 1. In this case, can be written as F(&lF zlf zlk=1) = 0 with

T T
ok = [(;ﬂﬁ) e (;UK“[]) } € R n=mny+...+ny. Assume that this DAE

[k

system has differentiation index 1 with respect to z[¥l. Then differentiating it, we

can extract the underlying ODE
M = p(g¥ g1 g1y (3.1.5)

The following theorem is an extension of Theorem to the coupled DAE system
(3.1.1)) satisfying the above conditions.

Theorem 3.3. Consider a coupled DAFE system (3.1.1)) such that the differentiation

index of each subsystem, the coupled system itself and the corresponding dynamic

iteration system 1s at most 1. Let be the underlying ODE of sys-
tem with p € C*(R" x R™ x R",R") and let x¥ € C'([to, T],R"™) be the
solution of with an initial condition x¥\(ty) = ¢ and a starting iterate
2% € C([ty, T],R"). If a constant L < 1 exists such that

o+

Oplk—1]
for arbitrary ¢, (=1, ¢ ¢ R then z¥! converges for k — oo to a solution of
the coupled system.

(M e <L

.

Proof. See [Ebe08, Theorem 3.2.6]. O

3.2 Dynamic iteration using reduced-order models

A combination of dynamic iteration and model order reduction called dynamic it-
eration using reduced-order models (DIRM) was introduced in [RP02]. The main
idea of this approach is to use MOR to generate the input variables for the subsys-
tems that are otherwise determined by interpolation or extrapolation. This has the
advantage that the inputs become dependent on the current solution. In nonlin-
ear case, the reduced-order models are computed by POD or POD-DEIM based on
snapshots as discussed in Sections[2.4.2land [2.4.3] Since the generation of snapshots
is usually expensive, one uses the previous iterates xg-l], I < k, to generate the POD
and POD-DEIM basis matrices at the k-th iteration step.
Consider again the coupled ODE system . Let

T <tmi < ... <tms, < T
be time instances on the time window [T}, T},+1] and let

X = (a0, ) G =1, N 1=0,. . k)
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and
k l !
XJE} = { fj(l’[l}(th) x%(tm71)),...,
5@ ), (b)), G=1,.. N, 1=0,.. k}
be the set of snapshots for x = [T, ... 24]7 and f = [f{,..., fL]F. We are
using the selectors =l ]] and @£ ], where ¢ = 1 , N is the index of the subsystem,
j=1,. j # 1, is the 1ndeX of the Varlable to be reduced, and k = 1,..., K,

is the 1terat10n index. We determine from _[k]X (K] the POD basis matrices V Ik and

from @L j] Py + the DEIM basis and selector matrices U and SZ[ ]], respectively. Then
the k-th iteration step of the DIRM on the time WlIldOW [Ton, Tynsa] is given by N

coupled systems

Ak Akl Lk o[k k k >k
wyo= AL XL X KR,
“%Efi]—l = fz[lz} 1<X7,[17" Xz[lz] 1 £k17Xz[’z]+17"'7Xi[f€J]V)v
. [k k k k >k
xg] = fl( 117" Xz[z]—17 £]7Xz[z]+17"' Xz'[,J]V)v (3'2’1>
Ak Ak > k k k o[k
x£,1]+1 = fi[,i]+1<Xz[1]’-- Xz[z] 1 E]sz[z]—&—D"'?Xi[,J]V)?
Ak ‘ Akl Lk > [k k >k
IE,J]V = fz‘[,llf(Xi[,l]w"vXH 1 £]7Xzz+17"'>Xz‘[,]]V)7
with
k k k k] ~-lk k
e B N < NS <
_Z[]fJ(Xz[l]7" Xz[z} 1 1[,]7Xz[z]+17"'7Xi[,]]V)
and

Xz[f;] = V[_I;]x[,]}? . ] = 17’]\77 ] %/L,
W AL e\ ] T o

for i = 1,...,N. Here xk € R"i are the reduced variables and a:[ ! the DIRM
iterate. One can see that the DIRM has the same work flow as the dynamlc iteration
presented in Figure 3.1} The only difference is that instead of solving N subsystems
of dimension n; each, in the DIRM, we solve N systems of dimension nﬁ—ZéVZL i Mg

each, where 7; ; is the dimension of the POD basis VZU;] for every subsystem. The
additional computation effort will, hopefully, be compensated by speeding up the
convergence, since using the reduced models provides more accurate approximations
to the input variables for the subsystems. In Figure[3.4] we collect the variables and
functions for the dynamic iteration and DIRM and explam different indices.

The different selectors J | and @ lead to different reduced-order models. Here,
we present two possible ch01ces

e Jacobi-type selector

=M = 0, T )
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3.2 Dynamic iteration using reduced-order models

reduced iteration
. [K]

f 1,J
subsystem subequation

(b) Reduced functions

reduced\ / iteration
[k
3l

subsystem variable

(d) Reduced iterates

Figure 3.4: Functions and iterate variables for the dynamic iteration and DIRM

e Gaulk-Seidel-type selector

(bt )s -2l Nt )}, fori <,

=kl plk] — {x
—ij k
/ {m< Do @t

for every DIRM subsystem ¢ and every iteration k. Note that for the Jacobi-type
selector, the variables from the [prewous iteration step are taken as snapshots for
all subsystems. In this case, =; does not actually depend on i. In contrast to

this, for the Gauk- Seldel type selector J the POD basis V; 1y Vl[’:] , for the ¢-th

DIRM system are determined from the actual snapshots of the subsystems
1,. -1, whereas the POD basis V; EIRTR
from the previous iteration. The selectors @E; for the functions f; can be chosen

in a similar wa?f Note that starting from the second iteration, we can extend the
snapshot set X by additional information

V[ v are obtained from the snapshots

Y

o[ o (1 l o[ o [{
Fi (XU t)s o K)o ), K ), o X))
£ X[l xW U (t ), x (t ) XU (4
J ( msm)a-"a j,L]( m,sm)a ] m,Sm Jyg LI\ M,8m Sy e e NJ( m,sm>

available from the previous steps. We have to make an initial step to get first
snapshots. We decided here to perform one step of Jacobi-type dynamic iteration.
Extrapolation gives only linear dependent vectors and does not extend the snaphot
matrix.

In contrast to the dynamic iteration method, the DIRM is not well studied yet.
In [RP02], the convergence of the DIRM is investigated for linear systems only.
Here, we briefly overview these results. Consider a coupled linear system with two
subsystems

1 = Ay + Az,

z1(to) = Z10,
) 3.2.2
To = Ag1x1 + Agowo, ( )

T2(ty) = 20,
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where A;; € R"*" for ¢, 5 = 1,2. Then the Jacobi-type DIRM subsystems take the
form

$k A11£U[ ] +A12V[k2]x12,

i) = (Vl[,kg]> Ana! + (‘/1[,@) AV iall
and
532]1 = (‘G[T)TAHV[’?]J:Q 1 (Vﬁ) Alzx[k]
A A VI | gl

with the projection matrices Vl[g € R™>*™” and V2[ﬁ] € R"*™M such that
T T
(Vﬁ) Vz[ﬁ] = I, and (Vl[kg]) Vl[f;] = I,,. Introducing the orthogonal projectors

T T
Pl[k} = VQ[ﬁ] (Vﬁ) and PQ[k] = Vl[g] (Vf@) , these subsystems can be written as

= All.ﬁﬂ[lk] + Algzgg],

20 plE gy oWy Pl g, 0 (3.2.3)

e '[k] p[k] A Z[k] + P[k] Aqoz¥
— A+ Ayl e (3.2.4)
where z; M= ‘/Q[Ii]i[gk}l and 22 V[k]a:[1 ]2 are approximations to x; and x, respectively.

To specify the dynamic iteration operator, we introduce

P 0 Ay 0 0 A
W _ |11 _ |4 _ 12
P 0o pPH|’ A 0 Ap|’ Ao Ay 0
and write and - together as
= Azl 4+ AyzH

SH = P A 4 plk A K

1K
(K] >
Lg

Define the iteration operator Z : £2(0,T; R™*"2) — £2(0,T; R™*"2) which maps
the iterate z!* to ¥+, Note that the operator Z is nonlinear because POD reduc-
tion is a nonlinear mapping. This can be demonstrated by the following example.

with
[ ]

[ ]

Example 3.4. Computing the SVD
1 0] (1 0f[1l O0]f1 0
0 0| |0 1](0 0|0 1|’
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3.3 Numerical experiments for a nonlinear coupled system

we obtain the POD basis [1 O}T with reduced dimension 1. Analogously, the SVD

o= o] o o] o

provides the POD basis [O 1}T of dimension 1. However, if we apply POD to

G R O o i

with a > b > 0, we get [1 O}T. A linear operator should result in [a b}T.

The following results on the convergence of the DIRM-method were presented in

[IRP02]:

e The nonlinear operator Z has a fixed point z* if ||Apl|2 is sufficiently small.
Unfortunately, no quantitative bound on || Ag||2 is given and the proof does
not suggest any. This result holds for arbitrary (finite) number of linear sub-
systems.

e An upper bound on the error of the fixed point trajectory z* and the through
solution z = [27, xﬂT of (3.2.2) is presented.

e Assuming that the initial iterate 2% is sufficiently close to the fixed point z*
of Z and | DZ(x*)||2 < 1, where DZ(x*) denotes a linearization of the iteration
operator Z at z*, the convergence of the DIRM iteration to x* is proven.

e Finally, for a coupled linear system, for which the operator Z has a fixed point
x*, the convergence of DIRM is established on a sufficiently small time interval
[to, to + 7] under assumption that the initial iterate 2% is close enough to z*.

These convergence results cannot be used in practice, since the conditions guarantee-
ing the convergence are very difficult to verify even for linear systems. An extension
to nonlinear coupled systems remains still open.

3.3 Numerical experiments for a nonlinear coupled
system

The DIRM method depends on many parameters that strongly influence the con-
vergence of this method. These are, for example, the number of macro steps nr
and the number of iterations K, on the macro time window [T}, T;,+1]. Applying
model reduction, we have to choose the reduced dimensions n; ; and &;; for POD
and DEIM, respectively, or tolerances as described in . Furthermore, we
have to select snapshots required for the construction of the reduced bases, which
can be selected by EE’“} and @Ekj] In this section, we present some results of numerical
experiments for a simple nonlinear coupled system to demonstrate the difficulties in
choosing all these method parameters.
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3 Numerical solution of coupled systems

We consider a nonlinear PDE

Ou _ 0w Ou
o oez " “or

with the boundary conditions
u(t,0) = u(t,6) =0

and the initial conditions

0.0 =exp (= (5= 1)") sn (5).

for £ € [0,6] and t € [0,T]. For simplicity, we take v = 1 and a = 1. In order
to obtain a coupled dynamical system as in (3.2.1), we divide the spatial interval
[0, 6] into four equidistant subintervals and discretize (3.3)) on each subinterval using
a finite difference method [Smi85| with 250 equidistant discretization points. This
leads to a nonlinear coupled system with four subsystems of dimension n; = 250,
j=1,...,4, connected sequentially. In the first experiment, we set 7' =1 and vary
only the number K; of dynamic iterations on one macro time window [0, 1] and the
POD reduced dimension 7, which is the same for all iterations and all subsystems.
Other parameters collected in Figure remain fixed.

Note that we do not apply DEIM for the reduction of nonlinearity, since in this
small example, the simulation time is so short, that the advantage of DEIM does
not come to bear. As a reference solution z,s € R, we use the solution obtained
by discretizing on the whole interval [0, 6] using the finite difference method
and solving the resulting ODE employing the MATLAB function odel5s with step
size control.

In Figure [3.5(b)| we present the relative error

[ e (1) — (1)
et (T

in the DIRM solution after the first two iterations for different POD reduced di-
mensions. Note that the relative error can only be computed for the time instants
T; for j = 1,...,np. Since we use ny = 1, we can compare the solutions at time
T only. One can see that for increasing dimension 7, the relative error decreases.
This is a typical behavior of the POD method. It should, however, be noted that
the error also depend on the snapshots that are different in each iteration. More-
over, Figure shows that the second iteration leads to the significantly smaller
relative error A,.(7") than the first iteration. For dynamic iteration, this is a basic
property, but it is not guaranteed for DIRM.

In Figure |3.5(c)| we present the simulation time. Here, DIRM behaves again as
expected, the larger the reduced dimension, the longer the simulation time. It is
striking to note that the second iteration is significantly more expensive than the first
one. We suspect that this is because a POD approximation creates an inappropriate
reduced-order subsystem. This leads to long simulation time. Since we want to
compute a solution with a small error in a short time, we look at Figure

A(T) =

20



3.3 Numerical experiments for a nonlinear coupled system

showing the relative error versus the computation time and search for a point near
the origin. Depending on the desired accuracy, a suitable POD dimension n and
a number of iterations K; can be read out from Figure . From the outset,
however, it is nontrivial to select these parameters. The same dimension n can
lead to large errors in the first iteration and to long simulation time in the second
iteration.

Run time
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Figure 3.5: Influence of POD dimensions and number of dynamic iterations on the
relative error and run time for the Jacobi-type DIRM method
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3 Numerical solution of coupled systems

Instead of setting the reduced dimension for POD, one can also select a toler-
ance tol for the POD singular values. We now look at how DIRM reacts to the
reduced systems determined by different tolerances. This time, we use the same
tolerance tol = 27 for all subsystems and iteration steps. The resulting POD di-
mensions for four subsystems are presented in Figure for the first and second
iterations. It can be seen that in the second iteration, the differences between the
subsystems are larger than in the first iteration, which is due to different snapshots
for each subsystem. All in all, the reduced dimension increases with decreasing toler-
ance. In Figures[3.6(b)|and [3.6(c), we present the relative errors and simulation time
for different tolerances and different number of dynamic iterations. Figure [3.6(d)
shows the relative error versus the simulation time. One can see that DIRM with
varying tolerances provides about the same results as with varying POD reduced
dimensions.
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Figure 3.6: Influence of POD tolerance and number of iterations on the relative error
and run time for the Jacobi-type DIRM method
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3.3 Numerical experiments for a nonlinear coupled system

Reduced dimensions in the first iteration

Reduced dimensions
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Figure 3.7: POD reduced dimensions for four subsystems generated with toler-
ance tol = 27" in the Jacobi-type DIRM method
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3 Numerical solution of coupled systems

Reduced dimensions in the first iteration
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i
Figure 3.8: POD reduced dimensions for four subsystems generated with toler-
ance tol = 27" in the Gaul-Seidel-type DIRM method

In the next set of experiments, we employ the Gaufs-Seidel-type dynamic itera-
tion and repeat above computations. While in the Jacobi-type DIRM method, all
subsystems are reduced at the beginning of each iteration and then all N coupled
systems are solved in parallel, the Gauf-Seidel-type DIRM iteration is se-
rially in nature. This means that after solving the (i — 1)-st system (3.2.1), its

solution is used to determine the POD basis Vb[f}_l required in the i-th system. This
results in the different choice of dimensions, compare Figures [3.7] and [3.8 If we
compare the error plots in Figures [3.6(b)| and [3.9(b), we see that the error in the
Gauk-Seidel-type DIRM behaves similar to that in the first Jacobi-type iteration.
However, comparing the run time in Figures [3.6(c)| and [3.9(c)l one can see that
the simulation time for the Gaufs-Seidel-type DIRM is about the same as that for
two Jacobi-type iterations. Overall, the Jacobi-type DIRM in this example is more

efficient than the Gaufs-Seidel-type DIRM.

o4



3.3 Numerical experiments for a nonlinear coupled system
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3 Numerical solution of coupled systems
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Figure 3.10: Influence of POD tolerance and number of macro steps on the relative
error and run time for the Jacobi-type DIRM method

Next, we vary the number of macro steps ny on the time interval [0, 2]. In dynamic
iteration, increasing number of macro steps leads to smaller errors. Figure
basically shows this behaviour for tolerance 27!3 only, whereas for tolerances 272°
and 27%7, the relative error for ny = 4 macro steps is clearly the smallest. We
suspect that too small macro steps lead to bad snapshots and, therefore, to large
errors. Looking at the run time in Figure it increases slightly with increasing
number of macro steps. This is to be expected because of the overhead computations.
Only for tolerance 2727 with one, two and three macro steps, the simulation is
significantly longer. Finally, Figure gives the correlation between the run
time and the relative error. From the tested variants, four macro time steps and the
POD tolerance tol = 2727 provides the best result.

Summarizing, we conclude that the DIRM method is very sensitive to method
parameters. It is not applicable without a well-founded strategy for parameter
selection. An inappropriate choice of parameters may lead to a failure of the method.
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3.4 A posteriori error estimator

3.4 A posteriori error estimator

In this section, we present an a posteriori error estimator for the DIRM method
applied to coupled ODEs. It is based on an a posteriori error estimator for DEIM
derived in [WSHI4].

Theorem 3.5. Let
T l'[lk]
r=|": and M= :
IN :L‘E@]
be the solutions of a coupled system (3.1.3) and the k-th iterate of the DIRM, respec-

tively. Then the DIRM error e(t) = x(t) — z¥l(t) is bounded on very time window
[Ty Trnt1] as

t
le®l < | Bls)els *Dds 4 ||e(T) [/t Ut € [T, Tsa], (341

where |e(Ty)|| = 0, a(t) = Lo[f](x¥1(t)) is the local logarithmic Lipschitz constant
of f=[fT ... f5]" defined in 24.16), and

faB@) — f@@1 (@)
B(t) = :
Fe(@®@) — fn (@8 ())

with R [<X£,’?)T7.--,<XR’“-]1)T,(xE’“)ﬁ(XJ,’EL)T,--w(Xi’?]v)T}T Jor

(2 K3

1=1,...,N.

Proof. For the sake of simplicity, we skip the time dependence in the following
notation. The time derivative of the error ||e|| = ||z — 2!¥)|| can be calculated as

dlel| _dle,e)> _ (ée) +(e,¢) _ (ée)

dt dt el el

Collecting the i-th equations from the i-th DIRM system ([3.2.1]), we get the system

= fi@),

. [k ‘ ~ |k
% = fu(al)).

In order to determine the inner product (é,e), we subtract this system from the
coupled ODE system (3.1.3)). Then we obtain

fi(z) fi@@)
<é7 €> = < - ,€>
fn(x) Fa (@)
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3 Numerical solution of coupled systems

Next, we add and substract [ f;(z/*)7,... ,fN(a:[k])T}T and use the Cauchy-Schwarz
inequality. This leads to

fi(2) fa(al®) fi(al) fi(@ty
<é,e>=< N : ,e>+< : - : ,e>
fn(z) S () ] S (@) Fa (@

fi(z) fi(a)] fi(al®) fi(@l
(R RAER

< - le]l-

fv@| | v | )

~—

Using the local logarithmic Lipschitz constant Lo[f](z¥]) to estimate the first inner
product, we have

. fi(al Ai@(8)
d”ff(t)H _ <€(t);€(t)> < Lz[f](x[k]@))He(t)H + ( )) _ (
dt le(t)]] fN(:L’[k](t)) fN(fES](t))

= a(t)[le@) + £(?)-

Using the comparison lemma [WSHI14|, we obtain estimate (3.4.1). Finally, obvi-
ously [le(To)|| = [lz(to) — 2™ (to)|| = 0. O

Since the local logarithmic Lipschitz constant L[ f](x[¥/(t)) is expensive to calcu-
late, we suggest similarly to [WSH14| to approximate it with the logarithmic norm
Lo[J(z1(#))] of the Jacobi matrix J;(x*¥(2)) of f evaluated at z¥/(¢). In order to
compute the logarithmic norm Lo[J(a*)(£))] = 3 Amax (S5 (2(t)) + JT (zM(2))) we
first determine a MDEIM approximation to the Jacobi matrix

Q
Tr(@M(®) = Y Wb, (a"(1))

as described in Section[2.4.3]and then calculate the largest eigenvalue of the symmet-
ric matrix M (t) = Z(?:l O, (x)(t)) M, with M, = W,+ W[ using the successive con-
straint method [HRSP07]. This method will be presented in the next section. The
computation of 3(t) requires the evaluation of f; at x[¥/(¢) and igk] (t)fori=1,...,N.
This data can be collected through DIRM. Note that exploiting the structure of the
problem can reduce the computation time for the error estimates significantly.

3.4.1 Successive constraint method

In this section, we briefly describe the successive constraint method (SCM) for com-
puting an upper bound on

v M (v
A(p) = - DCR" 4.2
(k) JJmax — p o meDc (3.4.2)

for a parameter dependent matrix M (u) = 25:1 0,(1) M, with M, € R™" and
nonlinear functions 6, : D — R. This method was first proposed in [HRSP07| for
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3.4 A posteriori error estimator

the construction of lower bounds for the coercivity and inf-sub stability constraints
requested in an a posteriori error analysis of parametrized PDEs. Here, we adapt the
SCM to our setting by considering a finite dimensional space R" and searching for
an upper bound on a discrete parameter set. Note that if M (u) is symmetric, then
by the Courant-Fischer theorem [HJ85], A(u) in gives the largest eigenvalue
of M(u). We first define a set

v M
Y:{y:[yl,...,yQ]TERQ : Jv e R"\ {0} s.t. y, = vTvq ,qzl,...,Q}

and as objective the function J (1, y) = 3%, 6 (1)yy- Then (3.4.2) can be written

q=1"4
as A(p) = maxyey J (4, y). Furthermore, we introduce a bounded set
- vIMyw v Myv
Bo =| min , max X
veR\{0} vTv wverm\{o} VT

. v Mgo v Mgu
X | min , max
veRm\{0} vTv “verm\{fo} vTw

]CRQ.

For a parameter set Cx = {1,..., ux} C D we define further the sets

Yup(Ck) = {y € Bq : J(m,y) < M) for all yy, € Ok},
YVip(Ck) = {afgf;lg}j(ﬂk,y) for all yu, € Cc}

and bounds A\yp(i,Cx) = max )j(,u,y) and A\rp(p, Cx) = max  J(u,y).

yeYuB(Ck yeYrp(Ck)
Lemma 3.6. For a parameter set C'x, it holds
A, Ck) < M) < Mus(p, Ck) for all € D. (34.3)
Proof. We first observe that Y,5(Ck) C Y by definition of Y;5(Ck). Secondly we
v Mg

show that Y C Yyp(Ck). For y = [y1,...,yo]" € Y, we have y, = —r.~ for some
v#0and ¢g=1,...,Q and, therefore,

. UTMqU
min

UTMqU
T ¢ & max
veR™\{0} vV

veRm\{0} vlv

qg=1,...,Q.

Thus, y € Bg. Furthermore, by the definition of (i), we have J(p,y) < A(p) for
all y € Y and, therefore, Y C Yyp(Ck). Then (3.4.3) immediately follows from the
definition of Ay, A and A p. O

The key idea of the SCM is to determine a parameter set Cj such that the
corresponding lower and upper bounds A\ p(p, Cx) and Ayp(p, Ck) are sufficiently
close to A(i). Such a set can be computed iteratively using the greedy procedure.
Once the parameter set Ck is constructed, we choose the next parameter iy
such that the error ey (u, Cx) =1 — % is the largest in a training set Dj,qin
which is a discrete subset of D. Updating Cx 1 = Cx U {uux 11}, we continue the
iteration until ex(p) < tol with a tolerance tol € (0,1). The SCM is summarized
in Algorithm [3.1} For arbitrary parameter p € D, the upper bound Ayp(u, Ck)
on A\(u) can be determined by solving the linear program with p; replaced
by u, which has @) variables and 2Q) + K constraints. Thus, the complexity of this
program is independent of the problem dimension n.
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3 Numerical solution of coupled systems

Algorithm 3.1: Successive constraints method

Input : My,..., Mg e R™" 0(u) = [91(,u), o ,QQ(M)] nonlinear function,
training set Dyyqin = {pt1, - . -, ttg}, maximal number of iterations
maxiter < g , tolerance tol, number of an initial starting parameter
,uil S Dtraz'n

Output: a parameter set Cj,

Set Cl:{:ul}7 AUB:[LbUB:TH' .

e . v My vt My

Compute Bo =1, Le%y\%o} vTo weknigoy vTo ] '

3 for kK =1 to maxiter do

=

N

T
T T
s | Compute Ny = max 0(u,) [2302, . 240] " and
veR™\{0} vTy 77 Ty
v;, = arg max 6(u;,) vT M v Mgv r
" veR?\{0} h oy 0 Ty ’

Set Ayp + [Aup, 07 (13,)], bus < [bus, \i)-
for j =1 to g do

7 Solve the linear program
max 0(u;)y st. ALpy <bhg, y € Bo (3.4.4)
for y.

8 Set Aup (s, Cr) = 0(p3)y.

oL Myv, I Mow;
9 Compute App(1;, Crx) = max6(u;) [ ZLT; L Liij L

1<l<k i 3 7] 1
A (15,0 =Aps (15,C

10 Compute €(;, Cy) = LU0 C)
11 end
12 Find p;, ., = arg Mngzgime(uj, Ch)-

13 Set Cr1 = Cr U { iy, }-
1a | if €(py,,,, Cr) < tol then

15 ‘ break
16 end
17 end
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3.4 A posteriori error estimator

3.4.2 Numerical example

Here, we present some results of numerical experiments to demonstrate the effec-
tiveness of the a posteriori DIRM error estimator for the coupled system de-
scribed in Section [3.3] To solve this system, we use the Jacobi-type DIRM method
with ny = 4 macro time steps on the time interval [0, 2] and K, = 2. The dimension
of the reduced variables was determined using the POD tolerance tol = 2727, As in
Section @, a reference solution x,.; was computed by solving the semidiscretized
equation (3.3) using the MATLAB function odel5s with stepsize control. To be
able to calculate the absolute DIRM error ||z,.;(t) — z!*1(¢)|| not only at the macro
time steps, all systems of the DIRM iteration were calculated on the time grid of
the reference solution z,.r. In Figure , we present the absolute DIRM error
|Zrer(t) — x¥1(#)|| and the error estimator (3.4.1]) with Ly[f](x/?()) replaced by the
logarithmic norm Ly [J¢(z/?(t))] computed without and with MDEIM and SCM.
One can see that the error estimator overestimates the true error by three orders
of magnitude, but it depicts the behavior of the error very well. Even small peaks
when changing from one macro time step to the other are reflected. The relative
error caused by MDEIM and SCM in the error estimator is shown in Figure [3.11(b)]
This one is so small that it does not matter here. In this small example, the time
saved by MDEIM and SCM can hardly be shown. Table [3.1] shows that a speedup
can be achieved with MDEIM and SCM if the generated MDEIM basis can be used
long enough. In our experiments, the reduced basis was only created in the first
macro time step and then reused in other macro time steps. Accordingly, the run
time in the first time window [T, 71] is significantly longer than in the other macro
time steps.
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Figure 3.11: Error estimation without and with using MDEIM and SCM

Ll A

macro time step
macro time step
macro time step
macro time step

Table 3.1: Run time
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and SCM

without MDEIM and SCM  with MDEIM and SCM
4.68 7.12
4.65 3.45
4.83 3.46
4.71 1.93

in seconds for the error estimator without and with MDEIM



4 Model reduction for
magneto-quasistatic problems

Nowadays, integrated circuits play an increasingly important role. Modelling of
electromagnetic effects in high-frequency and high-speed electronic systems leads
to coupled electromagnetic-circuit models of high complexity. The development of
efficient, fast and accurate simulation tools for such models is of great importance in
the computer-aided design of electromagnetic structures offering significant savings
in production cost and time. In this chapter, we consider model order reduction of
magneto-quasistatic (MQS) models obtained from Maxwell’s equations by assuming
that the contribution of displacement current is negligible compared to the conduc-
tive currents. MQS equations are used for modeling of low-frequency electromagnetic
devices like transformers, induction sensors and generators. Due to the presence
of non-conducting subdomains such equations form a system of partial differential-
algebraic equations (PDAEs), whose dynamics are restricted to a manifold described
by algebraic constraints. A spatial discretization of MQS problems using the finite
integration technique (FIT) [Wei77] or the FEM [Néd80), Bos98, Mon03| leads to
DAE systems which are singular in the 3D case. Here, we consider only the FEM
discretization. The algebraic constraints should be treated carefully when approxi-
mating the system. A naive application of the existing model reduction methods to
DAEs may lead to an inaccurate approximation and physically meaningless results
[GSW13, [KS15, [Sty11]. We will exploit the special block structure of the semidis-
cretized MQS system to transform it into a system of ODEs. Unfortunately, the
transformation to the ODE form requires the computation of an orthonormal basis
of a certain subspace and destroys the sparsity of the system matrices. To overcome
these computational difficulties and to construct efficient model reduction methods
for linear and nonlinear MQS systems, we will again use the underlying structure of
the problem.

4.1 Maxwell’'s equations

First, we introduce a physical model. The dynamical behavior of the electromagnetic
field is described by Maxwell’s equations in a differential form

D
VxH:JC+JS+8@—t, (4.1.1a)
0B
E=—-—— 4.1.1b
V x 5 ( )
V-B=0, (4.1.1c)
V.-D =p, (4.1.1d)
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4 Model reduction for magneto-quasistatic problems

with the physical quantities:
e the magnetic field intensity H,
e the magnetic flux density B,
e the electric field intensity E,
e the electric flux density D,
e the conduction current density J.,
e the external source current density Jg,
e the electric charge density p,

which depend on the spatial variable ¢ € R? and time ¢ € [0,7] C R, see [Max65].
The first six quantities are R3-valued functions, whereas p is a scalar function.
Additionally, there are the material equations

B = uH, (4.1.2a)
D = ¢E, (4.1.2b)
J.=0cE (4.1.2¢)

with the material parameters:
e the magnetic permeability p,
e the electric permitivity e,
e the electric conductivity o.

We consider only isotropic materials without hysteresis effects. In this case, the
material quantities are scalar functions, where € and o depend only on the space
variable, and the permeability can be represented as a function of the magnetic field
H such that

B = p(-, [|H||)H. (4.1.3)
Furthermore, we introduce the magnetic reluctivity v satisfying v(-, || B||) = e \1\HII)
which lead to the relation

H=v(,|B|)B. (4.1.4)

For derivation of Maxwell’s equations and detailed description of materials, we refer
to [Gril3l [Jac99, Pec04].

Due to the divergence-free property for the magnetic flux density B, one can find
a magnetic vector potential A and an electric scalar potential ¢ satisfying

B=VxA, (4.1.5)
A

E=—2"_vVo. 41.
o Ve (4.1.6)
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4.2 Magneto-quasistatic model

Note that the potentials A and ¢ are not unique, whereas B and E are uniquely
defined. Consider the gauge transformation

A=A+Vy, @= —%—zf (4.1.7)

with an arbitrary scalar function ¥. One can show that B and E are gauge invariant
in the sense that they remain unchanged under the gauge transformation [Bos98|,
Jac02]. A uniqueness of A and ¢ up to a constant scalar field can be archived by
the Coulomb gauge

V-A=0 (4.1.8)

or the Lorenz gauge

eu%—f—i—V-A:O.

For further discussions on gauge, we refer to [Baul2l Bos98, [Jac02, [Sch11].

4.2 Magneto-quasistatic model

MQS equations can be considered as an approximation of Maxwell’s equations
(4.1.1), (4.1.3) for low-frequency problems [Dir96, HM89]. We assume that the
displacement currents are negligible in comparison to the conductive currents, i.e.,

oD
ot
Inserting the material equations (4.1.2¢)) and (4.1.4)) into equation (4.1.1a)) and using
the condition (4.2.1)) and the potential equations (4.1.5)) and (4.1.6), we obtain the

magnetic vector potential formulation

0. (4.2.1)

A
PR LV [V X AT X A) = oV . (422)

Boundary and initial conditions Maxwell’s equations are, in general, defined on
an infinite domain. We cannot numerically capture this and, therefore, consider the
equations on a bounded simply connected polyhedral region 2 C R3. There is three
types of boundary conditions:

1. Dirichlet boundary condition
A xng=Ap on 092 x (0,T)
with an outer unit normal ny to the boundary 92 and a given function Ap,

2. Neumann boundary condition
v(V x A)xny=Hy on 0 x (0,7

with an outer unit normal ny to the boundary 92 and a given function Hy,
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4 Model reduction for magneto-quasistatic problems

3. anti-periodic boundary condition
(V X A(§7t>) ) ”(J)r = _(v X A(S(g)at)) Mg for (f,t) ey x (0>T)

with two parts of the boundary I'y and I'_ such that 0 = I'y UT_, the
corresponding outer unit normals nj and n, and a mapping s: 'y — T'_.

For the unique solvability of the problem, at least a part of the boundary must be
provided with a boundary condition of the Dirichlet type, see [QV94]. A description

of the effects of different boundary conditions can be found in [Schil]. We use
a homogeneous Dirichlet boundary condition

A xnyg=0 on 082 x (0,7).
In addition, we specify the initial condition

A(0)=A,  inQ.

Material parameters Let 2 C R? be a bounded domain, with a conducting subdo-
main € and a non-conducting subdomain €25 such that Q;NQy = 0 and O, UQ, = Q.
We assume that the material parameters o and v are different in the conducting
and non-conducting subdomains. We consider

e the electric conductivity

with a constant o; > 0 and

e the magnetic reluctivity

V(€ 0) = {Vl(g) n <, (4.2.3)

Vo in QQ,

with a constant vy > 0 and a function v, : Rj — R{ satisfying the following
conditions:

1. vy is continuously differentiable;

2. vy(+)- is strongly monotone with monotonicity constant m,; > 0, i.e.,
(vi(0)e —vi(0)0)(0— 0) = my(0—0)° forall g,6>0;  (4.2.4)

3. v1(-)- is Lipschitz continuous with Lipschitz constant L, ; > 0, i.e.,

lv1(0)o —v1(0)o| < Lyilo— 0| forall o, 0 > 0. (4.2.5)
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4.2 Magneto-quasistatic model

Obviously, the function v inherits the properties of vy. Conditions [2 and [3] im-
ply that for all £ € Q, v(,-)- is strongly monotone with monotonicity constant
m, = min(m,1,vs), and it is Lipschitz continuous with Lipschitz constant
L, = max(L, 1,Vv3). Moreover, it follows from conditions (1| and [2] that

v(& o) =m, forall (£ 0)€QxRY. (4.2.6)

Indeed, taking 6 = 0 in (4.2.4), we obtain v1(p)o® > my10® and, therefore,
vi(p) = m, for all p € RT. This inequality is also valid for o = 0, because of
the continuity of v1. Thus, is fulfilled.

Note that due to (£.1.7), we can choose A such that oVe = 0. Then
simplifies to the equation

0A
T +Vx (v ||VxA|V xA)=1J, (4.2.7)

guaranteeing , A is uniquely determined on €2;. To get the uniqueness of €2; on {2,
we use the Coulomb gauge (4.1.8) on Qy, see [Sch1l].

Stranded conductors The coupling of electromagnetic devices to a circuit is es-
tablished by the voltage drop v and the electric current ¢ through the electromagnetic
conductive contacts. This can be realized as a solid conductor model, where solid
conductors behave as voltage-driven circuit elements, or as a stranded conductor
model, where stranded conductors behave as current-driven circuit elements, see
[Ben07, SGW13]. Since both conductor models are equivalent in the sense that
the solid conductor can be written as a stranded conductor with a particular con-
ductivity matrix [Schll], we restrict ourselves to the stranded conductor model.
A stranded conductor consists of several thin wires (strands) of small cross-sectional
area forming a coil. For such a conductor, it is assumed that the current density is
homogeneously distributed. For a stranded conductor model with m terminals, the
source current density is given by

Js = Xstrls (428>

where a winding function x, : Q@ — R3*™ satisfies the following conditions:

Xt 15 divergence-free, ie., V- x,, =0 in (4.2.9a)
supp((Xser)i) N Q2 # O fori=1,...,m, (4.2.9b)
Supp((Xstr)i) N Supp((Xstr)j) = (Z) for Z?.] = ]-7 cee, My i 7£ ju (429C)

where (x4, )i denotes the i-th column of xg,. Condition (4.2.9b) means that the
coupling is not only on the conductive part, whereas condition implies that
the terminals do not overlap. Using Ohm’s law for the resistive voltage drop and
Faraday’s law for the induced voltage drop, one can compute the complete voltage
drop as

0
v=R.+ E/nggrAdg,
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4 Model reduction for magneto-quasistatic problems

where & describes the resistance of the winding. It is given by
T
R,: / XstrXstrdé-’
Q OcoilY

where .y is a electric conductivity of the coil and « € (0, 1] is a filling factor.
Summarizing, we obtain the MQS model

0A

oo +Vxw(||VxA|)V xA)=x4t inQx(0,7), (4.2.10a)
% / XLAdE+ R =0 in (0,7), (4.2.10b)
Q
Axng=0 on 9 x (0,T), (4.2.10c)
A(,0)=A; inQ. (4.2.10d)

This model can be considered as a control system of partial-integro-differential-
algebraic equations with the input v, the state [AT,/7]" and the output «. Such
a system has been studied in [AIt13] MHCGIT, [Sch1l] in the context of coupled
field-circuit problems. Our goal is now to develop efficient model reduction methods
for which exploit the underlying structure of the problem.

4.3 2D Magneto-quasistatic problems

First, we consider 2D MQS systems in more details. We discuss a spatial discretiza-
tion of such systems using FEM which leads to DAEs and also study the index
and passivity of the semi-discretized system. In Sections [4.4] and [4.5] we present
passivity-preserving model reduction methods for linear and nonlinear 2D MQS
equations.

Let Q C R? be a bounded connected domain with a Lipschitz continuous boundary
0f). For the MQS problem on such a domain €2, we assume that the magnetic field
H lies in the (&1, &)-plane meaning that it is a three-dimensional vector field which
does not depend on the &3-variable, i.e.,

Hl (517 52)
H= |H(&,&)
0

Since H and B are related via the magnetic permeability as in (4.1.3)), B has a
similar form

Bl (517 52)
B = |By(&,6)
0
Furthermore, equations (4.2.7) and (4.2.8)) give directly that
0 0
Js = 0 ) Xstr = 0
Js3 (517 52) Xstr,3 (617 52)
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4.3 2D Magneto-quasistatic problems

It follows from the equation B = V x A that

0
A= 0 . (4.3.1)
As(&1,6)
This implies
8A3)2 <8A3>2
VxA|= — | +|{—=—] =I|VA
IV % Al \/ (5) +(58) =1
and
0
V x (v(+||VxA|)V xA) = 0

V- (v [ VA VA)
Thus, equation (4.2.10a)) can be simplified to

0
o5 A=V (v (4 [IVA]) VAs) = X0

and equation (4.2.10b)) to

0
ot

The boundary condition (4.2.10c) with A as in (4.3.1)) and the normal vector
ng = [nm, Nnoa, O}T takes the form

/ Xstr3A3 df + Kl’ = .

0 o1 —As3np,
0=101] X |ngy| = Asng,
Aj 0 0

Since the outer normal ng is not equal to zero, this condition is equivalent to A3 = 0
on 0N x (0,7). Introducing a new variable ¢ = A3, we get the 2D MQS system

9¢

oo =V W IIVEINVE) = Xan st in 2 x (0,7), (4.3.2a)
gt / X s®dé + Re=v in (0,7), (4.3.2h)

=0 on 02 x (0,7, (4.3.2¢)

¢(+,0) = ¢ in Q. (4.3.2d)

4.3.1 Weak formulation

We now derive a weak formulatlon for the 2D MQS system (4 . For this purpose,
we multiply equation with a test function ¢» € H, 1(Q) and integrate the
resulting equation over the domain 2. Using Green’s formula and the boundary
condition (4.3.2c|), we obtain the variational equation

| ovds+ [ v IVol)Vo: Tods = [ e (439
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4 Model reduction for magneto-quasistatic problems

We are searching for a weak solution ¢ € £2(0,T; H}(Q)) satisfying (4.3.3)),
(4.3.2b) and (4.3.2d) for all test functions ¢ € H}(Q), where ¢y € L*(2). The

existence and uniqueness of the solution for such a problem has been investigated
in [JRS14|. If there is no conductive material present or temporal changes are very
slow, then one gets the magnetostatic system studied in [Pec04]. The MQS problem
with piece-wise constant reluctivity on the domain 2 has been considered in [NT13].

We present now some useful results for the MQS system in the weak formulation.
To this end, we introduce the functional b : H}(Q2) x H}(Q) — R as

b, 1) = / v (., Vo)V - Vi de. (4.3.4)

Clearly, b is a semilinear form, i.e., it is linear in the second argument. In the
following theorems, the Lipschitz continuity and strongly monotonicity of this form
are shown.

Theorem 4.1. Consider a semilinear form b : H}(Q) x H}(Q) — R given in (4.3.4),
where v (€, ) is Lipschitz continuous for all & € Q) with Lipschitz constant L,,. Then
b is Lipschitz continuous in the first argument with Lipschitz constant 3L,,, i.e., it

holds
(1, ¥) — b2, )| < 3Lullor — @2l my @Yl 3 o)

for all 1, pa,10 € H}(Q).
Proof. The proof can be found in [Pec04, Lemma 2.9]. O

Theorem 4.2. Consider a semilinear form b : H} () x H}(Q) — R given in (4.3.4]),
where v(-)- is strongly monoton for all & € 0 with monotonicity constant m,,. Then
b satisfies

b, o — ) — b(h, 0 — 1) = my || Vip — V|| 72
for all ¢ € Hy(Q).

Proof. See [Pec04, Lemma 2.8|. O

4.3.2 Discretization

For a spatial discretization of the MQS problem , we use the Lagrange FEM
introduced in Section 2.5.2] Let {¢;}7, be a basis of the finite-dimensional trial
space V;, C H(Q2) and let the finite-dimensional test space be chosen to be equal to
V). Substituting an approximation

HE) = Do alt)unle)

into (4.3.3)) and taking the basis functions 1); as the test functions, we obtain a non-
linear DAE control system

Ei = A(x)x + Bu, (4.3.5a)
y=Czx (4.3.5b)
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4.3 2D Magneto-quasistatic problems

with the state vector z = [aT, LT]T, the control u = v, the output y = ¢, and

E = [% 8] . Ax) = {_78(‘1) _)2{} ., B=(C"= L?n] . (4.3.6)

Here, a = [, ..., a,,]" is a semidiscretized vector of magnetic potentials. Further-
more, M is a conductivity matrix, K (a) is a discrete curl-curl matrix, and X is
a coupling matrix with the entries

]T

%,j :/O'ijidf, 1,7 =1,...,ng, (4.3.7)
Q
Kigla) = [ vl Yo TV, - Vide, g =1L (13.8)
Q k=1
’)CL"J' = / Xstr,3,jwi d§7 1= ]-, sy N, ] = ]., U (439)
Q

respectively, where X, 3 ; denotes the j-th column of x, 3. Clearly, M and K(a)
are both symmetric.

We now show that the matrix X (a) is positive definite for all a and the nonlinear
function K (a)a is strongly monotone. For this purpose, we define a symmetric
matrix Ky with the components

(Kl)ij = / Vi, -V dé, i,5=1,...,n4, (4.3.10)
Q
and transfer the statement of Theorem [4.2] in the infinite-dimensional case to the
finite-dimensional function X (a)a.

Theorem 4.3. Consider a nonlinear function g : R™ — R™ given by g(a) = K(a)a
for all a € R™, where K(a) is as in [1.3.8). Ifv(&,)- is strongly monotone for all
& € Q with monotonicity constant m,,, then g is strongly monotone with monotonici-
ty constant my = My Amin(K71) > 0, where A\yin(K71) denotes the smallest eigenvalue
of the matriz K.

Proof. First, observe that by Theorem the matrix K is positive definite. For
all a=lay,...,a,,|T and w = [wy, ..., w,,|T, we obtain using Theorem 4.2 that

(9(a) — g(w),a —w) = (K(a)a — K(w)w,a—w)
=00> s, > agh = > wiiy)

=1 j=1 j=1
- b(i w;vj, Z ajthy — Z w;1;)

j=1 j=1 j=1

> my || (0 = w;) V]| 220
j=1

=my(a—w) K (a—w)
> My Amin(K1) |l @ — w||?.

The last inequality follows from the Courant-Fischer theorem [HJ85, Theorem 4.2.6].
Thus, g is strongly monotone with the monotonicity constant m, = myAmin(K£7). O
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4 Model reduction for magneto-quasistatic problems

The following theorem shows additionally that the matrix %X (a) is positive definite
for all a.

Theorem 4.4. Let K (a) be as in (4.3.8) and let v be as in (4.2.3)), where vy is

continuous and v1(+)- is strongly monotone. Then K(a) is positive definite for all
ac R,

Proof. For all w € R™ \ {0} and all a € R" we have using (4.2.6) that
W Klajw = [ vl Y Vel S Vi Y wivide
& k=1 j=1 i=1
> m,,/ ijij ' Zwiv¢i dg
Q51 i=1

= my[| Y wi V|20
i=1
> My Amin (K1) ||w]]? > 0.
Thus, X (a) is positive definite. O

Reordering the state variables accordingly to the conducting and non-conducting
subdomains 2; and s, we can partition the vector a and the matrices M, XK (a)
and X as

o= [a]- 2= o] wo= [N ) <=7 e

where g € R™, g, € R™, M;; € R™*™ js symmetric and positive definite, the
matrices Ky € R"*™ | Ky = KL, € R and Ky € R™*™ are constant,
Xp € Rm*™ and X, € R™*™. Note that nonlinearity in X (a) occurs only in the
block X since the magnetic reluctivity v is constant on the subdomain €2,. The
conditions (4.2.9b)) and (4.2.9¢|) on the winding function x,, imply that the coupling
matrix X and the block X, have both full column rank. Taking into account the
definition of the magnetic reluctivity v in (4.2.3)), the matrix K (a) in (4.3.11]) can
be decomposed into the nonlinear and linear parts as

. i7(11,71(611) 0 Kig Kiz
K(a)—{ 0 0}+[K21 %J, (4.3.12)

where the entries of K11 ,(a) are given by

(Kll,n(al))i,j:/ﬂul(HZOzkvwkH)V%.Vzﬂidf, ii=1,..m,  (43.13)
1 k=1

and the entries of

_ Kll,l 7('12
K= [ Kon :7(22]
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4.3 2D Magneto-quasistatic problems

have the form
(X)), = /Q VoV VU, ij =1,
2
Here, the basis functions v); are sorted as the state components, i.e.,
SUPP(%)QQl#QL i:1>"'7n17
supp(¢;) Ny = 0, t=ny+1,...,n1+ng =n,.

Since K (a) is symmetric and positive definite, the block %o is symmetric and
positive definite too.

4.3.3 Index analysis and index reduction

Here, we investigate the tractability index of the semidiscretized 2D MQS
system and present a transformation of this DAE system into the ODE form.
The following theorem establishes that the MQS system has tractability index one.
A similar result for the FIT discretized MQS model was obtained in [BBS11].

Theorem 4.5. Consider a DAE (4.3.5), (4.3.6), (4.3.12)), where M1y and Koy
being symmetric, positive definite and Xo having full column rank. This system has
tractability index one.

Proof. Let the columns of 9 form an orthonormal basis of ker(Xj). Then the
projector Qg onto ker(Gy) with Gy = E can be defined as

0 0 0
Q=10 99T 0
0 0 I,

For By(z) = —2 (A(x)x), we have

G = Go+ Bo(x)Q
My K" —X
= 0 Kny7" —X
xr xR
To show that G; is invertible, we consider the equation Gi[vi, v, v3]T = 0, which is
equivalent to

%11)1 + KlgnyUQ — ,leg = O, (4314&)
KoY Y vy — Xovs = 0, (4.3.14b)
Xy + X vy + Ros = 0. (4.3.14c)

Multiplying equation from the left with 97 and using that 97X, = 0,
we obtain 97 K99 Y Tvy = 0. Since Koo is symmetric, positive definite and 9 has
full column rank, 9%v, = 0. Equation , therefore, gives Xovz3 = 0. From
the full column rank condition for X5 follows v3 = 0. We now insert v3 = 0 and
Y Tvy = 0 in equation . Then the invertibility of Mj; gives v; = 0. The last
equation (4.3.14d) reads then X;J v, = 0. This means that v, belongs to the image of
9 and the kernel of 97 and, therefore, v, = 0. Thus, [v], v, v]]7 = 0 and, hence,
G is invertible. This implies that has tractability index one. O
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4 Model reduction for magneto-quasistatic problems

In the following, we perform an index reduction to the DAE system ({4.3.5) by
finding an ODE formulation

Zli'l = /ql(iCl)l'l —+ Qﬁu, (4315&)
y= G (4.3.15b)

with a new state x; and system matrices E;, 4; (1), By and (;, where ‘E; is nonsin-
gular. For this purpose, we consider the matrix 9 as in the proof above and define
Z = Xo(XFX,)~2 whose columns span im(X;). Then it follows from 272 = I and
Z'Y = 0 that the matrix

L. 0 0
0 z' o
T=1y o o (4.3.16)
0 0 I,
is nonsingular and 7! = 77. We now introduce a new state vector

4

P _ g H , (4.3.17)

a2 L

insert it in equation (4.3.5) and multiply this equation from left with 7. Then the
transformed DAE can be written as

Mya = —Kun(am)a —KipZan  —Ki29 ar +Xi,
0=—Z"Koty —Z"KoZay —Z" KoY o +Z" Xou,
0=—9"Kna —Y"KnZa -9 K20 a2,

XlTal + »)CZTZHél = —RL +u.
(4.3.18)
Since YT K 5,9 and R are both nonsingular, we can solve the third and forth equa-
tions for @z, and ¢ and get

my = —(Y"KnY) 'Y T Kna — (9" Kn) 'Y K2 Ztiyy, (4.3.19a)
L= —-R'Xa — RIX] Zay + R 7w (4.3.19b)

Substituting these vectors into the first and second equations in (4.3.18]) leads to
the state equation (4.3.15)) with matrices

—1+4T —1yT
My + i RX GRTXG 2 ]7 (4.3.20a)

= :{ ZIXNRIXE ZTXRRTIX] 2

_ Kll(al) K122
Ailer) == {Z%l ZTKMZ}

+ [ Zﬁ}éj V(O T KnY) 'Y [Knn K2Z], (4.3.20b)

B, = { Z)TQXJ R (4.3.20¢)
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4.3 2D Magneto-quasistatic problems

and the state 1 = [alT, aQTJT

To calculate the output equation, we need the time derivative of the solution. The
derivative can be determined from the state equation provided E; is nonsingular.
This property is established in the following theorem.

Theorem 4.6. Let My, and R, be nonsingular and let Xy have full column rank.
Then the matriz By in (4.3.20a) is nonsingular and its inverse is given by

I = [ 9y — M X (X ) }
1 - _ 1 _% .

(X X6) T2 XM (X X) 72 (R + X M7 X0) (X X)
Proof. Using XI'Z = (XIX,)z, the matrix £, can be factorized as
0 (%R X)) (LX) 72X T

Since My and (XIX3)2 R ~1(XTX,)2 are both nonsingular, the matrix E; is nonsin-
gular too. Its inverse is given by
. [ I 0} {M — M, (X )2 }
' —(GX%)7E X I L0 (KG) 2R XG)
- { Mﬁll 1_9\,[1;1)(1()(27’)(2)—5 1} '
— (X)X M (G )7 (R A+ XM X)) (X )~
0

We now compute the output function. Using equations (4.3.19bf) and (4.3.20d)),
the state equation (4.3.15a)) and the inverse of ‘;, we obtain
y=1=—-R"" [.XlT )CzTZ} [;.21} + R
1
=R X Z] E7 (A(@)e + Biu) + R
= —BE A (x1)rr — (B E B - R u
= CGi1y
with
Cl = — @ffflqu(l'l)
=[0 —( X)) Au(n)
= [(5 %)X Ko (K X)X K 2]
— (X X)X KnY (VT Kn) 'Y [ K K22
:()(2Tx2)_1X2T(I - 7(229/(9/T7(229/)_19/T) [7(21 7(225T] . (4.3.21)

Here, we used the equation

BIEB -R =0 (XX) 2B -RT=R"-R"=0.
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Remark 4.7. In [BCS12|, the MQS system (4.3.5) was transformed into an ODE

v . v

Z:lii‘ = /ql(fi')i' + ﬁlu,

] (4.3.22)
y= Q<
with T = [aiT, LT}T and
i [ My 0 ]
T - X K K X K Xe|
q [— Ki1(m) + K12Kzp Kot X — K12 K35 Xo
1 — )
I 0 -R
o [0 v
$1 = __[ = CiT

which, unlike the ODE (4.3.15]), involves the derivative of the current vector ¢.
System (|4.3.22)) together with the equation

B =Ky Kona + Ky Xot (4.3.23)

is equivalent to the DAE (4.3.5). Note that differentiating (4.3.23)) and using the

state equation in (4.3.22)), we obtain the underlying ODE for system (4.3.5). This
shows that (4.3.22)) has also differentiation index one.

4.3.4 Passivity

In this section, we investigate passivity of the variational MQS system (4.3.3)),
(.3:2D)), (4.3:2d) with the output y = ¢, the semidiscretized system ([£.3.5)),
and the ODE system (4.3.15)), (4.3.20)), (4.3.21]). Passivity for the variational prob-
lem can be defined analogously to the finite-dimensional case, see Defini-
tion 2.13]

Definition 4.8. The variational MQS problem (4.3.3)), (4.3.2b), (4.3.2d)) with the
output y = ¢ is called passive if there exists a nonnegative function S : Hg(Q) — R
such that S(0) = 0 and for all 7" > 0 and all quadratically integrable inputs v
admissible with the initial condition ¢(-,0) = ¢o(-) the passivation inequality

S(6(-T)) — S(60()) < / y¥ (r)o(r) dr (4.3.24)

is satisfied, where ¢ is the weak solution of (4.3.3)), (4.3.2b)), (4.3.2d)). The function
S is called storage function.

The following theorem shows that the variational MQS problem is passive.

Theorem 4.9. The variational MQS system (4.3.3)), (4.3.2b)), (4.3.2d) with the
output y = v 18 passive.
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4.3 2D Magneto-quasistatic problems

Proof. Consider a function 9 : Q x Rf — Ry given by

Vo
9(E o) = / V(€. /o) do = / V(€. 0)0 do (4.3.25)

and define a storage function as

S(6(- 1)) = / O(E, IV (&, 1)) de

This function is nonnegative, since v is positive. Furthermore, we have S(0) = 0.
The continuous differentiability follows from the differentiability of 9 in the second
argument and the differentiability of the norm. We now show that

d

C8(6(,1)) < (1) o)
for all v and suitable ¢, y = ¢ that satisfy (4.3.3). We calculate

d d
55001) = (5 V(€ )1*) de

- / IE Ve, I >—uv¢<f B> de
= [ veImaEnITaE - 2vole e

Taking ¢ as a test function and %¢ as a trial function, we obtain using equations

(4.3.3) and (4.3.2b)) that

G506 = = [ag o6 0506 0d+ [ o6 0% des

=~ [ ogole o0 de - FOR) + T (Outt)
< Y (v().
Here, we used the property that the first two summands are negative, since o is

positive on © and & is positive definite. Integrating this inequality on [0, 7], we get
the passivation inequality (4.3.24]) and, hence, (4.3.3)), (4.3.2b)) is passive. O

The following theorem establishes that the spatial discretization of the variational
MQS problem (4.3.3)), (4.3.2b), (4.3.2d)) as described in the previous section preserves
passivity.

Theorem 4.10. The semidiscretized MQS system (4.3.5), (4.3.6)) is passive.
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4 Model reduction for magneto-quasistatic problems

Proof. Similar to the variational problem, we define a storage function

_ / IENY D aulu(©) ) de

where 9 is given in (4.3.25) and a = [al, e ,ozna]T. This function is nonnegative,
since v is positive and Sy(0) = 0 due to the definition of ¥. The calculation of the
time derivative of Sy results in

GSita) = 5 [ vt ||v§jai<t>wi<g>||2)dg
/ 5||VZ% (Hi(e me (€)1 de
- [ vie HVZai(t)wi(&)H)(Vzaj(t>wj(£)> - (vijamwk(s)) it

= DS Y ) [ 16 17D o O T - T

= ' (t) K (a(t))a(t).
It follows from (4.3.5)) that

iSd( (1) = —a" ()Ma(t) + a” () Xu(t)

dt
= —a' (t)Ma(t) — () Re(t) + u" (£)u(t)
<y (tu(t).

Then integrating this inequality in [0, 7], we obtain

Su(a(T)) — Su(a(0)) < / yT (Dyu(t) dt.

Thus, system (4 is passive. O

Finally, we show that the ODE system (4.3.15)) inherit passivity of the DAE
system (4.3.5).

Theorem 4.11. The ODE system (4.3.15)), (4.3.20)), (4.3.21)) is passive.

Proof. The result can be proved analogously to Theorem [4.10, Using (4.3.16]),
(4.3.17) and the third equation in (4.3.18]), we find

o= (0] = 20, L)
| m| | Zan+ Yo

(22

— o
{Za?l — Y (T K ) YT (K + 17(222021)] =k |:ll21:| ’ (4.3.26)
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4.3 2D Magneto-quasistatic problems

where

I 0

B o (T gy ) 10T Ko (L, — (VT Ky )T Kpy) 2|

Introducing new basis functions

[01(6), -, P (&)] = [1(E), - -, o, (E)]RR,

we obtain
i:@z‘(t)%’(f) = Z Bi(t)p:(§),
where
(B1(), .. B, (D] = @ (t) = [ar (D), ..., o, (B)]F
and

[6n1+1 (t)a s 76n1+m<t)}T = (t)
For x1(t) = [B1(t), ..., Buy+m(t)]T, we define a storage function
ni+m

Sian() = [VENT 3 BOOI) de

with ¢ as in (4.3.25)). This function is nonnegative, since v is positive and S1(0) = 0
due to the definition of ¥). We calculate

d ni+m

Si(ai(1) = %/919(5, v 2; Bi(t)di(€)]1*) de

ni+m ni+m

o RGO SRR S ORI
- [velv'y mtm(s)u)(v > @(t)asi(s)) - (v > @(tm(s)) i
- [ vie va:axt)wi(f)u)(vfj%(tm(@) - (vfjaxtm(g)) it

= ' (1) K(a(t))a(t).
Using the relations

A, (r,) = —R"K(Rx1)R,
F =R (M +XR'X)R

My, 0
- |: 011 0:| + $1K$1Ta
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4 Model reduction for magneto-quasistatic problems

and equation (4.3.15)), we can continue

%Sml()) (1) A1) (1)
(OB (1) + () Bu(r)
Gl ()Moin(t) — & (OVBRBL1(1) + 47 (1) B ()
Gl (M (1) + (1) B, (u(t) — RBLin (1),

Since the matrix M;; is positive definite, the first summand is negative. Further-
more, we use the output equation y = —Bi; + R 'u twice and obtain

C81(a(1)) < (Rult) — y(0) R (R ult) + (1) — R ul)
— T (ORy () + y" (E)ut)
<" (t)u().

Integrating this inequality on [0, 7], we get the passivation inequality

$1(21(T)) — $1(21(0)) < / YT (tyu(t) dt

which implies the passivity of the ODE system (4.3.15)). m

It follows from Remark [2.17] - and Theorems [4.10] and {.11] that the MQS sys-
tem (4.3.5) and its ODE form are io-passive. For linear systems, this prop-
erty can equivalently be characterlzed by positive realness of the transfer function.
Assume that v is constant on €2;. Then the matrix X in does not depend on
the semidiscretized potential a, and system (4.3.5)) can be transformed to the ODE
system (4.3.15) with constant matrices. First, we show that the matrices FE; and
— A4, are positive definite.

Theorem 4.12. If My, K and R, are symmetric and positive definite, then E, and
— A4, in (4.3.20a]) and (4.3.20b)), respectively, are symmetric and positive definite.

Proof. The matrix E; can be decomposed as

My, 0
s z‘ET[ 0 ()@Txgéf&l()@%)%] g

with the nonsingular matrix

I 0
Ti= Lngxz)-%XF 1} ‘

Since M;; and R are both symmetric and positive definite, E; is symmetric and
positive definite too.
The matrix 4; is the Schur complement of the symmetric, negative definite matrix

Xy K K K122 K129
—Tr L’(“ Klz} L=-| 2"Kn Z'"KnZ|Z'KnY (4.3.27)
2 A VKo VT KnZ | V" K
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4.4 Model reduction for 2D linear MQS systems

with the orthogonal matrix

I 0 0
T = {O 2 9/} . (4.3.28)
Therefore, —4; is symmetric and positive definite, see [HZ05]. O

Unfortunately, the ODE system (4.3.15)) does not satisfy Theorem providing

sufficient conditions for io-passivity. Nevertheless, we can show that its transfer

function is positive real implying due to Theorem that system (4.3.15)) is io-

passive.

Theorem 4.13. If M;;, K and R. are symmetric and positive definite, then system
(4.3.15)) with constant matrices is positive real.

Proof. 1t follows from Theorem that £, and —A4; are symmetric, positive defi-
nite. Then the pencil AE; — 4, is stable, and, hence, G(s) = G (sE; — 4;) B, is
analytic in C,. Using ¢, = —BI'E; ' 4,, we can compute

G(s) +G*(s) = Q(sE — ) 'B + Bl GE —ah)*c!
= -BIE! A (sE — A) ' B, — B (5E, — 4) A E B,
= F*(s)(—E A7 (5E, — A1) — (8B, — A) A VE) F(s)
= 2F*(s)(Re(s)Er(—4) " Ey + B F(s)

with F(s) = £ ' 4, (sE — 4;)"'B,. Since the matrix Re(s)E(—4;) VE, + F, is
positive definite for all s € C,, we have G(s)+ G(s)* > 0 for all s € C,. Therefore,
the transfer function G is positive real. O

4.4 Model reduction for 2D linear MQS systems

Our model order reduction approach for the linear MQS system is based on the
transformation into the ODE form and applying BT to the transformed system.
We will show how the special structure of the system matrices can be exploited
for the construction of efficient model reduction algorithms avoiding the explicit
computation of the ODE system.

Consider the ODE system with the constant matrices

I — My + Xlﬂ._lxlT xlﬂ_lszZ
1= ZT)QK—lxlT ZT.XQR,_lszZ )
-‘Z(ll KlQZ

A= Z' Ky 2" K2

4.4.1
+ ZZ%&J V(YT K2 )Y [Kn K222, ( )
X
ﬂl - ZTl)CQ:| R._17
G = (X X)X (I — K (9T K22Y) ' YT) [Kr K2 ZT]
Our goal is to compute a reduced order model
é1551 = /‘:4153’1 + @1% (4.4.2)

Zj - Clii‘17
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4 Model reduction for magneto-quasistatic problems

where fl,lel e R, ‘231 € R™™ and 61 € R™ with n < ny + m. Before we
go into detail, we first show a relationship between the Gramians G, and G, of
system (4.3.15)), (4.4.1]) which satisfy the generalized Lyapunov equations

24,G.E + EG.A = - BB, (4.4.3)
aArG, e + E G, = - ¢ G

The idea behind this is that the Lyapunov equations are equal for symmetric systems
and the ODE system (4.3.15)) can be transformed into a symmetric one.

Theorem 4.14. Let G. and G, be the solutions of the Lyapunov equations (4.4.3))
and (4.4.4), respectively. If My1, K and R. are symmetric and positiv definite, then

Z:lGOZI == ./rzllGC./ql. (445)

Proof. The left and right multiplication of the Lyapunov equations (4.4.3) and
[@4.4) by 7" and A; !, respectively, leads to

A6+ G AE ! = —E BB E
G, E AT + A7V EG, = -4 ¢l car.

Using (¢, = —ﬂffflﬂl and introducing G., = 4,G .4, and G,, = E,G,E;, these
equations can be written as

E G AT + AT NGLET = T BB E (4.4.6)
E Gos AT+ AT G By = —E7 BB E (4.4.7)

The pencil ME; " — 4;! is stable, because ‘E; ' and —4; " are positive definite,
and hence, the Lyapunov equations (4.4.6) and (4.4.7)) are uniquely solvable. This
implies that G., = G,,, i.e., (4.4.5) holds. O

Similarly to the standard state space case, see Algorithm [2.1] in the first step of
the balanced truncation method, we need to compute the Cholesky factors of the
Gramians G, and GG,. Theorem |4.14] implies that the Cholesky factor Z, of the
observability Gramian G, = Z,Z! can be computed from the Cholesky factor Z. of
the controllability Gramian G, = Z.Z! as Z, = —T{lﬂlZc. This relation follows
from

Go=FE'A2.72"4E" = 7,7Z".

For solving the generalized Lyapunov equation (4.4.3]), we use the LR-ADI method
given in . In this method, we need to compute (7E; + 4;) v for different
vectors v depending on the iteration. The matrices £, and 4; are, in general, dense.
Therefore, we do not want to calculate E; and A4; explicitly and use the following
lemma instead.

Lemma 4.15. Let Ey and A, be as in (F4.1), Z = X(XIX,)"2, 7 € C_, and
[l oIT € Rm*™. Then the vector

2= (T +4) v (4.4.8)
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4.4 Model reduction for 2D linear MQS systems

Algorithm 4.1: Computation of (7E; + 4;) 'v
Input : My, Ky € R, Ky € RM7M2 ) Ky € R Koy € R2X72
X, e RmXm X, e R R € R v = [l [ ol]T e Rmt™ e C_.
Output: z = (7E, + 4;) 'v with E; and 4, as given in (4.4.1))
1 Solve the linear system

TM — K K2 X 21 U1 X
— Ko Kz X | |2| = [ (X X2) 20,
X X —R| |z 0
2 Compute
) g,
z = 1 .
(X Xa) 2 X 2

can be determined as z = (2] ,(Z" 25)T|", where z; and 2z, satisfy the sparse linear
system
21 (%1
(TZ + ﬂ) Zo| = ZUQ (449)
Z3 0

with E and A given in (4.3.6)).
Proof. Using 7 as in (4.3.16)), we transform equation (4.4.9) to

(M1 — K1)z — K122(Z" 2) — KoY (9T 2) +  Xizz = vy,
—Z"Konz1 — " K2 Z(Z  2) — ZF KoY (YT 20) + 21 Xozg = ZT Zws,
—D/TK2121 - fyT?(mZ(ZTZz) - 9/T'K229/(9/T22) =0,

X2+ TX] Z(Z ) — Rz =0.

Solving the last two equations for 97z, and z3, we get
Y2 =—(Y"K2Y) " [T K VT KZ) {Zilzg} ;

23 =TR [XlT XZTZ} {prl ] .

22

Substituting these vectors into the first two equations gives finally equation (4.4.8)).
O

We summarize the computation of (7E; + 4;)~'v in Algorithm [4.1]

In the LR-ADI method, we also need the shift parameters that can be computed
using the Arnoldi algorithm [Arn51] applied to E;'4; and A4, 'E,. Therefore, we
have to compute the products E; '4,v and 4; 'Ev for different vectors v. In the
following, we present an efficient way to do this without computing the matrices E;
and A4; explicitly and without finding the matrix 9.
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4 Model reduction for magneto-quasistatic problems

Algorithm 4.2: Computation of E; ' 4;v
Input : My, K11 € R™™M ) Ky € R Ky € R™27™M ) Koy € R™27™2
X, € RmXm X, e R R € R v = [of ol ]T € Rmt™
Output: z = Zfl/‘zllv with £, and 4; as in (4.4.1))
Compute 09 = X5 ()CzTXQ)_%UQ.
2 Solve the linear system

=

Ko Xo| |21| _ | Korvr + Koz0o
X0 |z 0 '

/% 21 =Y (YT KnY)'OT [Kar KaaZ]v */
[21] _ {17(11 17(12} {M} + {17(12] 5
Zo Ko Kozl |02 K2 -

4 Compute wy = (X Xo) 1 X} 2,.
5 Solve the linear system M w; = 2, — Xjwo.
/* See the inverse of ‘E; in Theorem */

3 Compute

6 Compute

z =

L(szxﬁ%(lelTwl — sz)} '

Lemma 4.16. Let Ko € R™*™2 w € R™ and let Xo € R™*™ be of full column
rank. Let the columns of Y form a basis of ker(X]). If [le, ZQT}T solves

ERIEE

then z1 = V(YT K9) 19 w.

Proof. The second equation in (4.4.10) implies that z; lies in ker(X)) = im(9),
i.e., there exists z2; € R™™™ such that z; = 9Z;. Substituting this vector into the
first equation in (4.4.10) and multiplying it from the left with 97 gives the term

Z = (fyTg(szY)*lQ’Tw. Then z; = 9%, = 9/(9/T7(229/)719’Tw. 0

Taking into account the definition of 4; in , the inverse of ‘£, in Theorem
and Lemma , we can compute ‘E; ' 4v using Algorithm .

Next, we consider the computation of z = 4; ' Ev. Since computing z = 4; ' Ev
is equivalent to solving the linear system A4;z = E,v, where 4, is the Schur comple-
ment of the matrix given in (4.3.27)), z = [le, 2 }T can be computed by solving the

linear system

a7 [ K Ko o B [flv]
T, |:K21 7(22}% 21 = o

Z3
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4.4 Model reduction for 2D linear MQS systems

Algorithm 4.3: Computation of 4; ' Ev
Input : My, K1y € R™™, Ky € R™7M2 Ky € R Koy € R™2X72
X, € Rmxm X, e R R € R™™ v = [l ol]T € Rutm
Output: z = 4, 'Ejv with E; and 4, as in (4.4.1)
1 Compute w = R (XTv + (X Xp)20,).
2 Solve the linear system

_ {7(11 Ku} [5’1] _ {57\’[111)1 +Xlw]
Ko Ko |22 Xow ’

3 Compute

z =

(i)
(X Xe) 2 X %)

with the orthogonal matrix 75 given in (4.3.28). Multiplying this equation from the
left with the matrix 75 and introducing

~ 21
{ﬂ:%z2, (4.4.11)

= F} B {[ 0} Fyo - {M + GRG0+ (X ) 20)
2 0 Z 1 -XQLR_,_l(-XlTUI + <’X:2TX2>%,U2) )

we get the linear system

_ [17(11 57(12} [51] _
Kot Kol |22 '

Using the orthogonality of 75, we obtain from (4.4.11)) that

21 Z1
L)1)
The computation of 4; ' E;v is summarized in Algorithm .

Finally, we present in Algorithm [4.4] the computation of the reduced-order model
using BT. In the first step, we only solve the Lyapunov equation for the low-
rank Cholesky factor Z, of the controllability Gramian G. using the LR-ADI method.
It gives us the low-rank factor ZO =—FE 1/‘4120 of the controllability Gramian G,.
Then the matrix ZT'E, Z, = —Z! 4, Z, is symmetric and positive definite. Therefore,

we compute the EVD
5T o 7 A T
—amzzwlm{ }wlm

Ay

instead of the more expensive SVD. Note that the product 4, Zc can be calculated
analogously to the first four steps of Algorithm [£.2] One can find this in Steps 2]- [4]
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4 Model reduction for magneto-quasistatic problems

Algorithm 4.4: Balanced truncation for the 2D linear MQS system

Input : My, Ky € R™™M, Ky € R Ky € R™X™M ) Ky € R™2X72,
X; e RmXmo X, € R R e R™X™, o
Output: a reduced-order asymptotically stable system (4, By, ().
1 Solve the generalized Lyapunov equation

4,G.E + EG.A = - BB

for the low-rank Cholesky factor Zc = [ZCTl, ZCE}T of G, ~ ZCZCT using the
LR-ADI method.

2 Compute Z.p = XQ()CZTXQ)_% 9.

3 Solve the linear system

Ko Xo| |Z1] 7(212c1+i7(222c2
X 0| |Zy 0 '

4 Compute

[?1] _ [17(11 7(12] [%1] 4 {7(12} 7
Zo Kor Koz | Zeo Ko 7V
5 Compute the EVD

Ay O

~ain-5n =0 vy

:| [Ul UQ]T>
where A; € R"*" contains the dominant eigenvalues.
6 Compute C; = —(XIX,) ' XL Z,U;A{ 2 and B, = CT.
7 Compute 4, = —(ZyULA 2 + X C)T MU Z U 2 + X.G) — CTR G
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4.4 Model reduction for 2D linear MQS systems

followed by the computation of the EVD in Step [f| of Algorithm In the last two
steps, we calculate the reduced matrices. Applying the Petrov-Galerkin projection
with the projection matrices

~ _1
V = Z,UA, ?,
~ _1 ~ _1
W =Z'UA,? = —E A Z.UN 2 =—-E14V,
we obtain the reduced-order system (4.4.2) with the system matrices
E=WIEV = -VIAETEV =1,
2, = WTaV = -\, 2UTZT 4, 7' 4, Z,U, A, 2,
B = WTB = A 2UTZT 4, E ' By,
~ ~ _1 ~
G=aV=-B'E"'2,2UA">=28"W-=a8"

We now use the matrices Zl and Zg from Step || of Algorithm and the low-rank
Cholesky factor Z. to calculate

~

- 2
A2, = {(XQTXQ)_észZJ 7
L AL = [—(J@sz)—%w Wi - KWﬂ] |

where Wy = (X' Xp) ' XTI Z, and W, solves My, Wy = Z; — X;W,. Then using the
block structure of 4; and B;, we obtain

~

Wi g Z

(X 2X) ™2 (XKW — KW2)] {(XQT)@)_;)@TZJ
= A UR(WEZ) — OETW, — R (X X)X Zo) UL,
= AU (W 20+ WX (X ) X 2 — W R (X X)) Zo) U,
= Al_%U1T<_W1T<ZAl — XiWs) — W2TR.W2)U1A1_%

= —A;%UF((Z — Xy Wo)T M (21 — W) + W2TR,W2)U1A1_%7

UL,

D=

A, = —A U7 {_

and

G = —BIE A, 7,U.A] 2
— _Kfl 'Xl r ) W1
Z' X — (X X)) "2 (X Wy — R W)
_1 _1
== 71('X1TW1 - xlTwl + KWQ)UlAl ? = —W2U1A1 2,

UL, 2

Inserting the definition of W5 and using G in 4, gives Steps@andin Algorithm .

It should be noted that Lyapunov-based BT preserves stability, but it, in general,
does not guarantee the preservation of passivity in the reduced-order model. Fortu-
nately, due to the special structure of the system matrices in , we can show
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4 Model reduction for magneto-quasistatic problems

that the reduced-order model (4.4.2)) is passive. Indeed, the reduced-order matrices
satisfy

E=FE'>0 a=4a"<o0, B =cC
Then by Theorem system (4.4.2)) is io-passive. Furthermore, the controllability

Gramian of (4.4.2)) is given by A; > 0 implying that system (4.4.2)) is controllable.
Therefore, by Remark system (|4.4.2)) is passive.

4.5 Model reduction for 2D nonlinear MQS
systems

For model reduction of the nonlinear MQS system (4.3.5)), we apply POD as intro-
duced in Section [2.4.2] To this end, we construct a snapshot matrix

X = [m(tl), . ,x(tns)}

and compute the SVD

X =0 U] { o

][vl V)",

where Y, € R7™" contains the dominant singular values of X. The reduced-order
model can then be determined by projecting

(4.5.1)

with # € R", € = UTEU,, A(z) = U A(U,&)Uy, B = UyB and C = CU;. This
naive approach has several disadvantages. First note that the algebraic and dif-
ferential components of the state are mixed in the reduced order model .
Secondly, as it has already been mentioned in Section the reduction of the
algebraic equations and states can lead to physically meaningless results.

The idea for our model reduction approach is to use the ODE formulation (4.3.15])
introduced in Section [4.3.3] and reduce only the first component g; of the state
T = [aiT a;‘q}T, since ap; € R™ and m is assumed to be small. The snapshot
matrix X, can be extracted from X using the transformation matrix 7 given in

(4.3.16|) by

X,
X,

TX = ||, 4.5.2
X, (4.5.2)
X,

Compute now the SVD
A Y .
Xm - [Ual Ual] |i XA] :| [Val Val}T. (453)
a
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4.5 Model reduction for 2D nonlinear MQS systems

Then the reduced-order model is given by

Friy = -%11(!51)% + Byu,

P (4.5.4)

with the reduced matrices
E=U"EU, A4(z)=U"24Uz)U, B =UT8, C=0CU  (45.5)

and the projection matrix

U— ﬁ ]?J | (4.5.6)

This model can be computed as in the linear case without calculating the matrices
Z:l, /ql; @1 and Cl exphCltly
In principle, there are several approaches for computing the reduced-order model

for the DAE system (4.3.5). Above, we transformed first (4.3.5) into the ODE
(4.3.15) and then applied MOR to (4.3.15). This approach is referred to as first-

transform-then-reduce. The transformation of (4.3.5) into the ODE (4.3.15) with
the system matrices as in (4.3.20) and (4.3.21)) can also be obtained by projection
t = (-Z;,m fq:',nu A (xl) = %,nlﬂ(ﬂ,nlﬁ)'ﬂ,m, B, = (Z;,n1 B, G = C'Z«,m

with the left and right projection matrices given by

T, = In, — K12V (YT K2 ) " X R

0 27— 2T KoY (9T K9) 9T ZTRRN| (45.7)
I,, 0 0 I, 0
q-":,’fll = O [nz O O Z y
0 0 (XXX -KXeY(OTKnY)'9")| | Ka K2d
(4.5.8)

respectively. Then the reduced-order model (4.5.4)) is determined by projection
(4.5.5) with the projection matrix U as in (4.5.6]).
Alternatively, we can first compute the reduced-order DAE system (4.5.1]) by

projection

~ T ~

E=UEU, A@&) =U AUx)0, B=U B8, C=CU, (4.5.9)

with the projection matrix

and then transform the resulting DAE into the ODE system (4.3.15)) with the system

matrices

E =T ET,, AE) = T,AT )T, B=T,8 C=CT, (45.10)
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4 Model reduction for magneto-quasistatic problems

with
s _ [ Un Ky (0 K)o UL XNRT (4.5.11)
bn = K 2" — ZT KoY (YT K)o T ZP R o
1, 0 0 I, 0
TLn= |0 I 0 0 Z
0 0 (X)X —KnY(TK2Y)'Y)| | KnUs Ko
(4.5.12)

This approach is referred as first-reduce-then-transform. Since UT'T},,, = QZ,WU T,
T, U = f]?}m and A4(z) resp. 4;(z1) depend only on the first n; components of x
resp. x1, which are equal, both MOR approaches are equivalent in the sense that
they provide the same reduced-order model. It should be noted that this equivalence
holds due to the special structure of the semidiscretized MQS system , .
For general DAESs, however, the index reduction and MOR may not commute.

4.5.1 DEIM

In order to speed up the simulation of the reduced-order system (4.5.4)), we employ
further the DEIM for efficient evaluation of the nonlinearity

/741(.%1)531 - UT/ql(Ui'l)U.’il (4513)
Using the structure of 4;(x;) and X (a) in (4.3.20b)) and (4.3.12)), respectively, we

separate the nonlinear function 4 (x;)x; into linear and nonlinear parts

Ay (x1)w1 = Aywy + [fl(oal)} :

with a constant matrix

Ky K122 ]+{ K2
Z'Ky Z'KnZ Z" Ko

and the nonlinear function fi(4) = Kiin(a)a. Collecting the snapshots of the
nonlinearity

Ay = — 1 V(T K2) 'Y [Kn1 K222

Xr = [film(tr)), ..., fila(ts,)], (4.5.14)
we compute the SVD

X =[Uy Uy Ff $ ] \ZR (4.5.15)

!
where [U f U f} and [Vf 1% f} have orthogonal columns and X € R"*" contains the
dominant singular values of Xy. Then the nonlinearity (4.5.13) can be approximated
as

~ T ~
A (7)) ~ U 4, U%, + {WSKfl(Ual al)} ’

0

where W = UL Uy (SEU;) " and K = {k1,. .., k,} are obtained by the greedy proce-
dure presented in Algorithm or from the QR decomposition of U}F as described
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4.5 Model reduction for 2D nonlinear MQS systems

in [DG16]. The constant matrices U” 4;,U and W can be precomputed and stored
in the offline stage, whereas in the online stage, we only evaluate x components of
the function f;(U, @) which are given by

(f1(Ugm)), = /Q v(, ||Vzdz‘¢i||)vz Qithi - Vi dg, (4.5.16)
1 i=1 i=1
for k € K and Uy, a1 = [@y,...,0n, ). We now show how to make this evaluation

independent of the dimension n;. First of all, we note that the integrals in
have only to be computed on supp(¢y), k € K, which are small subdomains of €.
This means that also >, &;V; has only to be evaluated on supp(¢y). Therefore,
we introduce an extended index set

Keotr ={i €{1,...,m} : int(supp(¢y)) Nint(supp(vr)) # 0}, (4.5.17)

where int (supp(wk)) denotes the interior of supp(y). For such an index set, we
have

n1
Z Qi = Z a;;  on supp(ty,).
=1 ie]cezt,k

Then the integral (4.5.16)) can be simplified to

(hUaa)),= [ vV Y awl)V Y aw Vieds ke

Supp(wk) 1€’Cezt,k Ze’Ceact,k

One can see that to evaluate the function S,:g f1(Ura), we do not need all components
of Uya; € R™ but rather only those from the index set

’Cea;t = U ’Cext,kv (4518)
ke

whose number of elements, denoted by |Kcu|, is much smaller than n;. A simple
example for construction of the sets K and K., is presented in Figure [4.2(a)l We

introduce now the function f; : RFestl 5 R* ag

F(SE, Uni) = SEf(Un ), (4.5.19)

where Sk, is the selector matrix associated with KC.,;. This function coincides with
SEfi but unlike SEfy, it depends only on the selected components of Uy, @. This
means that the DEIM approximation

film) =Wh(SE Uy @)

can be calculated independently of the original size n;.
As a result, we obtain the POD-DEIM reduced model

iy = {41(931)%1 + By, (4.5.20)
g - Cljjla
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4 Model reduction for magneto-quasistatic problems

where &, = [4f ?IQTJT € R and
i:1 = i:la QA;I = @17 &1 = 617
. F 45.21
A (#1)ir = UT AU, + {f 1(0‘11)1 | (45.21)

In Figure (4.1, we present a workflow diagram which contains all systems we are
working with starting from the weak formulation and ending with the POD-DEIM
reduced model.

4.5.2 Computing the Jacobi matrix

Integrating this system in time using an one-step or multistep method [HNW93],
we face with the problem of solving a sequence of systems of nonlinear equations.
For this purpose, we employ the Newton iteration which requires the computation
of the Jacobi matrix J fl(&l) of the nonlinear function fl at a; given by

Ji () = W8T (Ugy @)Uy, (4.5.22)

where Jy, (Ug a1) is the Jacobi matrix of fi at U, @. In this section, we present two
different approaches for efficient computation of this matrix.

The first approach for the efficient computation of J 7, is based on the assumption
that the matrix SEJp, (U, 1) is sparse. In this case, we introduce an index set

T ={6,) + (ScJpn(Unam)), ; # 0} (4.5.23)

of non-zero entries of this matrix. Let the matrices O, ;) € R**™ have all zero entries
except for the (i, j)-th entry being 1. Then J; (41) admits an affine representation

Jp(m) = Y WOuyUn (SEJn(Un)), (4.5.24)
(4,9)eT
where the time-independent matrices WO ;U,, € R"*" can be precomputed and
stored in the offline phase and only a small number of the time-dependent functions
(S%Jﬂ(Ua1 211))(”.) ,(i,7) € J, have to be evaluated in the online phase.
An alternative approach is based on MDEIM as discussed in Section 2.4.3] In this
method, we first compute the basis matrices V;,...,V, asin form the EVD

of the snapshot matrix

<J17‘]1>F <J17Jns>F
T (45.25)
<Jns7J1>F <Jns7Jns>F

with J; = S&Jp (ai(t:)), @ = 1,...,ns. Then we determine the MDEIM index
set J and the matrix G, using the MDEIM greedy procedure as presented in Al-
gorithm . Finally, using (4.5.22) we obtain the MDEIM approximation of the

Jacobl matrix

p
T () =Y WVilUaa(a) (4.5.26)
=1
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4.5 Model reduction for 2D nonlinear MQS systems

Weak formulation

0
(092 0 2@y + D(0,) = (Kangts ) 20,

0
T —_— pu—
/sttrB 8t¢ dé + R =,

with ¢ € £2(0,T; H} (), ¥ € HY(Q) and « € R™

~

e

l discretize

FEM model

Ei = A(x)x + Bu,
y = Cux,

with z € R™+mtm and
matrices as in (4.3.6))
-

~

J

transform to ODE with
T, in (£57), T.,, in (L5.5)
L

y= Clxly

as in (£.3.20), (£.3.21)

ODE system [ POD reduced DAE system
N o L .
ity = Ai(z1)z1 + B, qu;“q %% Ei = A(I)T + Bu,
! ! y = C#,
TE|E
with z; € R™*™ and matrices g’q - = | with 7 € R72+™ and matri-
ces as in (4.5.9)

apply POD with
U = diag(Uy,, In)

r

_apply POD with
U = diag(U,,, Ly, Im)

transform to ODE with

T, in (E5.11), T, in ({£5.12)

POD reduced ODE system
éli’l = ﬁl(il)il + Q}lu,
j= G

with 7; € R”7™ and matrices as in

(@5.5)

-

apply DEIM
POD-DEIM reduced ODE model )

Eity = A (21)21 + Biu,
Q = Cli'la

with 2; € R”7™™ and matrices as in

(*.5.21)

-

J

Figure 4.1: Workflow diagram for discretization and model reduction of the 2D non-

linear MQS system
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4 Model reduction for magneto-quasistatic problems

(a) K = {6} and K.t = {1,2,3,4,5,6} (b) J = {(6,3)} and Jeur = {2,3,4,6}
for a vector-valued function for a matrix-valued function

Figure 4.2: An example for the (extended) index sets and the integrated domains

with
91(&1) (S%Jfl (Uﬂl 211))1'173‘1
- G;IH(Ualfll), H(Ualle) —
9p(m) (SET5, (Usym))i, 4,

and (i, 7)) € J,l=1,...,p. In both approaches, we have to evaluate only selected
components (SEJy, (U, m))i, 5, for (i, i) € J, where J is either defined in or
determined by MDEIM. Analogously to the evaluation of SE f; in , thus the
components depend only on a few components of U,, a; determined by an extended
index set

Towt = U {l e {1,...,n1} : int(supp(¢y)) Nint(supp(¢;)) Nint(supp(p;)) # 0}.
(i,5)eT
(4.5.27)
An exemplary construction of such a set on the integration domain is presented in
Figure . To emphasize the dependency on the selected components of U,, a
we rewrite the sparse representation (4.5.24) as

Jfl(&l) = Z WO U (S%Jfl (ngl;eztUal al))i,j’
(4,9)eT

where §7,,, denotes the selector matrix associated with J.;;. In the MDEIM ap-
proach, the approximated Jacobi matrix is obtained as in (4.5.26)), where
g1(am)

L =GOS Us i) (4.5.28)

~

gp(m)

with a new function é(ngU 0 @) = 0(Uy a). Thus, in both cases, the approximated
Jacobi matrix can be computed independently of the original size n;.
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4.5 Model reduction for 2D nonlinear MQS systems

1. Compute the snapshot matrices X, = [@(t1),..., @ (t,,)] and X} as

in (£.5.14).

2. Construct POD projection matrices U,, € R™*" and Uy € R™** from the

SVDs (4.5.3)) and (4.5.15)), respectively.
3. Select the index set K = {kq, ..., k. } using the DEIM greedy procedure in

Algorithm applied to Uy and construct K.y as in (4.5.17)) and Ceyy
([35.18).

as in

4. Compute the snapshot matrix X; as in (4.5.25) and construct the basis
matrices Vi,...,V, € R"™ as in (2.4.14]) using the EVD (2.4.13)).

5. Select the index set J and the matrix G, using MDEIM Algorithm [2.4]
applied to the matrices Vi,...,V, and construct Je,: as in (4.5.27)).

6. Compute and store the time-independent matrices
E,=UTEU € R(n+m)X(n+m)7
B, = UTB, € Rortm)xm,
G\ = QU € Rmx(rem),
Ay = U"2,U € ROFm>0tm) with U as in ([4.5.6),
W = UZ;Uf(S%Uf)_l € R"™" with S = [ekl ce ekn},
Ukooo = S, Uay € RIFeztx1 with the selector Sk
Vi=WViU, € R for | =1,...,p,
Ug, = Séj;ezt U,, € RWest¥n with the selector Sy, ., associated with ...

associated with C.py,

ext

Figure 4.3: Offline stage of the POD-DEIM-MDEIM reduction

4.5.3 Online/offline decomposition

As it was mentioned above, the model reduction procedure and simulation of the
resulting reduced-order model admit the decomposition into a computationally ex-
pensive offline stage and a rapid online stage. The offline stage is presented in
Figure[.3] In order to reduce computational complexity, the snapshot matrices Xy
and X, are generated by solving the DAE (4.3.5). The reduced-order matrices %,
@1, ¢ and 54” are computed as in the linear case without forming the matrices ‘£,
By, C1 and Ay; explicitly by using Lemma [4.16| and the structure of these matrices.
In the online stage, we solve the POD-DEIM reduced-order model . The

approximate Jacobi matrix of f (T1) = a, (Z1)Z1 at Z; is given by

Ji(in) = Ay + {Zfl ggxzﬁ)]

with g; given in (4.5.28)). If we exploit the sparsity of the Jacobi matrix of f; instead
of using MDEIM, then Steps [ and [f] in the offline stage should be replaced by

4’. Construct the index set J as in (4.5.23)) and J..; as in (4.5.27)).
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4 Model reduction for magneto-quasistatic problems
5. For (i1, j1) € J, set Vi, = O, ) € R™™ [ =1,...,p, where O, ;) has all zero
entries except for the (7;, 5;)-th entry being 1.
Furthermore, in Step |§|, we replace the computation of V; with
Vi=W6,)Ua ER™ forl=1,...,p.

Then in the online phase, for solving system (4.5.20]), we use the Jacobi matrix given
by

!

0

with g; given in (4.5.28]). One can see that in both variants, the online stage com-
putations are independent of the original dimension n, + m of the problem.

() = A + {lel ‘7191(510] (4.5.29)

4.5.4 Passivity of the POD reduced system
We now show that passivity is preserved in the POD reduced system (4.5.4)), (4.5.5)).

Theorem 4.17. The POD reduced system (4.5.4), (4.5.5)) is passive.
Proof. The result can be proved analogously to Theorem {4.11] Using (4.3.26) and

the approximation
(24} -~ U @ 0 Ell
a1 0 I [@2]’

we find R
ol ® ] =2
a o1 a1
where
R=|_ Ua 0 (4.5.30)

V(T KnY) YT KnUsy (Lny — V(YT K229 ) 'Y T K2) 2|

Introducing new basis functions

[¢1(§)a cee 7§~bn+m(§)] = [¢1(§)7 e 7¢na (€>]R7

we obtain i

D (i) = Y a(t)éi(€),

=1 =1
where

[ (t), .- ()] = @ (t)

and

(A1 (), ooy ()] = @1 (2).
For @1 (t) = [a1(t), ..., ym(t)]", we define a storage function

n+m

S(0) = [ 9619 3 a0 1) e,
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4.5 Model reduction for 2D nonlinear MQS systems

with 9 as in (4.3.25)). This function is nonnegative, since v is positive and 5’(0) =0
due to the definition of 1. We calculate

n+m
d -

@0 =G [ ANV A i
= [, 576 19 a0 @ IV 3 a0 Ol
= [HEIvams @ (vzai<t>&i<5>> ~ (vzéia)@(g)) d

n+m n+m n+m

=2 a0l [ eIV L awaiel(V,0) - (Vo) de

J=1

=1y (t )RTK(R%( )R (t).

Using the relations

(1) = —R"K(R#)R,
~ - . T - -
fl _ RT(M+XR_1XT)R _ [Ualm/éllUm 8} + $1R$f>

and the state equation (4.5.4]), we can continue

d - _ s
5 @1(1) = =21 () A (21(1))21(¢)
= —iT (W) Eir (1) + 27 (1) Byu(t)
= —ai (YUp M Uy i (t) — 71 (t)BuRB] i1 (t) + 27 (t) Byult)
= —a] (UL MUy ar(t) + 27 (8) By (u(t) — RBL i (1)).
Since the matrix M;; is positive definite, the first summand is negative. Further-
more, we use the output equation y = —@ Z1 + R 'u twice and obtain
d ~

—S(@1(1) < (R™ult) - ())T?{(K u(t) +(t) — R™Mu(t))

$(E.(T)) - 5(3,(0)) < / §7 (tyu(t) dt

which implies the passivity of the reduced-order model (4.5.4)). O

Overall, we have shown that the variational MQS problem (4.3.3)), (4.3.2b)), (4.3.2d)),
the semidiscretized MQS equation (4.3.5), (4.3.6) and the POD-reduced model
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4 Model reduction for magneto-quasistatic problems

(4.5.4), (4.5.5) are passive. The next step is to verify the passivity of the POD-
DEIM reduced model (4.5.20). In [AH17, [PM16], a symplectic DEIM was developed

for Hamiltonian systems which preserves passivity. Since system (4.3.5) does not
have the Hamiltonian form, we cannot use this method here. In the next section,
we present a perturbation-based method to enforce passivity for the POD-DEIM

reduced model (4.5.20)).

4.5.5 Enforcing passivity for the POD-DEIM reduced model

Since DEIM does not preserve the symmetric structure that was used for the con-
struction of the storage functions above, we cannot use our approach. This makes
it difficult to verify passivity of the POD-DEIM reduced model . Therefore,
we try to ensure the io-passivity for a slightly modified system. Our goal is now to

find a scalar function 0 such that the perturbed system
é1:)%;1 - /:q-l(j:1>:%l + @luﬂ (4 5 31)
ys = G+ ou

is io-passive and the output error || —ys|| is small. For this purpose, we consider the
POD reduced system (4.5.4) with the state ; and the POD-DEIM reduced system
(4.5.20) with the state z7. Then for the state error ¢y = 7 — 21 and G = (1, we
have

T

/OT ys (tu(t)dt = /OT <é‘1i1(t) + 5(t)u(t)> u(t) dt
— /O‘T <6‘1§1(t) — élél(t) + 5(t)u(t)>Tu(t) o

2/0 yTT(t)u(t)dt+/0 5(t)HU(t)H2dt—/0 1Cullzllex (D)1 l(t) | dt.
(4.5.32)

Since the POD reduced system (4.5.4)) is io-passive, the first integral in (4.5.32) is

nonnegative. Furthermore, by choosing

5(t) > Lo, i u@)] #0,
0, if Jlu()]] = 0,

we get 0(8)|[u(®)||2 = | Cul|2ller(®)|||u(t)]| = 0 for all ¢ € [0, T]. In this case, we obtain

/OT yl (Hu(t)dt >0

and hence, the perturbed system is io-passive.

The computation of §(t) relies on the DEIM error € (¢) which is not readily avail-
able. Therefore, we aim to get a computable bound ||e,(¢)|| < €(t) which would
allow us to easy determine §(t) as

l[Cll2€(t) :
5(t) = { o lu(®I #0, (45.33)

0, if [lu@)|] =0,
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4.5 Model reduction for 2D nonlinear MQS systems

and, as a consequence, also the output errors
15(6) =91 = 1GE1 (1) = G O] < [Cllallsn ] < 1Glloet),  (45.34)
13(8) = us (O] = 16@)u®)] = | Gillae(?).
Note that 6(t) in (4.5.33)) is unbounded if u(t) takes zero values. Nevertheless,
the perturbation §(¢)u(t) remains bounded provided €(t) is bounded. In order to
derive a bound on ||&(¢)||, we make use of a logarithmic Lipschitz constant Lo[f]

for a nonlinear function f(#;) = 4 (#1)#;. The following theorem provides a bound
on the DEIM state error ;.

Theorem 4.18. Consider the POD reduced system (4.5.4) with the state 1 and the
POD-DFEIM reduced system (4.5.20) with the state £1. Then the error ey = 1 — Iy

can be estimated as i
6 Lalfl 4
lea()] < 7= (e - 1)),
Ls[f]

where 3 = |[(SgUy) M2 221, 41 04(X5) with the singular values oy(Xy) of the DEIM
snapshot matrix Xy, and Lg[f] 1s the logarithmic Lipschitz constant of
f(@r) = A(@1) 2.

Proof. Subtracting the POD-DEIM system (4.5.20) from the POD system (4.5.4])

and taking into account that £, = E; and B; = B;, we obtain the following system
for the error

- - T =\ Foa
Fier = Ayer + {U‘”fl(Ual%l) f1(¢11)} . (4.5.35)

We consider now a weighted vector norm |wl|z = V wl Eyw for w € R™™. Tt is

well defined since E, is symmetric and positive definite. This norm is equivalent to
the Euclidean norm ||w|| due to the inequalities

Aain(E) [w0]] < wllz, < Amax(E1) ], (4.5.36)

where /\min(@l) and /\max(fl) denote the smallest and largest eigenvalues of fl,
respectively. Using (4.5.35)) and the definition of Ls[f], we can estimate

er(t),&1(1)) g, = (a(t), Taéa(1))

(o1
< ) Ayt [fm <m-ﬁ@wq>
(a0

lex®lz, llen(®)llz, =

), e {ﬂmwm$>vﬂmammb

0

et {Ualfl Ua1a1<0)) - fl(zh(t))b

= (#1(t) — @1(t), A (@1 (1)1 () — A (21(1)) a1 (L)
+(m(t) — @), U f1(Us i (t) — fl(Al(t))>
< Lo[flller(®)11” + Bllex(®)]-

+
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4 Model reduction for magneto-quasistatic problems

In the last inequality, we used the estimate for the DEIM error as presented in
Theorem 2.24] and define

Ns

B=1(SEUN 2 Y oilXy).

i=Kk+1

Furthermore, taking into account (4.5.36)), we obtain

d A e @) lex(®)]]
—ller®)lz, < Lalf] +8
dt = lex@llz,  lea®llg,
Ly[f 5
< ALJH&@)H@ T (4.5.38)
min( 1) )\min<£l)
Using the comparison lemma [WSH14], we have
t Lzm
|€1 ||£1 / S )‘mm(zl) dS
\/ min Z:1
L2[f] _
/ mm(fl) t S) ds
\/ mln Z1
)\min E L2[f~]
— /B—‘V(l)<€)\min(‘£1)t — ]_)
Ly[f]
Finally, we use the norm equivalence (4.5.36)) and obtain
1 Lalll g
ler(®)] € ————llea (1) 15, < 5[~ (cm 1), 0

)\min ( 2:-:1 ) L2 f]

Next, we present computable estimates on the logarithmic Lipschitz constant

Lo[f]
Theorem 4.19. The logarithmic Lipschitz constant Lo[f] can be estimated as
1. Lg[f] ml,)\maX(R KlR) =: py with R given in (#.5.30) and K, in (1.3.10),

2. Lg[f] < )\max(;‘zlll) My 1 Amax (UL K1 ,Usy ) = ,ug where the entries of Ky, are
gwen by (Kln i, fQ V% V% dé; { j ., Ny

Proof. Similarly to the proof of Theorem [4.3] we can show for the function
j(i1) = R"K(Ri))Riy
that

(§(51) — §(w), &1 — @) = (K(R#1)RE), — K(R®) R, R(7) —0))
> my (7 — 0)'RTK R(7 — )
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4.5 Model reduction for 2D nonlinear MQS systems

for all #1, @ € R™™. Then using the relation f(i) = 4 (i1)%, = —RT K(R#,) R,
we obtain

Lg[f] _ sup <j1 - wlfiilz _2 f(’LD)>
:Z"l,zpe?ﬂ}'z*'m |21 — @]

g —m, sup <R<I1 — U)), KlR(Il — U)>>

F1 BERT™ |21 — w|[?
F1£0

- — mu)\max(RTKIR) .

0
logarithmic Lipschitz constant for f, we get

- ~ T p;
2. We first split f(71) = A7, + {U"l Ji(Us, al)] . Then using the definition of the

) (%1 — W, Ay (&) — @) + [Ug; (f1(Us £~11)0— fl(Ua1w1))}>
LU= s, o —al?
F17D
) (#1 — @, [Ug; (fi(Uq 2112)— fl(Ualwl))b
<ho|Af+ s 17— alP?

F1#W

Since 4, is symmetric, it holds for the logarithmic Lipschitz constant
Lg[ﬂll] = Amax(/qll)- Furthermore, it follows from gl(Ua1 (11) = ?(ll,n(Ual al)Ua1 44
with X1, as in (4.3.13]) and

wi(llel)e —vi(ll2l)@) - (v — @) = mualle — &I,

see [Pec04), proof of Lemma 2.8| that
1(Ug, a

v)e-al

/Q < Z DOV Y at(€) —m(HvZM(&)HWZ@W@)

Z i)Y, () dé

m,,l/ VZ &; — @)Y VZ €) d¢

:mu,1(£11 - 1) UalKl,nUal(al - 1)

111 gl Ua1w1):|>
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4 Model reduction for magneto-quasistatic problems

with @y, = [@1,...,@,]7 and [, .. 7{%] = [¢1,...,¥n,|U,. Using the relation
fl(a1> = —Kll’n(al)al, this results in

y - a — 1, UL (fi(Ug @) — fL(Ugw
L2[f] < Amax(ﬂll) —+ sup < 1 L il (f;l( ~1>2 fl( 1)))
alv“?liﬁﬁ"*’” |ar — ||
a1 Fwq

< AmaX(hll) - mu,l sup <Ua1 (al — w1~)’ KlTU;I (al — wl»
ﬁl,ﬂn e]R”ﬁLm ” a]- - wl ”
a F#i

= )\max(/:zlll) - mu,l)\max(UZ;Kl,nUth)-

O
It follows from Theorem [4.19 that
Lo[f] < min(p1, p2) = p.
Using this bound we obtain from (4.5.38|) that
d p B
EHSN)HiI < ﬁ“fﬁ(f)“ +
min( 1) Amin(Z:l)
Similarly to the proof of Theorem [4.18| we estimate
B s _
le1(®)]] < = (e min®) — 1) =: €(t). (4.5.39)
1

4.6 Numerical example

In this section, we present some results of numerical experiments for model or-
der reduction of linear and nonlinear MQS for a single-phase 2D transformer. For
the mesh generation and the FEM discretization, we used the software package
FEniCSﬂ of version 1.4. The time integration of the full models is done by the
sparse DAE solver PyDaeSI provided by Caren Tischendorf, whereas the reduced-
order dense systems are solved by the implicit differential-algebraic (IDA) solver
from the simulation package Assimulcﬂ Both solvers are based on the backward
differentiation formula methods. We use them according to the dense or sparse

structure of the problem. The computations were performed on a computer with an
Intel(R) Core(TM) i7-3720QM processor with 2.60GHz.

Thttp://fenicsproject.org
http:/ /www.jmodelica.org/assimulo
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4.6 Numerical example

Subdomains

Q1 = Qivon, Qo= UQ, UQy; Uy, Uy
Dimensions

ng = 51543, ny = 19688, ny = 31855, m =2
Model parameters

o, =5-10°Q 'm™!

vy =1AmV-ls7!

Qo Ny = 358, Ny = 206
81 = 82 =1.12-10"2 m?
Qair R = diag(py, p2), p; = 1.73 - 10-8%‘, j=1,2

(a) Geometry (b) Dimensions and parameters

Figure 4.4: Single-phase 2D transformer

4.6.1 2D transformer model

We consider a single-phase 2D transformer with an iron core and two coils of wire
in an air domain as shown in Figure 4.4(a)} see [Sch1l] for detailed description and
geometry data. The winding function has two components given by

~N for¢e Qi
Xstr,3,j (&) = M for §€Qy,,

J

S.
0 for&e\(Q;,UQ;,),

%)

where N; are the number of coil turns and S; is the cross section area for j =1, 2.
We insert a thin layer of air between the coils and the iron core to avoid unphysical
effects caused by the FEM discretization. Using the linear Lagrange elements on
a uniform triangular mesh, we obtain a semidiscretized MQS system (4.3.5) with
X; = 0. It should, however, be noted that our model reduction method works
also without the air gap. The model parameters and dimensions are presented in

Figure [4.4(b)|

4.6.2 Balanced truncation

First, we apply BT to the linear transformer model obtained for the constant mag-
netic reluctivity v, = 14872 AmV~!s~!. The controllability Gramian G, is approxi-
mated by a low-rank matrix G, &~ ZCZCT with Zc € Rm+m)xk where ny+m = 19670
and k£ = 56. The Hankel singular values are presented in Figure One can see
that they decay very rapidly implying that the system can be well approximated by
a reduced model of small dimension. We choose the reduced dimension n = 3 and
get an error bound

||G—é'||7-t (g1t nigm)

~ S 2
<2 g1t gt +m—k+1) y) =1

with
v =2.3993 - 107%. (4.6.1)
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Hankel singular values

n
@
0
c
o
o
7]
O
P -
>
&)
c
()
S
8 = original
L
L = = reduced
10 -20 1 1 1
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Frequency (rad/s)

Figure 4.6: Linear MQS model: frequency responses of the original and the reduced

systems
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c
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Figure 4.7: Linear MQS model: absolute error in the frequency domain and error
bound ~y
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Figure 4.8: Linear MQS model: output components of the original and the reduced
systems
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Figure 4.9: Linear MQS model: relative error in the output components

Figure shows the spectral norms of the frequency responses |G (iw)||2 and
|G (iw) ||z of the full and the reduced models for the frequency range w € [10~1°, 101].
In Figure 4.7, the error bound v and the absolute error ||G(iw) — G(iw)l|s are
presented. For the input

o= [ taore)

and a zero initial condition, we have computed the outputs y(t) = [yi(¢), y2(¢)] and
g(t) = [71(t), 52(t)]* of the full and reduced systems, respectively, on the time inter-
val [0, 1]s. Figure shows the components of these outputs. The relative errors
|ly;(t) — 7;(t)|/ max,coq |y;(7)], 7 = 1,2, in the output components are presented in
Figure [4.9]

One can see that the errors in time and frequency domains are small, while the
reduced system can be computed 1500 times faster than the original system. Taking

105



4 Model reduction for magneto-quasistatic problems

into account the reduction time, we get a speedup of 46 for a single simulation of
the reduced-order model.

4.6.3 POD and DEIM

Next, we examine model reduction of the 2D nonlinear transformer model as in
Section [4.6.1], where the magnetic reluctivity of the iron core is given by

v1(0) = 3.8 exp(2.14¢%) +396.2 AmV s~

The snapshots were collected with the training input u(¢) and the reduced models
were tested with the input us.q(t) given by

_145.5- 103 sin(9007rt)] (1) = {46.5 - 103 sin(10107t)
) test -

ut) = 77107 sin(17007t) 78 - 103 sin(19007t) |- (4.6.2)

Figures 4.10| and 4.11| shows the singular values JJP OD and o

J of the snapshot
matrices A, and Xy of POD and DEIM, respectively, and the eigenvalues A}/P#
of the snapshot matrix X; of MDEIM are presented in Figure f.12] The reduced

dimensions were chosen as

DEIM

POD: n = 35, DEIM: k =9, MDEIM: p = 3,

with the relations

POD DEIM )\MDEIM
4

%% _ _114-1077, 0 _140.1073,

=1.07-107°.
o.f’OD O.{DEIM

MDEIM
>‘1

The reduced model has dimension r = 37. The Jacobi matrix Jy € R™*™ has 97464
nonzero entries, whereas SiJ;, € R*™ has 58 nonzero entries. Using MDEIM the
evaluation of only 3 entries of S,%;J ¢ are used. The extended index sets K., and
Text have |Cept| = 47 and | Jert| = 18 entries, respectively.

Figure4.13|shows the output components of the original and POD-DEIM-MDEIM
reduced systems. The relative errors

2 -
_ yi(t) — i(t)
Aly, 7) ; max T (] (4.6.3)
7€[0,0.01]

of the POD, POD-DEIM and POD-DEIM-MDEIM reduced systems can be seen in
Figure [£.14] Note that for the POD-DEIM variant, we use the affine representation
of the Jacobi matrix J; given in (4.5.24). The errors introduced by DEIM and
MDEIM can be neglected in comparison to the POD error. In Table [1.1] we present
the computation time required to construct the snapshot matrices &,,, Xy and X,
the reduction time which includes the computation of the projection matrices and
the time-independent matrices as in Step [0] of Figure [4.3] as well as the simulation
time for the reduced-order models determined by the POD, POD-DEIM and POD-
DEIM-MDEIM methods. Comparing the simulation time 3269s for the original
system to that for the reduced-order models, we achieve a speed up of about 20 for
the POD model, 277 for the POD-DEIM model and 314 for the POD-DEIM-MDEIM
model.

106



4.6 Numerical example
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Figure 4.10: Nonlinear MQS model: POD singular values
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Figure 4.11: Nonlinear MQS model: DEIM singular values
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Figure 4.12: Nonlinear MQS model: MDEIM eigenvalues
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Output components
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Figure 4.13: Nonlinear MQS model: output components of the original and reduced

models
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Figure 4.14: Nonlinear MQS model: relative errors in the output

POD POD-DEIM POD-DEIM-MDEIM

Computation time for the snapshots

X, 2870.7 2870.7 2870.7
Xy 37.5 37.5
Xy 366.5
Reduction time
(projection matrices U,, and Uy,
basis matrices Vi,..., V),
time-independent matrices) 54.8 197.4 357.1
Simulation time for the
reduced-oder model 162.8 11.8 10.4

Table 4.1: Computation time (in seconds) for the POD, POD-DEIM and POD-
DEIM-MDEIM methods
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4.6 Numerical example

4.6.4 Passivity enforcing

We now verify the DEIM error bound e from Section [£.5.5 required for the passivi-
ty enforcement of the POD-DEIM reduced system. In Table [£.2] we collect the
constants involved in (4.5.34]) and . Figure shows the absolute error
ller(®)]] = ||Z1(t) — Z1(t)]| and the error bounds ¢;(t) as in (4.5.39)) computed with
p = p; for i = 1,2. One can see that the error bound € (t) overestimates the true
error by about two orders of magnitude, while the error bound es(t) is quite sharp.
In Figure [£.16| we present the output error ||g(¢) — §(¢)|| and the error bounds
e/ (t) = || Ci]|2€i(t) for i =1, 2.

To enforce passivity, the output of the POD-DEIM reduced model with
U = Upest AS 1N is perturbed by du;.s, Where ¢ is given in . Figure m
shows the components of the perturbation §()uss(t). Finally, Figure shows
the relative errors A(y,y) and A(y,ys) defined in (4.6.3). We see that the error of
the perturbed POD-DEIM system is only slightly larger than that of the
POD-DEIM system ({4.5.20)).

B = 4.1467
)\min(zl) - 01969 B B
pn = —=7.7916, m, = min(396,1) = 1, Apax(R" K1 R) = 7.7916

frg = —2755,  my1 = 396, Amax (A1) = —1.4307 - 107, Apax (U, K1 Uy, ) = 6.9569
|Cil]2 = 1.591 - 10~*

Table 4.2: Constants for the error bound

10° : w x x
()]
©
2
=
(@)]
©
= |Z1(t) — 21(8)]]
—C1 (t)
—a(t)
10 -10 1 1 1 1
0 0.002 0.004 0.006 0.008 0.01

Time (s)

Figure 4.15: Absolute error in the state and the error estimators
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Figure 4.18: Relative errors in the output
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4.6 Numerical example

D =380

Figure 4.19: Coupled MQS-circuit system

4.6.5 Dynamic iteration for the coupled MQS-circuit system

Finally, we consider a transformer coupled to a simple electrical circuit as shown
in Figure and compute the solutions of the resulting coupled MQS-circuit sys-
tem using a monolithic approach and dynamic iteration presented in Section [3.1}
Furthermore, we approximate the linear MQS subsystem by a reduced-order model
determined by BT and repeat the simulation using again the monolithic approach
and dynamic iteration. Note that a similar coupled MQS-circuit system has been
solved using a multirate time integration scheme in [HKBB™1§].

First, we briefly introduce circuit equations in the modified nodal analysis (MNA)
formulation, see [HRB75, Reil4, Ria08, [VS94| for further information. An electri-
cal circuit is modelled as a directed graph whose vertices correspond to the nodes
and whose branches correspond to the circuit elements like resistors, inductors and
capacitors. Let n,, + 1 and n;, be the numbers of nodes and branches, respectively.
Then the network topology is described by an incidence matrix A, € R™*™ with
entries

1, if branch j leaves node i,

(Ap)ij = < —1, if branch j enters node 1,

0, otherwise.

By removing a row from Ay corresponding to a ground node and reordering the
branches accordingly to the type of circuit components, one gets a reduced incidence
matrix

A:[AR AL AC Av A[ AM]

of full rank, where the subscripts R, L,C,V,I and M stand for resistors, induc-
tors, capacitors, voltage sources, current sources and electromagnetic devices, re-
spectively. Using Kirchhoff’s current and voltage laws and constitutive relations

characterizing the circuit components, the dynamics of the lumped element circuit
can be described based on MNA by a DAE system

AcLqo(ALp) + Argr(A%p) + Avip + Aviy + Arif + Ayiy = 0,
aerlic) =ALp = 0,
App—vy = 0,

where p is the vector of node potentials, iy, i1y, ¢; and 75, are the vectors of currents

through inductors, voltage sources, current sources and electromagnetic devices,
respectively, and vy is the voltage vector for voltage sources. The functions gg,
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4 Model reduction for magneto-quasistatic problems

NoREE =Tl [0

Figure 4.20: Decoupled System

Vy

Figure 4.21: The coupled RC-MQS system

vy, and q¢ describe voltage-current characteristics of resistors, magnetic fluxes in
inductors and capacitor charges, respectively.

We consider now the coupled MQS-circuit in Figure [4.19 In order to decouple
this system into two subsystems, we insert controlled current and voltage sources
with current iy, and voltage vy;, respectively. The resulted decoupled system is
presented in Figure The MNA equation for the RC circuit is given by

AcCALp + ARR™"Afp+ Aviv + Aumin = 0,
Agp —Vy = O,

i e |

the resistance R = 103, the capacitance C' = 1, and the voltage vy (t) = 50 sin(50t)
at the voltage source. For the transformer, we use the MQS model with
piecewise constant magnetic reluctivity. The geometry and material parameters are
as in Section [4.6.1] The block schema for the coupled MQS-circuit system is given
in Figure .21} The internal inputs of the MQS system and the circuit system are
given by v = [vyr, 0] and iy, = [1,0]¢, respectively, whereas the internal outputs
have the form ¢ and —v,,, respectively. The external input and output of the coupled
system are given by vy and —iy, respectively. The semidiscretized MQS system was
approximated by a reduced-order model as described in Section [£.6.2] Note that the
error bound 7 in for the reduced MQS subsystem can be used to estimate
the error in the coupled system, see [RS07| for details.

with
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4.6 Numerical example

In Table [4.3] we present the computation time for four different simulation ap-
proaches: monolithic, dynamic iteration, monolithic combined with model reduction
and dynamic iteration combined with model reduction. We include there also the
time for computing the reduced-order MQS model. We used the Jacobi-type dy-
namic iteration method with ny = 10 macro time steps and K, = 2 iterations on
each time window. One can see that the dynamic iteration without model reduction
is about twice faster than the monolithic approach. Using model reduction reduces
the simulation time significantly even if we take into account the reduction time.
Comparing the simulation time for the reduced-order coupled model, we observe
that the dynamic iteration is only slightly faster than the monolithic method. This
can be explained by the fact that the both circuit and reduced MQS subsystems
have very small dimensions.

In Figure [£.22] we present the internal outputs iy and —wvy, of the MQS and
circuit subsystems, respectively, as well as the external output —iy of the coupled
system for all four simulation approaches. Taking the solution obtained by the
monolithic approach without model reduction as the reference solution, we computed
the relative errors in the outputs for remaining three simulation approaches. They
are presented in Figure[4.23] One can see in Figure that the MOR error for
the MQS system is smaller than that obtained by dynamic iteration, and the errors
accumulate in dynamic iteration combined with model reduction. Furthermore,
the dynamic iteration error in the internal output of the circuit system appears to
dominate the MOR error, see Figure . Finally, Figure shows that the
MOR, dynamic iteration and combined errors in the external output of the coupled
system are about the same.

The dynamic iteration error can be reduced by taking smaller macro step sizes
or by performing more iterates, whereas the MOR error can be reduced by taking
larger reduced dimensions. However, this increases the simulation time.

Simulation time Model reduction time
in s n s
monolithic 2.6427e+03
dynamic iteration 1.1327¢+03
monolithic + model reduction 0.2702 40.0414
dynamic iteration + model reduction 0.2173 40.0414

Table 4.3: Computation time for the coupled MQS-circuit system
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Figure 4.22: Outputs of the coupled MQS-circuit system
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Figure 4.23: Relative errors in the outputs for the coupled MQS-circuit system
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4.7 3D Magneto-quasistatic problems

In this section, we study the MQS system on a 3D domain . First, we
consider the FEM discretization of such a system using H (curl, Q)- conforming finite
elements. Then we investigate the DAE structure of the resulting semidiscretized
system and present an extension of some results for 2D MQS systems to the 3D
case.

We start with introducing appropriate function spaces and deriving a weak formu-
lation for the 3D MQS system (4.2.10). Let © C R? be a bounded connected domain
with a Lipschitz continuous boundary 02 and let ng denote the outer normal of 0f).
We define the Sobolev spaces for R3-valued functions

H(div,Q) = {p € L}(Q): V-p € L*(Q)},
H(curl, Q) = {p € L*(Q) : V x p € L2(Q)},
Hy(curl, Q) = {¢ € H(curl, Q) : ¢ X ng = 0 on 00},
GQ) = {b=Vo: ¢ € H(div,Q), ¢ = ¢ on 90},
LA0)/G(Q) ~ {p € £2Q) - (9.t = 0 for all & € GO)).

On the spaces H(div, Q) and H (curl, §2), we define the inner products

(0, ) H(aiv.o) = (V- 0, V- 0) 200) + (0, 0) £2(0),
(0, Y) H(euro) = (V X 0, V X ) £20) + (@, V) 21

respectively, which induce the norms

1
2
lellmaar = (lelbam + 1V - @liZe )
1
2

HSOHH curl,Q) (”90”112 + IV x 90”%2(9)>

Furthermore, using the definition of £2(0,7';V) in Section we define the space

W20, T; H(curl,Q)) = {¢ € £L*(0,T; H(curl,Q)) : %gp € L£%(0,T; (H(curl,Q)))}

with the norm
1
2

2 a 2
H()OHWLQ(O,T;H(curl,Q)) = HQDHLQ(O,T;H(curLQ)) + HaSOHL%O,T;H(curLQ))

We present now a weak formulation for the MQS system (4.2.10). Multiplying the
equations with a test function ¢) € H(curl,Q2) and integrating over 2, we obtain by
using Green’s formula the weak formulation
0
5 [ oa-vdst [ vl 1T X AT < A) - (V x0yds = [ oTxde
0
ot

/ XstrA d£ + RL =, (471)

A(-,0) = Ay,

with an initial vector Ag € £2(Q2) \ G(9).
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&

Figure 4.24: Reference configuration K, and degrees of freedom for linear Nédélec
elements of first type

4.7.1 Discretization

Let 75(€2) be a regular simplicial triangulation of €, and let n,, n. and n; denote
the number of nodes, edges and facets, respectively. For a spatial discretization, we
use Nédélec elements of first type as defined in [Néd8()]. In the literature, they are
also called Whitney elements of first type or edge elements, see [Bos98, Section 5| or
[Sch03a]. The reference linear Nédélec element (K., P.,.) of first type is defined
by the reference tetrahedron K. with edges 01, ...,0s as shown in Figure the

function space
17 o] [o] [07 [&] [&
Pe=<o,1,0,é3,o,gl>
o] [0o] [1] |l&) L& Lo

and the six degrees of freedom for p € P, related to every edge @; given by

S, = {ck(so) =/ tr-ds, k= 1,2,---,6},
D

where f;, denotes the tangential unit vector to the edge 0. The reference basis
functions for the linear Nédélec element given by

U L k-1 I S N
¢1(§) = §1 ) 9252(5) = |1- §3 — &1 ¢3(§) = §3 N
L 3 L & :1A— §y — &1
~e o & A 0 ne oA &5
04(8) = SHE P5(&) = _A§3 ) P6(&) = Q
| 0 | & | =&y

are determined by the conditions gk(qgle) = 0, with the Kronecker delta dy.
To define the global functions, we use a linear affine mapping

Fr(€) K. = K

given by F(§) = Bgé + bg with a nonsingular matrix Bx € R3*® and a vector
b € R3. To ensure the tangential continuity of the basis functions, we use the Piola
transformation defined by

¢°(€) = B o (F'(€)), €K, (4.7.2)
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for ¢ € P.. The followmg lemma shows how to determine V X ¢° by applying the
curl operator to ¢

Lemma 4.20 ([Sch03al). Let K. be the reference tetrahedron and K = Fi(K,).
For a functzon ¢°¢ defined by the Piola transformation (4.7.2)) of a reference function
(]5 e P,, we have

V x ¢°(€) = (V x ¢ (F'(€), €K

det BK

The global basic functions {¢$}7<, of the ﬁmte dimensional space V), C H (curl, 2)
are defined via the Piola transformatlon such that the local orientation of
the degrees of freedom on two adjacent tetrahedrons matches. In [AV15], the global
basis functions are defined as follows

¢€_(§) —_ [Sign];(n] B;(n&nglgi(f))a 5 € Kny
! [signk. | BE & (Fh(€)., €€ Ky,

for K, K,y € T, where k and [ are the indices of the edges Fi'(v;) and Fi' (v;),
respectively, in K., and

[signl;{ } = [mgnK } = +1 if detBg, >0, detBg,, <0,

[sign’}{ | = +1 [SlgnK | = if detBg, >0, detBg,, >0, (4.7.3)
signj, | = —1 [s1gnKm} = +1 if detBg, <0, detBg,, <0, o
[sign]}}n] = [SlgnK } = it detBg, <0, detBg,, > 0.

This definition applies to all tetrahedra containing the edge v;. The global function
@5 1s zero everywhere else.
We take the test space D(€2) to be equal to the trial space V;, and approximate

=~ D a(065(6)

As in the 2D case, we get the nonlinear DAE
M 0| dlal [-K(a) X ||a 0
2ol Al (474

with a = [041, .. .,ane]T and

fQU¢6'¢$d€7 1] =1, N,
7(” = Jov (L IV x 25y angipl) (V< 65) - (V x ¢6) d€, d,5=1,...,n,
= [, ( Xstr)j-gbfd{, i=1,....,n.,7=1,...,m.
(4.7.5)
Here (x4, ); denotes the j-th column of xg,. Note that the matrices M and X (a)
are symmetric, and, unlike the 2D case, X (a) is only positive semidefinite. Our
goal is now to determine the kernel of X (a). We introduce Nédélec elements of
second type to obtain an alternative representation for & (a) which allows us to easy
determine the kernel of K (a). These elements are also called face elements, Whitney

118



4.7 3D Magneto-quasistatic problems

€s
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&

Figure 4.25: Reference configuration K s and degrees of freedom for linear Nédélec
elements of second type

elements of second type [Bos98, Section 5] or Raviart-Thomas elements [AV15]. The
reference linear Nédélec element of second type is glven by (K £ P I ) ), where K ¥
is the reference thetrahedron with the faces f Lseens f 4 and degrees of freedom as
shown in Figure . The function space P ¢ is given by

) 1] fo] [o] [&
Pf:<o,1,o,§1>,
of [o] [1] |

and degrees of freedom are defined as

2f = {6]@(,&) :[ ﬁk’ ’ ﬁ,dS, k= 172a374}a
fr

where 7, denotes the outer normal unit vector to the face fk For the function space

P £, we can use the conditions fk(&ﬁlf) = 0y, to specify the reference basis functions

. %1 o A€1 F o élfl . %1
9251(5) s &y ) ¢2(§) = €2A_ L, ¢3(£) = €2A ) ¢4(§) = §2
£3—1 €3 1—&; 3

To ensure the normal continuity of the global basis functions, we again use the
affine linear mapping F : Kf — K given by Fx(€) = Bg& + bk and define the
Piola transformation for Nédélec elements of second type as

1 ~f

o) = G B9 (F(9) §e K,

for qAbf e P 5. As for Nédélec elements of first type, we also have to ensure the
orientation of two adjacent tetrahedra K, and K,,. Therefore, we define the basis
functions ¢j as

[SlgnKn} detBK BKn¢k( Ki(g))a 5 € Kna
1

ol(¢) =
) [sign, ] WBM@ (Fg, (&), &€ Kp,
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4 Model reduction for magneto-quasistatic problems

where [sign’}}n] and [siganm} are given in and k and [ are the indices of the
faces Fi'(f;) and Fi' (f;), respectively, on the reference tetraheadron K ;. This
definition is applied to all tetrahedra containing the face f;. For the Nédélec elements
of first type ®° = [¢5,...,¢% ] and second type &/ = [gb{,...,gbﬁf], we have the
following relation

V x ¢ = &/C,

where C € R"*"e ig the discrete curl matrix with the entries

1, if edge 7 belongs to face 7 and their orientations match,
C;; =14 —1, if edge j belongs to face i and their orientations do not match,

0, if edge 5 does not belong to face 1,
see [Bos98|, Section 5|. Using this relation, we can rewrite the matrix X (a) as

K(a) = / V(- |[V % 8al) (V x &) (V x °) de

v(, [@/Cal)CT(2) @/ C dg
Q

= ¢ [ v @/ Cal) @) Tol deC
— CTH, (Ca)C,

where the mass matrix M, (Ca) is given by

(94, (Ca)),y = / V(@7 Cal)e! - ¢l de, ij=1,....n;.

With this representation, we can now characterize the kernel of X (a). First, we
note that M, (a) is symmetric, positive definite and

rank(C) =n, —n, + 1,

see [Bos98|. We can specify the kernel of matrix C using the discrete gradient matrix
Gy € R"*" defined as

1, if edge ¢ leaves node j,
(G())ij = ¢ —1, if edge ¢ enters node j,

0, else.

It holds CG( = 0 and rank(Gg) = n, — 1. Then by removing one column of G¢ we
get the reduced discrete gradient matrix G, whose columns form a basis of ker(C)
and also of ker(X(a)).

The coupling matrix X can also be represented in a factorized form using the
discrete curl matrix C. This can be achieved by taking into account the divergence
free property of the winding function x,, which implies x, = V X 7 for a certain
matrix-valued function v : Q — R3*™ . In this case, the coupling matrix X takes the
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4.7 3D Magneto-quasistatic problems

form

X = [ () 'xy, d
/Q( )" Xotr 4§

:/(CI>6)TV><7d§
Q

— [(7x o)y
Q

=CT [ (®)Tyd

@
=C’,

where the entries of T € R™*™ are given by

Tij:/’Yj'becd& i=L..np5=1,...,m,
Q

and ; denotes the j-th column of 7. Note that the matrix X has, as in the 2D case,
full column rank because of conditions (4.2.4) and (4.2.5)). This implies that T has
also full column rank.

4.7.2 Regularization of the FEM model

In this section, we study the FEM model (4.7.4]). First of all, note that this model
is singular since the underlying matrix pencil

e e R o I I

is singular. It can be regularized by determining a common kernel of the matrices

EX ]

The DAE system (4.7.4)) can be written as

Ma=—%K(a)a +Xu,
XTq = —R +u,

where a, M, K(a) and X are partitioned into blocks as in (4.3.11]) according to the
conducting and nonconducting subdomains. Solving the second equation for ¢, we
obtain

L= —-R " XTa+ R .

Inserting this vector into the first equation leads to the DAE system
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4 Model reduction for magneto-quasistatic problems

with the matrices

£, — | Mo GROXTGRTX)
T GRRTXT GRTIXT
 [Kiu(a) Ki2]  [CTM,(Ca)C, CTM,(Ca)C,
K(a) = Ko 17(221 n [CgMV(Ca)Cl C%My(ca)02 ) (4.7.7)

— X -1 _ ClTT -1

and C = [Cl, Cg]. The output y is given by

y=1=—-R"" [XlT )CZT] a+ R 'u=—-Bla+ R tu.

The matrix pencil AE; — K (a) is singular in the sense that det(AE;, — K (a)) = 0
for all A € C. This follows from the fact that the matrices £ und X(a) have a
common kernel. We, therefore, determine ker(‘;) Nker(X(a)).

Lemma 4.21. Assume that My, R and M,(Ca) are positive definite. Let the
columns of Yo, € R"™** form a basis of ker(Cy). Then ker(E;) N ker(K(a)) is
spanned by columns of the matrix [O, Y(%FQ]T.

Proof. Using X = CTY and (£.7.7)), we rewrite the matrices Z; and X (a) as
s _[I CIT] [ 0 I 0
Y7o CIr|l| o R |YTC, YTC,|’

K(a) = {gﬂ M,(Ca) [C, C].

Assume w = [w{, w]] Te ker(‘E;)Nker(% (a)). Then due to the positive definiteness
of M, and R, it follows from w” Ejw = 0 that

wyr = 07
TT(Clwl + C2w2) = 0. (478)
Furthermore, from w?” K (a)w = 0 with w; = 0 and the positive definiteness of
M, (Ca), we get Cowy = 0. This means that wy € ker(Cy) and hence, wy = Yg, 2
for some vector z. Note that the vector wy also fulfills equation (4.7.8]).
Assume now that w = [0 YgQ]T z for some vector z. Then

e |1 CIY] [9 0 I 0 0. _,
W0 cIr|| 0o R |YTC, YTC,| |Yo,|°

and
ct 0
K(ll)ll) = |:C%w:| M,,(Cd) [Cl CQ] |:YCQ:| z=20
since im(Yc,) = ker(Cy). Therefore, w € ker(E) Nker( XK (a). O
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4.7 3D Magneto-quasistatic problems

Let the columns of Y, € R™*(~7) form a basis of im(CJ). Then the matrix

I 0 0
{Zé_ |:O }A/CQ YCQ:|

is nonsingular. Multiplying system (4.7.6) from the left with Z;'" and introducing

the new state vector
5

b1 = q;g_la7
o2

the system matrices of the transformed system take the form

My + RN XGRTIXYe, 0
‘Z;,Tfﬂé,: YgQXQinlxlT Ygzx2K71XZTYC2 0f
I 0 0 0
. -2(11(‘11) AKIQYCAQ 0

T K(a)T; = | YE Ko YE KaYe, Of,

0 0 0

X R

(Z?gT‘Bl: YgQXQR,_l

0

This implies that the components of g, are actually not involved in the transformed
system. As a consequence, they may be chosen freely. Removing the trivial equation
0 = 0, we obtain a regular system

E-& = A.(x)x + Bou, (4.7.9a)
y =B+ R u, (4.7.9b)

where z = [af, aQTJT and

(M + X RXT XGRS Y, noxn

Lt = O 14T T 1TV € R,
L Y02X2K Xl YCQXQK % YC2
_—17(11(01) —17(12YC X

A.(x) = N N 2 e R 4.7.10

@)= | 97 5 72 dave, (47.10)
[ GR!

Q; — . Rnrxm

=i ¢

with n, = ny + ny — ky. Note that the regularity of AE, — 4.(z) follows from the
symmetry of E, and 4,(z) and the fact that ker(E,) Nker(4,(z)) = 0.

Remark 4.22. In order to determine the regularized system (4.7.9), we need the
basis matrix Yo, with im(Yg,) = im(C%). Such a matrix can be computed us-
ing the graph-theoretical algorithm as presented in [Ipal3|. First of all, note that
the matrices C and G can be considered as the loop and incidence matrices, re-
spectively, of a directed graph whose nodes and branches correspond to the nodes
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4 Model reduction for magneto-quasistatic problems

and edges of the triangulation 75,(2), see [Deo74]. Let the reduced gradient matrix

G = [GlT GZT]T be partitioned into blocks according to C = [Cl Cg]. It follows
from [Ipal3, Theorem 9] that

ker(Cg) = im(Gng),

where the columns of Z; form a basis of ker(G1). Then Y¢, can be determined
as a basis of ker(Z] GI). The basis Z; can be computed by using the function
kernelAT from [[pal3, Section 3| and applying it to GT. The basis YCQ can be
determined as Yo, = kernelAk(Z7GY) with the function kernelAk from [Ipal3),
Section 4.2].

Next, we investigate the tractability index of the regularized 3D MQS system
(4.7.9al), (4.7.10).

Theorem 4.23. Consider a DAE (4.7.94), where My, and M, (Ca) are symmetric,
positive definite, Xo has full column rank, and Yg, is a basis of im(C2). This system
has tractability index one.

Proof. Let the columns of 9 form an orthonormal basis of ker(X2Yg,). Then a pro-
jector Qq onto ker(Gy) with Gy = E, can be defined as

QO = lg 9/3/‘Tj| .

In this case, for By(z) = —£(A4,(z)z), the matrix

G = Go+Bo(r)Qo . .
9‘/{11 + X R R Xﬂi’lxgl@ + 12(12YCQQ/9/T
VEXRRIXE YEXNR X Yo, + Y KaaYe, VYT
is independent of x. To show that G; is invertible, we consider the equation

Gi[v1, )" =0,

which is equivalent to

(M + 2R X v + (R TX Ve, + Ki2Ve, Y )ve =0, (4.7.11)
YgQXQQiilxlT’Ul + (?gQXQQiileT?CQ + }A/CTQ KQQYCQD/D/T)UQ =0. (4712)

Multiplying equation from the left with 97 and using 9 TYgZXQ =0, we
obtain Q’Tf/gQ KaaYe,Y Y vy = 0. Since M, (Ca) is positive definite and Ye, is
a basis of im(C1), Y&, KooYe, = Y& CITM,(Ca)C,Yg, is symmetric, positive defi-
nite, and, hence, 97 v, = 0. Using the fact that 9 has full column rank, we obtain
YTy, = 0. R

Next, we show that Y§2x2 has full column rank, and, hence the matrix
XT Y, Y& X, is invertible. Indeed, let Y& Xow = 0. Then Xow € ker(Vd). On
the other side, Xow = CIYTw € im(CT) = im(Ye,). Therefore, Xow = 0. Since X,
has full column rank, we get w = 0.
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4.7 3D Magneto-quasistatic problems

Multiplying (4.7.12)) from the left with Xj ()CZTYCQ?&XQ)_UCQTYCQ and inserting
YTy = 0 yields

X R 7IXTw + X R IX Y, v, = 0. (4.7.13)
Subtracting equation (4.7.13)) from ([4.7.11)) and inserting 97 vy = 0 implies
Myyv; = 0.

Since M, is invertible, we obtain v; = 0. Furthermore, multiplying from left
with v and using 9Tvy = 0 and v; = 0 leads to v%?&)@?{fl){g}}cﬂg = (. Since
R is positive definite, v, is in ker(X]Yg,) = im(9). This means that v, belongs to
the image of 9 and to the kernel of 9". Therefore, vy = 0. Thus, G, is invertible,
and, hence, by Definition , system (4.7.9a)) is of tractability index 1. ]

We consider now the output equation (4.7.9b). Our goal is to transform this
equation to the standard form y = C.x with an output matrix . € R™*" . For this
purpose, we rewrite the system matrices in (4.7.10)) in the short form

Z:r = faMafg: ﬂ,r(flj) = _g:uMu(TVTx) VT’ (4714)
B — YR = F, 9, m , (4.7.15)

where
I x| [1I Cir My 0 [ ct
Ja = {0 Yféxj - {o v cir) Mo=1" g1] To= g cl|
This shows once again that ‘E, is positive semidefinite and 4,.(z) is negative semidef-
inite, since M1, R and M, (F,Ix) are positive definite.
The following theorem provides a condensed form for the pencil ANE, — 4.(z)

which allows us to extract the algebraic constraints in (4.7.9al) and derive the output
matrix G,..

Theorem 4.24. Let the matrices ‘E, and A.(x) be as in (4.7.14). Then there exists

a nonsingular matrix ‘W such that

i1 00 A (x) 0 0
W'eEW=110 1 0f, Wra(xyw=1, 0 0 0f, (4.7.16)
0 00 0 0 I

where By and —A;1(x) are both symmetric and positive definite.

Proof. Let the columns of 9, and 9, form the basis of ker(F..) and ker(£!), re-
spectively, i.e.,

im(9,) = ker(FL), im(9;,) = ker(F)). (4.7.17)
First, note that 97 4,(x) is independent of x. This follows from the fact that the
basis matrix 9, has the form [0, %T}T, where the columns of 95 form the basis of
ker(X]Yg,). In this case, we have

—7(11(”1) —7(12}}03

T — [0 9T A R
P A(w) = [0 95'] Y&, K1 —YE, KaoYe,

= -9 [V& Ko1 Y& KoYo,]
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4 Model reduction for magneto-quasistatic problems

which is independent of z. Therefore, in the following, we will just write 9./ 4.

Due to ker(E,) Nker(4,(x)) = 0, the matrices ¥ E,.9, and 91 4,9, are both
nonsingular and 979, = 0. Furthermore, let the matrix W, be chosen such that
the matrix

—~

W=[M %OTEN)? 997 A49)7]
is nonsingular. Taking into account (4.7.17), we have

D=

[ WEwW WIE Y (VLX) 0]
W EW = |(YTEY,) 29 EW, I, 0 =%,

i 0 0 0
| AW 0 WY (0FA%)2]
W A.(x)W = 0 0 0 =: 4.(z),

(97 4.9,)729F4W, 0 I,

where n,, = dim(ker(%£,})) = dim(ker(4,(z))), ne = dim(ker(F1)) = dim(ker(E,)).
The off-diagonal blocks in ‘E. and 4,(x) can be eliminated by the transformation

matrix
o ]n,-—n,,—ng 0 0

W= |- EL) 2 EMW L, 0
_(QfaTﬂTya)iiygTﬂrrM/l O Ina

which is independent of x. Thus, for

W=WW=[UW, %OIER)F %(0729)}] (4.7.18)
with the projector
M=1— 9% E%) " 0 E - 9 (97 4.9, 97 4, (4.7.19)

we obtain (4.7.16]), where
Ein = ‘M/lTHTfrH(Wl, /'Zln(x) = WTHT%(@HW

are symmetric and Ej; and —4;(z) are positive definite. The last observation
immediately follows from the positive semidefiniteness of £, and —4,.(x) and the
relations

rank(W!E, W) = rank(E,) = n, — ng,
rank(W?' 4, (z)W) = rank(4,.(z)) = n, —n,.

This completes the proof. n

For the transformation matrix W as in (4.7.18)), we calculate the inverse
— — —_~ T
Wt = [‘M/lT Wl  wI| which satisfies

WM MV EL) " We(9FA9,)
I=W7W= | WOw, W (S EY) " WIelIFATs)
WM WL (T ED) 2 W (0T A4s)

N= N N
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4.7 3D Magneto-quasistatic problems

This equation gives .
W = (WER) ) E,
Wy = (9T AY)29F A,

and the conditions /‘I/l\/lﬂ‘T/Vl =1, /‘7/[\/19’,, =0, and /‘I/l\/lf)’c, = (0 for /‘Vl\/l
We can define now the projectors

Mo=W | I |W*'=9%E%)"%E,

He=W| 0 |W'=9,09729,)"'9"a,

onto the right deflating subspaces of AE, — 4,(x) corresponding to the zero and
infinite eigenvalues. Note that these projectors and the projector II in (4.7.19))
satisfy the relation II + Iy + I, = I. Furthermore, we introduce the pseudoinverse
of E, given by

i
E- =W I wr. (4.7.20)
0
Simple calculations show that this matrix satisfies
(E))' =, (4.7.21)
EE E =%F, (4.7.22)
E-EE =E, (4.7.23)
E E =1-1,, (4.7.24)
EE- =117, (4.7.25)
E,E A (v) = A(2)E E — B A,(0)E E,. (4.7.26)

Equations (4.7.21)), (4.7.22) and (4.7.23)) imply that £ is the symmetric reflexive
inverse of ‘E,.. Note that the input matrix B, in (4.7.15]) can also be presented as

0 L0 ;
ﬂ:%%L}%mﬂﬁxﬁJkgmﬁ%%ﬁﬂ
— 7,9, T M =, [Z] (4.7.27)

with Z = Y& X(X Ve, Y& X,)~!. Then using and the state equation
(4.7.94)), the output in (4.7.9D)) can be written as
y=—-B'i+R 'u
=—[0 ZT| i+ R 'u
=—[0 Z'| EE Ei+ R 'u
= -B'E(A.(2)r + Bu) + R u
= -B'E A.(v)x+ (R — B'E B )u.
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4 Model reduction for magneto-quasistatic problems

Taking into account the special block structure of 4,(x) in (4.7.10) and using equa-

tions (4.7.25)) and (4.7.26)), we obtain that the matrix

C =B E Ax)=—[0 Z"| (I -1 )Ax)=—[0 Z"] A (x)(] - )
= (X Vo, YE,%) "' X Ve, Y, [Ko KoaVo,] (T = THc) (4.7.28)

is independent of x. Moreover, it follows from (4.7.22)) and (4.7.27) that
- _ 0 0
BE 5~ [0 2| )~ 10 2] 7,0 )
=[0 I] M, I = g
o ]‘ Y

and, hence, the output takes the form y = C.x with G as in (4.7.28). Thus, the
regularized DAE system is given by

E.i = A.(x)x + Bu,

Y o (4.7.29)

For the transformation matrix W as in (4.7.18)), we obtain using (4.7.15]) that

W I B, By,
W'B, = | (VEY)IIFRIR™ | =10 (4.7.30)
(92 2,9,) 2 9L F, M, [0 1]" 0

with By, = WL B,. Furthermore, using (4.7.28) and the relations 4,.(x)9; = 0
and

(I - Hoo)f}/a(fyaT/qua)f% = ([ - ya(yUTﬂrya)flygTﬂr)9@(9{%9@)7% = 07
we get
W -T)A ) ]
GW=—[0 Z"] |(0 E2) 29 A(x) (I — Tc)
(95 A06) 7205 (1 — 115 A (x)
=[C1 0 0] (4.7.31)
with
Ci=-1[0 Z") A (z)(I — M)W, = — [0 Z7] 4,(I — 1) W,
which is independent of the variable x. Introducing a new variable
T
Ty | = W, (4.7.32)
I3
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we can rewrite (4.7.29) using (4.7.16]), (4.7.30) and (4.7.31)) as

iy = A (x1)z1 + B, (4.7.33a)
iy =0, (4.7.33b)
0 =3, (4.7.33¢)

y = Ciix1, (4.7.33d)

Wlth /‘AqH(iL'l) = /qll(Hq/VliCl + %(%TZ:T%>7%LIZ’2 —+ 9/0(9/5%9/‘0-)7%123> Note that
xr3 = 0 and x5 is constant depending on the initial value. Therefore, 4;; dependents
only on z;. Since x5 and x3 do not contribute to the output, it is sufficient to

consider equations (4.7.33al) and (4.7.33d|), where the matrices E;; and —/‘%lll(xl)

are symmetric and positive definite. Thus, we have transformed the regular DAE
system into the ODE (4.7.33al), (4.7.33d)).

In the context of the FIT discretization, the grad-div regularization of MQS sys-
tems has been considered in [Bos01l, [CSGB11l, [CW02| which is based on a spacial
discretization of the Coulomb gauge . For other regularization techniques for
MQS systems, we refer to [CM95, [Hip00, Mun02].

4.7.3 Passivity

In this section, we examine the passivity of the weak formulation (4.7.1)), the semidis-

cretized system (4.7.4)), (4.7.5) and the regularized system (4.7.9)), (4.7.10]).
Theorem 4.25. The variational MQS system (4.7.1]) with the output y = ¢ is pas-

sive.

Proof. The result can be proven analogously to Theorem [£.9] Consider a function
¥ :Q xRy — R{ given by

Ve

I(E, o) :% /0 (€ T) do = /0 V(& o) do (4.7.34)

and define a storage function as

ﬂMﬁ»zéWMWxA@mﬁ%-

This function is nonnegative, since v is positive. Furthermore, we have S(0) = 0.
We now show 4S(A(-,t)) < y(t)"v(t) for all v and suitable A, y = ¢ that satisfy
(4.7.1)). We calculate

Loa(,1) =

. D&V X A 1)) d

S

0
IENV X A D7) IV x A DI de

Il
S— =

14

~~

I
S~

IV < AEDD(T x Aen) - (57 x A0

o ot
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Taking A as a test function and %A as a trial function, we obtain using equations
(.7.1) that

T

G540 = - [afacn gacod [ (GAED) xde

— - [ AED: SAEDdE -~ TORD) + 00l
< Pl

Here, we used the property that the first two summands are nonpositive, since o is
nonnegative on 2 and R is positive definite. Integrating this inequality on [0, 77,

we get the passivation inequality (2.3.3) and, hence, (4.7.1]) is passive. ]

The following theorem establishes that the spatial discretization of the variational
MQS problem ([4.7.1]) preserves passivity.

Theorem 4.26. The semidiscretized 3D MQS system (4.7.4)), (4.7.5)) is passive.
Proof. The passivity of (4.7.4), (4.7.5) can be shown analogously to the proof of
Theorem [4.10] by taking the storage function

Sula(t) i= [ DNV x Yot € e

with ¢ as in (4.7.34). O

Finally, we show that the regularization of the semidiscretized system (|4.7.4])
preserves passivity.

Theorem 4.27. The regularized 3D MQS system (4.7.9), (4.7.10) is passive.

Proof. The result can be proved analogously to Theorem [£.10] Since gy can be
freely chosen and has no influence on the output, we take g,» = 0. Then it yields

ol =5 la)

I 0
{Z:l: {0 }}CJ '

where

Introducing new basis functions

[01(8), - -+ s 00, (O] = [W5(E), - - -, U5, (§)]Ta,
we obtain

> e 0€) = D Ai0)6(6)

where

[Bl(t)7 cee 76”1 (t)]T = al(t) = [a1<t>7 sy Oy (t)]T
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and
[5n1+1(t)7 s 7/3nr (t)]T = a21<t)
For x(t) = [Bi(t), ..., Ba, (t)]T, we define a storage function

5(a(t) = | o fnwz@ (H6:(6)]?) de

with ¢ as in (4.7.34)). This function is nonnegative, since v is positive and S;(0) = 0
due to the definition of ¥/. We calculate

s = 5 [ IV % iwwan?) it

- [ = éHVxZ@ )n(€ HVXZ@ )ou (€)1 d€
S CGE ;mm(s)n) (v x ;@-m(g)) - (v < gﬂ'i(tm(s)) €
- [vie v gaxtw:(au) (v x ;Zelai(t)wf(é)> - (v . gdxtmﬁ(s)) a

= a (1)K (a(t))al(t).
Using the relations
A, (z) = -1, K(Tix) T,

L= T (M +XR'X")T, = {M” 0

T
0 O:| _|_ g’rﬂ.gr )

and the equation (4.7.9a)), we can continue

(@) = =" () A (x(0))x (1)
—i" () (t) + ( )Bu(t)
—ay () Muan(t) — 27 (1) BRB () + i (t)Byu(t)
—ay ()M (t) + 27 (1) B (u(t) — RBi(t)).

Since the matrix M, is positive definite, the first summand is negative. Further-
more, we use the output equation (4.7.9bf) twice and obtain

g, (2(t)) < (Ru(t) — y(O) R(Rult) +y(t) — R"u(t))

dt
—y" (ORy(t) +y" (tu(t)
<y (ult).
Integrating this inequality on [0, T, we get the passivation inequality

8,(z(T)) — 5,(x(0)) < / g7 (yu(t) dt

which implies the passivity of the regularized system (4.7.9)). m
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It follows from Remark 2.17 and Theorems [4.26] and [4.27] that the semidiscretized
MQS system ([4.7.4]) and its regularized form (4.7.9)) are io-passive.

4.8 Model reduction for 3D linear MQS systems
Our goal is now to employ BT for model order reduction of the linear DAE system

E.ir = Ax+ Bu

A (4.8.1)

with the system matrices

Er:.TO'MO'Tf’ ﬂT:_TVMVg:VT

B = XK, C=-BE A (48.2)

Unfortunately, we cannot use Algorithm directly, because this system is stable
but not asymptotically stable due to the fact that the pencil NE, — A4, has zero
eigenvalues. To overcome this difficulty, we proceed with the BT method developed
in [RS11l, Section 4.

First of all, note that system is io-passive since its transfer function is posi-
tive real. The latter can be shown analogously to the 2D case. Using C, = —BI £ 4,
and the properties of the pseudoinverse matrix £~ in (4.7.26)), we can compute

G(s) +G*(s) = G(sE — A4,)"'B. + B/ 5L — A,)7'C
= —BI'E A, (sE. — A.)"'B, — B/ (SE, — 4,) ' ALE B,
= I"(s)(-GE - A)E A — A (sE — A))F(s)
= " (s)(—3E.E A + A E A, — sAETE + AE A )F(s)
= F*(s)(24,E; A, + 2Re(s)E.E; (—A,)E; E.)F(s)
>0

for all s € C*. Here, F(s) = (sE. — 4,)"'B,, and the matrices 4,E 4. and
E-E - (—A.)E E, are both positive semidefinite. To apply BT, we first calculate
the transfer function G(s) using the condensed form (4.7.16|), which is the Weierstrafs
canonical form for the pencil AE, — 4,. Using (4.7.16), (£.7.30) and (£.7.31)), we
obtain

G(S> = Cr(szr - /q'r)ilﬂr
Fi1 An
=G | swW T I | w1t —-—wT 0 | wt B.

-1

sEy — An
=CW sl WTB,

= Cu(sEi — Ann) ' B
This means that we need to reduce only the stable part

Entr = Anz + B,

y = Cnxa, (4.8.3)
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4.8 Model reduction for 3D linear MQS systems

where E;; and —A4;; are both symmetric and positive definite. The other parts
can be removed from the system since they are uncontrollable and unobservable.
System (4.8.3)) is now asymptotically stable, and, hence, it can be reduced by the BT
method as described in Section[2.4.1] Note, however, that the transformation matrix
W is difficult to determine and the sparsity in £;; and 4;; can not be expected
anymore. Therefore, we never calculate the stable system explicitly. Instead,
we introduce the controllability and observability Gramians G. and G, for
as solutions of the projected continuous-time Lyapunov equations

Z.G. A + 4.G.E. = 11" B, B, G. =G, (4.8.4)
E.GoA, + A,G,E, = 11" C G 11, G, = IG,IT", (4.8.5)
where II is the spectral projector onto the right deflating subspace of ANE,. — 4, cor-
responding to the finite eigenvalues in the left complex half-plane. This projector is

given in (4.7.19)). Similarly to the 2D case, see Theorem [4.14] a relation between the
controllability and the observability Gramians of system (4.8.1)) can be established.

Theorem 4.28. Consider the DAE system (4.8.1), (4.8.2). Let G. and G, be
the controllability and observability Gramians of (4.8.1) which solve the projected

continuous-time Lyapunov equations (4.8.4) and (4.8.5). Then
eroZ:r = /(ZLch/q'r
Proof. Consider the reflexive inverse £ of ‘E. given in (4.7.20) and the reflexive

inverse of A4, given by

A
a =w 0 wr.
I
Then multiplying the Lyapunov equation (4.8.4)) (resp. (4.8.5))) from the left and
right with £ (resp. with 4, ) and using the relations (4.7.24)), (4.7.25)) and

(I =TI = 11, a4, =1-1,  (I-T)I =1,
NE- = €17, a- = 417,

we obtain
A (AGA)E + E (A,GA)A = -NEBBIE N, G.=TGI", (486)
ANEGE)E + E(EGE)A = -4 WG CGIIAT, G, =TGII". (48.7)
Furthermore, it follows from and [I'’E-A4, = £~ 4,11 that
CUA- = -B/E 414, = -BIE A4
= -B'ME(I-1})=-B'E = -B'£ 11"
Then equation can be written as

A (E.G,E)E + E (EG,E)A = -1IE BB £ 11", G,=1G,I".
(4.8.8)

Since E. and —4. are symmetric and positive definite and II7 is the spectral
projector onto the right deflating subspace of NE,~ — A4~ corresponding to the eigen-

values in the left half-plane, the Lyapunov equations (4.8.6)) and (4.8.8)) are uniquely
solvable, and, hence, ‘E.G,E, = 4,G.A,. O
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4 Model reduction for magneto-quasistatic problems

Theorem |4.28| implies that we need to solve only the projected Lyapunov equa-
tion (4.8.4) for the Cholesky factor of G, = Z.ZI'. Then it follows from the relation

G, =E AGAE = (—E A7) (-2 A.E)

that the Cholesky factor Z, of the observability Gramian GG, can be calculated as
Z,=—E"A.Z,. For the Cholesky factor Z. it holds that

E L Ze = (I — o) Ze = (I — ) Z, = 12, = Z,.

Therefore, the Hankel singular values can be computed from the EVD

_ A
ZTEZ. = (—Z' A EVEZ. = —Z7 4,2, = [Uy Us) { ! AJ v U,)"
Then, similarly to the 2D case, the reduced-order model
~5:::i—|—j3ru, (4.8.9)
y = GT, o

can be computed by projection

£ =Wr'gv, a=w'av, B=Ww'8., (=CV

1 _1
with the projection matrices V = Z.U1A;? and W = Z,U1A,?> = —E 4. V. The
reduced matrices have the form

T, = VAL EV = AU 2T AZUN =1
A, =-V'AE AV,
B, =—V'ar B =v'cl=_T.

Since ‘E, and —A4, are symmetric and positive definite, the matrices Z, and —,‘EIT are
symmetric and positive definite too. Then it follows from Theorem [2.15] that the
reduced system is io-passive. The BT method for the DAE system (4.8.1)
is presented in Algorithm [£.5] Note that in the LR-ADI method used in Step [3] for
solving the projected Lyapunov equation , we need to compute the projector-
vector products with Ily and II,,. We will first discuss the computation of the

product V(9L 24,9,) Y w for a vector w.

Lemma 4.29. Let A, be given as in (4.7.10) with a constant matriz K11, Vs a basis
of ker(F}F) and w = [wT, wQT]T € R". Then the vector 2 = Vo (VL A,9) 19 w

can be determined as z = [0, le}T, where [ZIT, ZQT}T satisfies the linear system

—Y& KzzYc }Ang Xo| |21 w2
)y 2 = . 4.8.10
XZTYCQ 0 22 0 ( )
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4.8 Model reduction for 3D linear MQS systems

Algorithm 4.5: Balanced truncation for the 3D linear MQS system
Input : My, Ky € R, Ky € RU<M Ky € R0 Ky, € Ri2<0)
xl R xm X c Rngxm7 K c Rmxm i

Output: a reduced- order _asymptotically stable system ,}EIT, Q~3r, 6})
1 Compute a basis matrix Y02 as discussed in Remark -

2 Compute E,, 4., B, given in (4.7.10)).

3 Solve the projected Lyapunov equation for the Cholesky factor Z, of
G, ~ 7,77 using the LR-ADI method as described in [Sty08].

4 Compute the EVD

Ay O

_Faz.- U U {0 N

[l o)

5 Compute the projection matrix V = Z, UlA
6 Compute the reduced matrices ‘E, = I, 4, = VT4, E-4.V,
B. = —VT4,E B, and C, = @T

Proof. We first show that 2 = 9,(91 4,9,) 9 w if and only if

[;’? 9(?] [zj N m ’ (4.8.11)

where the columns of 9, form a basis of im(%,). Assume that [T 27 ]T solves

(4.8.11). Then f)f,Té = 0 and, therefore, 2z € ker(fﬁ{,T) = im(95). This means that
there exists Z such that Z = 9,Z. Inserting this vector into the first equation in
(4.8.11]), we obtain

/{Zl'ro/‘a'/g + 9}022 = w.
Multiplying this equation from the left with 91, we find
2=(974.9,)" 9 w

and, therefore, 2 = 9,2 = 9, (Y21 2,9,) 19 w.
We now show the opposite direction. For 2 = 9,(92 2,9,) 19 w and

5 = (979,) 7 9T (w — 4,2),
we have 952 = YT 9,(9) 4,95) 9 w = 0 since Y79, = 0 and
A+ Yo = A2+ YI(VEYe) 9T (w — A,2)
= (I = 9o (9F90) " 9) A2 + Vo (9T o) 0w
Using Yo (97 9) 197 + 96 (92 95) 19T = I, we obtain
Ai+ Voo = Vo(VT Vo) VT A2+ Vo (VT V) 9T
= % (0T V) VAN (VT AYe) VT w + Ve (VT o) T I T w

= w
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4 Model reduction for magneto-quasistatic problems

and, therefore, [ET, 2T ]T solves equation (4.8.11]).

As it has already been shown in the proof of Theorem the matrix 1752)(2 has
full column rank. Then it follows from

[0 0 X
“ o vEx) |0 I

. 1
that the columns of 9, = [ 0 Y/TO X} form a basis of im(¥,). With this structure,
Cy7'2

equation (|4.8.11)) yields

—Ku TKQYCAQ r 0 Z wq

—Yg Ko —Yg KzzYCQ 0 gxz 21 |W2
I "0 0 0 ||z o] (4.8.12)

0 X'Ye, 0 0 2 0
oz — [T 1T 5o _ (s 17T _ [, 717 5 0
with 2 = [zl , zl} , 29 = [zz, 22] and w = [wl , wQ] . Therefore, z; = 0 is

valid, and we only have to determine z;. Thus, equation (4.8.12)) can be reduced

to equation (4.8.10)) whose solution gives z = [O, zﬂT Note that this equation is
uniquely solvable, since (4.8.11)) is uniquely solvable. [

The product Mwy, = Yo (YL 2,9,)" YL 4w, can be determined by applying
Lemma (4.29| with w = A,w;, and ILw can be computed as L w = 4, [0, le}T,
where z; is defined as in Lemma [£.29

Similarly to the proof of Lemma [£.29, one can show that the vector
2 =9,(9%1E.9,)'9 w can be determined by solving the linear system

LE{T %”] L’j = m , (4.8.13)

where the columns of %, form a basis of im(4%,). This basis matrix can be com-
puted from a sparse LU decomposition of 7, as proposed in [Kow(6|. Then the
product How; = 9, (YL E.9,) 19 E.w, can be calculated by solving with
w = Ew;. To determine IIJw, we have to solve for Z and compute
Il'w = E,2.

In Step 4] of Algorithm , we also need to compute the product £-4.w. The
following lemma presents how to calculate such a product in an efficient way.

Lemma 4.30. Let ‘E. and A, be given as in (4.7.10), Z = YgQXQ(JCZT?CQ?&Xg)_I

and w = [w{, wﬂT € R". Then the vector z = [le, zQT]T = E-w can be deter-
maned by solving the linear system

M+ XR N RN Ye, 0 ] [a wi — K12V,
RXE R'X Y, 0 2| = | ZTw, — ZTYgQ Ka2Yo,wn
YE, Ko YE KoY, Y&, Xl 28 0
(4.8.14)
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4.8 Model reduction for 3D linear MQS systems

with w = [ﬁ)f zZJQT]T satisfying
—Yé; ggggffcz )}0712,)(2 QDI _ wao (4 8 15)
X/ Ye, 0 | [w2 0 o

Proof. Let [le, ZQT,ng}T and [wlT,zZ)QT]T be given such that equations (4.8.14)) and
(4.8.15)) are fulfilled. Applying Lemma to equation (4.8.15)), we obtain

%04 A9 0w = | 0]
Therefore, the first two lines of are equivalent to
[(I) ZOT] Erz = [é ZOT] (I - I )w.
Furthermore, it holds that 97 E.2 = 0 = 9F (I — IIL,)w and with the columns of

Y forming a basis of ker( ¥, ) we have H(l) g} 9{,} invertible as {é 2] is a basis

of im(%,). To sum up, we have E,z = (I — IIL )w. Multiplying this equation from
left with - and using equations (4.7.25)), (4.7.24) and (4.7.23) we get

(I -z =F FEz=F (I -1 )w=EEFE v="F w. (4.8.16)
Therefore, it remains to show that (I —II)z = z. Applying Lemma to compute
[Tz, we have Iz = [O, zﬂT with [ZZ, ng]T solving

_Ygg 7§223>Cz Ygz‘XQ 2. —Y$2 Korz1 — ?52 7(22?0222
XZTYCQ 0 <3 0 ‘
As the third line of (4.8.14)) holds, we have z;, = 0 since
V& KooV, = Y& CL M, CoVe,

is nonsingular. Therefore, (I —Il,)z = 2. Thus, from (4.8.16]) it follows that
z=E w. [l

Finally, we discuss the computation of z = (7E, +4,) 'w required in the LR-ADI
method in Step [3] of Algorithm If 7E, + A, remains sparse, we just solve the
linear system (7E,. + 4.)z = w. If 7E, + 4, gets fill-in due to the multiplication
with YCQ, then we can use the following lemma to compute z = (7E, + 4,) lw.

Lemma 4.31. Let ‘E, and A, be as in (4.7.7) with a constant matriz Ky, and
7 € C™. Then the vector z = (TE, + A4,) 7" |w], w]] can be determined as

NN N 71T
z= [Z{v <(YgQYCQ)_1YgQZ2> ] ’

where z1 and zy satisfy the linear system

My~ Kn K2 X 0 21 . W
— K —Kaz Xo Y| |22| _ |V, (Y&, Ye,) lwy
XE X —R 0| |5 0 (4.8.17)
0 v& 0 0] |a 0
with the basis matrices Yo, and Yo, of ker(Cy) and im(CT), respectively.
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4 Model reduction for magneto-quasistatic problems

Proof. First, note that due to the choice of Y, the coefficient matrix in sys-
tem (4.8.17)) is nonsingular. This system can be written as

(7M1 — Kin) 21 — Kizzo+Xa 23 = wy, (4.8.18a)
— K121 — Kozt Xozz+Yo,24 = ?CQ(?(%FQ?CQ)_%UQ, (4.8.18b)

TX 2 4+7 X 2 — R 2 =0, (4.8.18c)

YE 20 = 0. (4.8.18d)

It follows from (4.8.18d)) that z, € ker(Y{)) = im(Yg,). Then there exists 2, such

that zo = }702 Z5. This relation implies
2 = (V& Ye,) 'YE 2. (4.8.19)

Further, from equation (4.8.18c) we have 23 = 7R X 2, +7R X} 2. Substituting
zp and 23 into (4.8.18a) and (4.8.18b) and multiplying equation (4.8.18b) from the
left with Y& , we obtain

(rE, + 4,) {2} = {““] -

W

This equation together with (4.8.19) implies that

<1
(Ye,Ye,) 'V, 2

} = (rE+4,)" {wl} -

Wa
]

Remark 4.32. We have seen that BT for the 3D linear MQS problem is
applicable analogously to BT for the 2D linear MQS problem . Model order
reduction using POD and DEIM for the nonlinear MQS systems can also be easily
transferred from the 2D system to the regularized 3D system .
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5 Summary and outlook

The simulation of modern electronic devices is becoming increasingly important in
their development. At the same time, models are becoming more accurate and com-
plex. They are often available as coupled systems of partial differential-algebraic
equations. Model order reduction and dynamic iteration are two tools for the
efficient numerical solution of such systems. In the first part of this thesis, we
studied the DIRM method for coupled systems of nonlinear ordinary differential
equations (ODEs), which is based on a combination of the dynamic iteration and
model reduction methods. It was shown that the DIRM procedure heavily relies on
an appropriate strategy for the choice of method parameters. An a posteriori error
estimator for the DIRM method, which is based on a logarithmic Lipschitz constant
for the nonlinearity, was also derived. This error estimator provides reliable infor-
mation on the quality of the solution of the coupled system computed by the DIRM
method. It can be efficiently calculated by determining the logarithmic norm of
the Jacobi matrix of the nonlinearity using the successive constraint method. The
presented numerical experiments demonstrate the usability of the proposed error
estimator.

In the second part, a special partial integro-differential-algebraic equation was
considered, which arises in simulation of electromagnetic devices coupled to elec-
trical circuits. The distributed electromagnetic devices were modeled by Maxwell’s
equations in a magnetic vector potential formulation. First, we analysed magneto-
quasistatic (MQS) field problems on a 2D domain. A spatial discretization by using
the finite element method leads to a system of differential-algebraic equations (DAE).
We studied the structural properties of the resulting system. In particular, we
showed that this system has tractability index one. Furthermore, we investigated
the passivity of the variational MQS problem and semidiscretized system by defining
a storage function which describes the magnetic energy of the system. In the linear
case, passivity was examined by means of positive realness of a transfer function.
Based on this result, we developed a passivity-preserving balanced truncation model
reduction method for linear MQS system. This method involves the solution of only
one Lyapunov equation and provides a computable error bound. For model reduc-
tion of the nonlinear MQS system, we used proper orthogonal decomposition (POD)
combined with the (matrix) discrete empirical interpolation method ((M)DEIM) for
fast evaluation of the nonlinearity. Our model reduction approach is based on trans-
forming the DAE system into an ODE form by exploiting a special block structure
of the MQS model and applying standard model reduction methods to the result-
ing ODE system. It should be noted that the transformation to the ODE system
requires the computation of an orthonormal basis of a certain subspace and, in gen-
eral, destroys the sparsity of the system matrices. To overcome these computational
difficulties, we used the underlying structure of the transformed system and per-
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5 Summary and outlook

formed all computations in terms of the original sparse data. For the POD reduced
model, we proved the preservation of passivity, while for the POD-DEIM reduced
model, we presented a passivity enforcement method based on perturbation of the
output which depends on the errors introduced by DEIM. Numerical experiments
for a single-phase 2D transformer demonstrate the performance of the presented
model reduction methods.

Finally, MQS field problems on 3D domains were discussed. Here, a main difficulty
is that the spatial discretization results in a singular DAE system. We presented
a regularization method based on projecting out singular state components. For
that purpose, we derived a condensed form for the system pencil which allows to
decouple the nonlinear MQS system into the regular and singular part and to deter-
mine the subspaces corresponding to the infinite and zero generalized eigenvalues.
This makes it possible to extend the balanced truncation and POD-DEIM model
reduction methods to 3D linear and nonlinear MQS systems. We also studied the
passivity of 3D MQS problems.

Future work will focus on improvements of model reduction algorithms for 3D lin-
ear and nonlinear MQS systems which can, for example, be achieved by using graph-
theoretical algorithms for computing certain subspaces of involved incidence and
loop matrices. Furthermore, the development of structure-preserving and energy-
preserving model reduction methods for electromagnetic problems would be of great
interest.
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Our world today is becoming increasingly complex, and
technical devices are getting ever smaller and more pow-
erful. The high density of electronic components together
with high clock frequencies leads to unwanted side-effects
like crosstalk, delayed signals and substrate noise, which
are no longer negligible in chip design and can only insuffi-
ciently be represented by simple lumped circuit models. As
a result, different physical phenomena have to be taken into
consideration since they have an increasing influence on the
signal propagation in integrated circuits. Computer-based
simulation methods play thereby a key role.

The modelling and analysis of complex multi-physics prob-
lems typically leads to coupled systems of partial differential
equations and differential-algebraic equations (DAEs). Dy-
namic iteration and model order reduction are two numerical
tools for efficient and fast simulation of coupled systems.
For modelling of low frequency electromagnetic field, we use
magneto-quasistatic (MQS) systems which can be consid-
ered as an approximation to Maxwells equations. A spa-
tial discretization by using the finite element method leads
to a DAE system. We analyze the structural and physical
properties of this system and develop passivity-preserving
model reduction methods. A special block structure of the
MQS model is exploited to to improve the performance of
the model reduction algorithms.
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